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Preface

One of the basic and important ideas about the design of randomized con-
trolled trials (RCT) and the analysis of the data will be that a group of pa-
tients to which a new drug was administered is never homogeneous in terms
of response to the drug. In response to the drug, some patients improve, some
patients experience no change and other patients even worsen contrary to
patients’ expectation. These phenomena can be observed even in patients as-
signed to the placebo group. Namely, nobody knows whether or not these
changes are really caused by the drug administered. To deal with these unpre-
dictable heterogeneities of the subject-specific response, the generalized linear
mixed (or mixed-effects) models are known to provide a flexible and power-
ful tool where the unpredictable subject-specific responses are assumed to be
unobserved random-effects variables.

The primary focus of this book is, as a practical framework of RCT design,
to provide a new repeated measures design called S:T repeated measures design
(S and T denote the number of repeated measures data before and after ran-
domization, respectively) combined with the generalized linear mixed models
that is proposed by Tango (2016a). Until recently the use of generalized linear
mixed models has been limited by heavy computational burden and a lack of
generally available software. However, as of today, the computational burden
is much less of a restriction with the introduction of good procedures into the
well-known statistical software SAS. The main advantages of the S:T repeated
measures design combined with the generalized linear mixed models are (1)
it can easily handle missing data by applying the likelihood-based ignorable
analyses under the missing at random assumption and (2) it may lead to a
reduction in sample size, compared with the conventional repeated measures
design.

This book presents several types of generalized linear mixed models tai-
lored for randomized controlled trials depending on the primary interest of
the trial but emphasizes practical, rather than theoretical, aspects of mixed
models and the interpretation of results. Almost all of the models presented
in this book are illustrated with real data arising from randomized controlled
trials using SAS (version 9.3) as a main software. This book will be of interest
to trial statisticians, clinical trial designers, clinical researchers, and biostatis-
ticians in the pharmaceutical industry, contract research organizations, hospi-
tals and academia. It is also of relevance to graduate students of biostatistics
and epidemiology. Prerequisites are introductory biostatistics including the
design and analysis of clinical trials.

xiii



xiv Preface

While there are many excellent books on the generalized linear mixed
models and the analysis of repeated measures data, there seem to be few
books focusing on the generalized linear mixed models for the design and
analysis of repeated measures in randomized controlled trials.

This book is organized as follows. In this book, I mainly consider a parallel
group randomized controlled trial of two treatment groups where the primary
response variable is either a continuous, count or binary response. Chapter 1
provides an introduction to a new repeated measures design and some typ-
ical generalized linear mixed models for randomized controlled trials within
the framework of S:T repeated measures design. This chapter also introduces
the important concepts in clinical trials, superiority and non-inferiority and
discusses the difference. Chapter 2 introduces three typical examples of stan-
dard or non-sophisticated statistical analysis for repeated measures data in
an animal experiment. These types of analysis are often observed in papers
published in many medical journals. This chapter points out statistical prob-
lems encountered in each of the analysis plans. Chapter 3 presents several
ANOVA models and ANCOVA-type models for repeated measures data with
various covariance structures over time and compares their results with those
obtained in naive analyses in Chapter 2 using SAS. Chapter 4 discusses the dis-
tinction between the ANOVA model and the mixed-effects repeated measures
model. Emphasis is placed on the fact that newly introduced random-effects
variables reflecting inter-subject heterogeneity in the mixed-effects repeated
measures models determine the covariance structure over time. Chapter 5 il-
lustrates the linear mixed models with real data in more detail to understand
the mixed models intuitively and visually. Chapter 6 illustrates a good prop-
erty of the mixed models for handling missing data, which can allow for the
so-called likelihood-based ignorable analysis under the relatively weak MAR
assumption. Chapter 7 presents several linear mixed-effects models, called
“normal linear regression models” in this book, for a continuous response
variable with normal error distributions. Chapter 8 presents several mixed-
effects logistic regression models for a binary response variable. Chapter 9
presents several mixed-effects Poisson regression models for a count response
variable. Chapters 7, 8 and 9 try to emphasize the detailed explanations of the
model, illustrating with data arising from real randomized controlled trials,
and the interpretation of results. Chapter 7, 8 and 9 also have the section of
sample size which provides sample size formula or sample size calculations via
Monte Carlo simulations. Detailed calculations based on example data are also
given. Chapter 10 presents Bayesian models with non-informative prior using
WinBUGS or OpenBUGS for some of the generalized linear mixed models
described in previous chapters and discusses the similarity of both estimates.
The reason why Bayesian alternatives are presented here is the preparation
for the situation where frequentist approaches including the generalized linear
mixed models face difficulty in estimation. Chapter 11 introduces some latent
class or profile models as a competitor to the mixed models. As mentioned
above, the generalized linear mixed models have been developed for dealing



Preface xv

with heterogeneity or variability among subject responses. It seems to me,
however, that they are still based upon the “homogeneous” assumption in
the sense that the fixed-effects mean response profile within each treatment
group is meaningful and thus the treatment effect is usually evaluated by the
difference in mean response profiles during the pre-specified evaluation pe-
riod. So, if the subject by time interaction within each treatment group were
not negligible, the mean response profiles could be inappropriate measures
for treatment effects. To cope with these substantial heterogeneity, this chap-
ter introduces some latent class or profile models and illustrates these latent
models with real data using R and WinBUGS or OpenBUGS. Chapter 12
considers some generalized linear mixed models for other trial designs includ-
ing three-arm non-inferiority trials including placebo and cluster randomized
trials. Appendix A presents some statistical background for the sample size
calculations within the framework of S:T repeated measures design. Appendix
B presents some statistical background for the maximum likelihood estimator
for the generalized linear mixed models within the framework of S:T repeated
measures design and the computational methods for the numerical integration
to evaluate the integral included in the likelihood.

I hope that readers will find this book useful and interesting as an intro-
duction to the subject.

The view of randomized controlled trials embodied in this book is, of
course, my own. This has been formed over many years through a lot of
experience involved with randomized controlled trials conducted by pharma-
ceutical companies and collaboration with many medical researchers. Finally
I would like to thank John Kimmel of Chapman & Hall/CRC Press Executive
editor, statistics, for inviting me to write this book and providing continual
support and encouragement.

Toshiro Tango
Tokyo



http://taylorandfrancis.com


1

Introduction

In clinical medicine, drugs are usually administered to control some response
variable within a specified range reflecting the patient’s disease state directly
or indirectly. In most randomized controlled trials (RCTs) and randomized
animal experiments, to evaluate the efficacy of a new treatment or the toxicity
of a new treatment, the primary response variable on the same subject (e.g.,
a patient, an animal, a laboratory sample) is scheduled to be measured over a
period of time, consisting of a baseline period before randomization, treatment
period after randomization and, if necessary, a follow-up period after the end
of treatment period. These subject-specific repeated measures or subject-
specific response profiles are analyzed for assessing difference in changes
from baseline among treatment groups, leading to a treatment effect.

1.1 Repeated measures design

Let yij denote the primary response variable for the ith subject at the jth time
tij . An ordinary situation of repeated measures design adopted in RCTs
or animal experiments is when the primary response variable is measured once
at baseline period (before randomization) and T times during the treatment
period (after randomization) where measurements are scheduled to be made
at the same times for all subjects tij = tj in the sampling design. We call this
design the Basic 1 : T repeated measures design throughout the book,
where the response profile vector yi for the ith subject is expressed as

yi = ( yi0︸︷︷︸
baseline data

, yi1, ..., yiT︸ ︷︷ ︸
data after randomization

)t. (1.1)

In exploratory trials in the early phases of drug development, statistical
analyses of interest will be to estimate the time-dependent mean profile for
each treatment group and to test whether there is any treatment-by-time
interaction. In confirmatory trials in the later phases of drug development,
on the other hand, we need a simple and clinically meaningful effect size of

1
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the new treatment. So, many RCTs tend to try to narrow the evaluation
period down to one time point (ex., the last T th measurement), leading to
the so-called pre-post design or the 1:1 design:

yi = ( yi0︸︷︷︸
baseline data

, yi1, ..., yi(T−1), yiT︸︷︷︸
data to be analyzed

)t. (1.2)

Some other RCTs define a summary statistic such as the mean ȳi of repeated
measures during the evaluation period (ex., mean of yi(T−1) and yiT ), which
also leads to a 1:1 design. In these simple 1:1 designs, traditional analysis
methods such as analysis of covariance (ANCOVA) have been used to ana-
lyze data where the baseline measurement is used as a covariate. In the 1:1
design, ANCOVA is preferred over the mixed-effects model when the covari-
ance matrix over time is homogeneous across groups (Winkens et al., 2007;
Crager, 1987; Chen, 2006) although the difference is small in practice. How-
ever, ANCOVA cannot be applied when the covariance matrices over time are
heterogeneous across groups. Since the ANCOVA-type method is easily influ-
enced by missing data, some kind of imputation method such as LOCF (last
observation carried forward) are inevitably needed for ITT (intention-to-treat)
analysis (Winkens et al., 2007; Crager, 1987; Chen, 2006).

In this book, we shall introduce a new S : T repeated measures design
(Tango, 2016) as an extension of the 1:1 design combined with the generalized
linear mixed models and as a formal confirmatory trial design for randomized
controlled trials shown below:

yi = ( yi(−S+1), ..., yi0︸ ︷︷ ︸
data before randomization

, yi1, ..., yik, yi(k+1), ..., yi(k+T )︸ ︷︷ ︸
data after randomization

)t

= ( yi(−S+1), ..., yi0︸ ︷︷ ︸
baseline data to be analyzed

, yi1, ..., yik, yi(k+1), ..., yi(k+T )︸ ︷︷ ︸
data to be analyzed

)t. (1.3)

However, to avoid a notational cumbersome procedure, we shall omit
(yi1, ..., yik) and replace (yi(k+1), ..., yi(k+T )) with (yi1, ..., yiT ) such that

yi = (yi(−S+1), ..., yi0︸ ︷︷ ︸
baseline period

, yi1, ..., yiT︸ ︷︷ ︸
evaluation period

)t. (1.4)

Namely, throughout the book, the S:T design implies that the repeated mea-
sures (yi(−S+1), ..., yi0) denote the data sequence measured during the base-
line period and the repeated measures (yi1, ..., yiT ) denote the data sequence
measured during the evaluation period, defined in the study protocol. Es-
pecially, the primary interest of this design in confirmatory trials in the later



Introduction 3

phases of drug development is to estimate the overall or average treatment
effect during the evaluation period. So, in such trial protocols, it is important
to select the evaluation period during which the treatment effect could be
expected to be stable to a certain extent. As an example of RCTs adopting
this type of repeated measures design, I shall introduce one by Schwartz et al.
(1998) that studied the effect of troglitazone (two doses) or placebo in patients
with poorly controlled non-insulin-dependent diabetes mellitus. They adopted
a 5:2 repeat measures design, but changed to 1:1 design in their ANCOVA-
type analysis in that the mean of five measurements during baseline period
(at -8, -6, -4, -2, 0 weeks before randomization) was used as the baseline value
and the mean of two measurements during the evaluation period (at 24, 26
weeks after randomization) was used as the endpoint.

Recently, Takada and Tango (2014) proposed the application of mixed-
effects logistic regression models for estimating the treatment effect of elimi-
nating symptoms based on the patient’s daily symptoms (0 for no symptoms,
1 for some symptoms) diary (7:7 design : seven days before randomization
and seven days after randomization) in the area of gastrointestinal disease.
They showed, via a Monte Carlo simulation, a better performance of a mixed-
effects logistic regression model over the ordinary ANCOVA-type regression
models where the primary endpoint is the presence of perfect symptom elim-
ination during the evaluation week, the number of days with some symptoms
in the baseline week are used as a covariate, and several imputation methods
are utilized when missing data are present. In Section 8.8, a hypothetical daily
record of patient’s symptoms will be analyzed.

On the other hand, there are other study designs where the primary in-
terest is not the average treatment effect but a sort of treatment-by-time
interaction (Diggle et al., 2002; Fitzmaurice et al., 2011). For example, in the
National Institute of Mental Health Schizophrenia Collaboratory Study, the
primary interest is testing the drug by linear time interaction, i.e., testing
whether the differences between treatment groups are linearly increasing over
time (Hedeker and Gibbons, 2006; Roy et al., 2007; Bhumik et al., 2008).

Unfortunately, I do not know of any real data on randomized controlled
trials adopting an S:T design with S > 1. So, in the analysis of real data, I
shall mainly introduce generalized linear mixed models and its related models
assuming the following 1:T design

yi = ( yi0︸︷︷︸
baseline data

, yi1, ..., yi(T−1), yiT︸ ︷︷ ︸
data during the evaluation period

)t. (1.5)

In Chapter 3, before going into detail of mixed-effects models for randomized
controlled trials, I shall introduce traditional analysis of variance (ANOVA)
models and analysis of covariance (ANCOVA) models that have been used
for the analysis of repeated measures. It should be noted, however, that in
Chapter 3, we express the repeated measures by a triply subscripted array
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{ ykij : k = 1, ..., G ; i = 1, ..., nk ; j = 0, 1, ..., T }

where G denotes the number of treatment groups, and nk denotes the number
of subjects within the kth treatment group. The subscript j indicates the
same measurement time as that of yij expressed in the above-stated repeated
measures design.

1.2 Generalized linear mixed models

In this book, we shall consider mainly a parallel group randomized controlled
trial or an animal experiment of two treatment groups where the primary
response variable is either a continuous, count or binary response and that
the first n1 subjects belong to the control treatment (group 1) and the latter
n2 subjects to the new treatment (group 2). Needless to say, the following
arguments are applicable when multiple treatment groups are compared. To a
S:T repeated measures design, we shall introduce here the following practical
and important three types of statistical analysis plans or statistical models
that you frequently encounter in many randomized controlled trials:

♦ Model for the treatment effect at each scheduled visit
♦ Model for the average treatment effect
♦ Model for the treatment by linear time interaction

All of these models are based on the repeated measures models or generalized
linear mixed models (GLMM), which are also called generalized linear mixed-
effects models

1.2.1 Model for the treatment effect at each scheduled visit

Let us consider here the situation where we would like to estimate the time-
dependent mean profile for each treatment group and to test whether there
is any treatment-by-time interaction. One typical model is a so-called random
intercept model, which will be formulated as
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g{E(yij | b0i)} = g{µij | b0i}

=

{
β0 + β1x1i + b0i +wt

iξ for j ≤ 0
β0 + β1x1i + b0i + β2j + β3jx1i +wt

iξ for j ≥ 1

(1.6)

b0i ∼ N(0, σ2
B0),

i = 1, ..., n1 (control group),

= n1 + 1, ..., n1 + n2 (new treatment group )

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T

where E(yij | b0i) are assumed to be constant during the baseline period;
the random-effects b0i, called the random intercept, may reflect inter-subject
variability due to possibly many unobserved prognostic factors for the baseline
period and are assumed to be independently normally distributed with mean
0 and variance σ2

B0;

x1i =

{
1, if the ith subject belongs to the new treatment group
0, if the ith subject belongs to the control group;

(1.7)

wt
i = (w1i, ..., wqi) is a vector of covariates; and ξt = (ξ1, ..., ξq) is a vector

of coefficients for covariates. Furthermore, g(.) is the following canonical link
function corresponding to the distribution type of y:

g(µ) =

 µ, for y ∼ N(µ, σ2
E)

log{µ/(1− µ)}, for y ∼ Bernoulli(µ)
logµ, for y ∼ Poisson(µ).

(1.8)

Regarding the fixed-effects parameters β, we have the following interpre-
tations:

• β0 denotes the mean response in units of g(µ) during the baseline period
in the control group.

• β0 + β1 denotes the mean response in units of g(µ) during the baseline
period in the new treatment group.

• β2j denotes the mean change from baseline in units of g(µ) at the j(=
1, ..., T )th measurement time point in the control group.

• β2j + β3j denotes the mean change from baseline in units of g(µ) at the
j(= 1, ..., T )th measurement time point in the new treatment group.
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FIGURE 1.1
Mean response profile of BDI (Beck Depression Inventory II) score by treat-
ment group (BtheB,TAU) in a randomized controlled trial evaluating the
effects of treatment called “Beat the Blues” (BtheB) in comparison with
treatment as usual (TAU) for depression. Sample size at each visit by treat-
ment group is also shown within the figure (upper=TAU group, lower=BtheB
group). For details, see Chapter 7.

Therefore, β3j denotes the difference in these two mean changes from baseline
at the jth measurement time point or an effect for treatment-by-time interac-
tion at the jth time point. In other words, it actually denotes the treatment
effect of the new treatment at the jth time point compared with the
control treatment. Then, according to the data type, the interpretation of the
effect size β3j at the jth time point is as follows:

 difference in means of change from baseline, for y ∼ N(µ, σ2
E)

difference in log odds ratios of change from baseline, for y ∼ Bernoulli(µ)
difference in log rate ratios of change from baseline, for y ∼ Poisson(µ)

Let us introduce three examples of RCTs, each of whose primary response
variables y has a different distribution type:

• Normal distribution:

Figure 1.1 shows an example of the mean response profile by treat-
ment group over time of the primary response variable BDI (Beck De-
pression Inventory II score) assumed to be normally distributed in a
randomized controlled trial evaluating the effects of treatment called
“Beat the Blues” (BtheB) in comparison with treatment as usual (TAU)
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FIGURE 1.2
Mean changes from baseline by treatment group in terms of the odds ratios of
being “good” at each visit versus the baseline in a randomized controlled trial
evaluating the new treatment for a respiratory illness (for details, see Chapter
8).

for patients suffering from depression. In this example, conditional on
the value of the random-effects b0i, the repeated measurements of BDI
(yi0, yi1, ..., yi4) are assumed to be independent of each other (for details,
see Chapter 7).

• Bernoulli distribution:

Figure 1.2 shows an example of the mean changes from baseline by
treatment group in terms of the odds ratios of being “good” at each
visit versus the baseline in a randomized controlled trial evaluating a new
treatment compared with placebo for patients suffering from respiratory
illness. In this example, conditional on the value of the random-effects
b0i, the repeated measurements of the respiratory status (yi0, yi1, ..., yi4)
are assumed to be independent of each other and to have a Bernoulli
distribution (for details, see Chapter 8).

• Poisson distribution:

Figure 1.3 shows an example of the mean response profiles by treatment
group based on the mean rates of seizures (per week) in a randomized
controlled trial evaluating an anti-epileptic drug “progabide” in compari-
son with “placebo” for patients suffering from epilepsy. In this example,
conditional on the value of the random-effects b0i, the repeated mea-
surements of the number of seizures (yi0, yi1, ..., yi4) are assumed to be
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FIGURE 1.3
Mean response profiles by treatment group based on the mean rates of seizures
(per week) in a randomized controlled trial evaluating an anti-epileptic drug
“progabide” in comparison with “placebo” for patients suffering from epilepsy.
The mean rate of seizures at each visit by treatment group are also shown
within the figure (upper=placebo, lower=progabide) (for details, see Chapter
9).

independent of each other and to have Poisson distribution (for details,
see Chapter 9).

In addition to the random intercept model, we can consider the following
random intercept plus slope model:

g{E(yij | b0i)} = g{µij | b0i}

=

 β0 + β1x1i + b0i +wt
iξ for j ≤ 0

β0 + β1x1i + b0i +wt
iξ

+ b1i + β2j + β3jx1i for j ≥ 1

(1.9)

bi = (b0i, b1i)
t ∼ N(0,Φ),

i = 1, ..., n1 (control group),

= n1 + 1, ..., n1 + n2 (new treatment group )

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where the random-effects b1i, called random slope, may reflect inter-subject
variability of the response to the treatment assumed to be constant in the
period after randomization and
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Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
. (1.10)

It should be noted that the random slope introduced in the above model does
not mean the slope on the time or a linear time trend, which will be considered
in section 1.2.3.

1.2.2 Model for the average treatment effect

As mentioned in Section 1.1, the primary interest of S:T design, especially
in confirmatory trials in the later phases of drug development, is to estimate
the overall or average treatment effect during the evaluation period, leading
to sample size calculation in the design stage (see Chapter 12 for details).
So, let us consider here the case where we would like to estimate the average
treatment effect during the evaluation period even though the treatment effect
is not always expected to be constant over the evaluation period. However, in
such a situation, it is important to select the evaluation period during which
the treatment effect could be expected to be stable to a certain extent.

Here also, let us introduce two models, a random intercept model and a
random intercept plus slope model. The former model is

g{E(yij | b0i)} = g{µij | b0i}

=

{
β0 + β1x1i + b0i +wt

iξ for j ≤ 0
β0 + β1x1i + b0i + β2 + β3x1i +wt

iξ for j ≥ 1

(1.11)

b0i ∼ N(0, σ2
B0),

i = 1, ..., n1 (control group),

= n1 + 1, ..., n1 + n2 (new treatment group ),

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

and the latter is

g{E(yij | bi)} =

{
β0 + β1x1i + b0i +wt

iξ for j ≤ 0
β0 + β1x1i + b0i + b1i + β2 + β3x1i +wt

iξ for j ≥ 1

(1.12)

bi = (b0i, b1i)
t ∼ N(0,Φ), (1.13)

where both a random intercept b0i and a random slope b1i denote the same
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meanings as those introduced in the previous section. It should be noted here
also that the random slope introduced in the above model does not mean the
slope on the time or a linear time trend, which will be considered in the next
section. Interpretations of the newly introduced fixed-effects parameters β are
as follows:

• β0+β2 denotes the mean response in units of g(µ) during the evaluation
period in the control group.

• β0 + β1 + β2 + β3 denotes the mean response in units of g(µ) during the
evaluation period in the new treatment group.

• β2 denotes the mean change from the baseline period to the evaluation
period in units of g(µ) in the control group.

• β2 + β3 denotes the same quantity in the new treatment group.

Therefore, β3 denotes the difference in these two mean changes from the base-
line period to the evaluation period, i.e., or the effect for treatment-by-time
interaction. In other words, it denotes the average treatment effect of the
new treatment compared with the control.

1.2.3 Model for the treatment by linear time interaction

In the previous subsection, we focused on the generalized linear mixed models
where we are primarily interested in comparing the average treatment effect
during the evaluation period. However, there are other study designs where
the primary interest is not the average treatment effect but the treatment-by-
time interaction (Diggle et al., 2002; Fitzmaurice et al., 2011). For example, in
the National Institute of Mental Health Schizophrenia Collaboratory Study,
the primary interest is testing the drug by linear time interaction, i.e., testing
whether the differences between treatment groups are linearly increasing over
time (Hedeker and Gibbons, 2006; Roy et al., 2007; Bhumik et al., 2008).

So, let us consider here a random intercept and a random intercept plus
slope model with a random slope on the time (a linear time trend model)
for testing the null hypothesis that the rates of change or improvement over
time are the same in the new treatment group compared with the control
group. The former model is

g{E(yij | b0i)} = g{µij | b0i}
= β0 + b0i + β1x1i + (β2 + β3x1i)tj +wt

iξ (1.14)

b0i ∼ N(0, σ2
B0),

i = 1, ..., n1 (control group),

= n1 + 1, ..., n1 + n2 (new treatment group ),

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,
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where tj denotes the jth measurement time and we have

t−S+1 = t−S+2 = · · · = t0 = 0.

Interpretation of the fixed-effects parameters β of interest are as follows:

1. β2 denotes the rate of change over time in the control group.

2. β2 + β3 denotes the same quantity in the new treatment group.

3. β3 denotes the difference in these two rates of change over time, i.e., the
treatment effect of the new treatment compared with the control
treatment.

The random intercept plus slope model is given by

g{E(yij | bi)} = β0 + b0i + β1x1i + (β2 + β3x1i + b1i)tj

+wt
iξ (1.15)

bi = (b0i, b1i)
t ∼ N(0,Φ).

Interpretations of the fixed-effects parameters β are the same as the above.

1.3 Superiority and non-inferiority

In all the application of the generalized linear mixed models and their re-
lated models, we mainly use the statistical analysis system called SAS. In any
outputs of SAS programs you can see several p-values (two-tailed) for fixed-
effects parameters of interest. It should be noted, however, that any p-value
(two-tailed) for the parameter β3(= µ2−µ1) of the primary interest shown in
the SAS outputs is implicitly the result of a test for a set of hypotheses

H0 : β3 = 0, versus H1 : β3 6= 0, (1.16)

which is also called a test for superiority. In more detail, the definition of
superiority hypotheses is as follows:
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Test for superiority

If a negative β3 indicates benefits, the superiority hypotheses are inter-
preted as

H0 : β3 ≥ 0, versus H1 : β3 < 0. (1.17)

If a positive β3 indicates benefits, then they are

H0 : β3 ≤ 0, versus H1 : β3 > 0. (1.18)� �
These hypotheses imply that investigators are interested in establishing
whether there is evidence of a statistical difference in the comparison of in-
terest between two treatment groups. However, it is debatable whether the
terminology superiority can be used or not in this situation. Although the set
of hypotheses defined in (1.16) was adopted as those for superiority tests in
regulatory guidelines such as FDA draft guidance (2010), I do not think this
is appropriate.

The non-inferiority hypotheses of the new treatment over the control treat-
ment, on the other hand, take the following form:� �

Test for non-inferiority

If a positive β3 indicates benefits, the hypotheses are

H0 : β3 ≤ −∆, versus H1 : β3 > −∆, (1.19)

where ∆(> 0) denotes the so-called non-inferiority margin. If a negative
β3 indicates benefits, the hypotheses should be

H0 : β3 ≥ ∆, versus H1 : β3 < ∆. (1.20)� �
In other words, non-inferiority can be claimed if the 95%CI (confidence inter-
val) for β3 lies entirely above −∆ for the former case and lies entirely below ∆
for the latter. It should be noted that for the generalized linear mixed model
with a logit link log{µ/(1 − µ)} for a logistic regression model or a log link
logµ for a Poisson regression model, the non-inferiority margin ∆∗(> 0) must
be defined in the unit of ratio of two odds ratios (or odds ratio ratio, ORR)
or ratio of two rate ratios (or rate ratio ratio, RRR). Namely, if a negative
β3 indicates benefits, the non-inferiority hypotheses are given by

H0 : eβ3 ≥ 1 + ∆∗, versus H1 : eβ3 < 1 + ∆∗.
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If a positive β3 indicates benefits, then they are

H0 : eβ3 ≤ 1−∆∗, versus H1 : eβ3 > 1−∆∗.

Therefore, the definition of non-inferiority hypotheses in terms of β3 should
take the following form:� �

Non-inferiority hypotheses for a logistic or Poisson model

If a negative β3 indicates benefits, the hypotheses are

H0 : β3 ≥ log(1 + ∆∗), versus H1 : β3 < log(1 + ∆∗). (1.21)

If a positive β3 indicates benefits, then they are

H0 : β3 ≤ log(1−∆∗), versus H1 : β3 > log(1−∆∗). (1.22)� �
While superiority of the new treatment over the control treatment is defined
as β3 = µ2 − µ1 > 0, the inferiority of the new treatment over the control
treatment can be defined as β3 = µ2 − µ1 < −∆, not as β3 = µ2 − µ1 < 0.
I think that readers who are not familiar with clinical trials may not see a
rationale behind the asymmetry in these requirements. This seems to be obvi-
ously due to a bad definition of “superiority” adopted in regulatory guidelines.
Namely, the current definition of superiority seems to be biased toward the
interests of pharmaceutical companies.

Concerning this issue, we shall highlight two pertinent passages excerpted
from two regulatory guidelines. The first passage is excerpted from Euro-
pean Agency for the Evaluation of Medicinal Products, Points to Consider on
Switching between Superiority and Non-inferiority (2000, p. 5):

If the 95% confidence interval for the treatment effect not only lies entirely
above −∆ but also above zero then there is evidence of superiority in terms
of statistical significance at the 5% level (p < 0.05) ... There is no
multiplicity argument that affects this interpretation because, in statistical
terms, it corresponds to a simple closed test procedure.

However, ∆ is defined as the maximum clinically irrelevant difference between
treatments. So, we statisticians and also even general people not familiar with
statistics will naturally think that we cannot say that there is evidence of
superiority unless the 95% confidence interval for the treatment effect lies
entirely above ∆. The second example is excerpted from US Food and Drug
Administration, FDA Guidance for Industry Non-Inferiority Clinical Trials
(2011, Case 6, Figure 2):

Point estimate of C − T favors C (active reference treatment) and C is
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β3 = µ2 − µ1−∆ ∆0

equivalence: −∆ ≤ β3 ≤ ∆

�
inferiority: β3 < −∆

- non-inferiority: β3 > −∆

- statistical significance:
β3 > 0

-
superiority: β3 > ∆

FIGURE 1.4
Statistically sound and impartial definitions of superiority, non-inferiority and
equivalence (when a positive β3 indicates benefits) based on the margin ∆
which is defined as the maximum clinically irrelevant difference between treat-
ments (Tango, 2003).

statistically significantly superior to T (experimental treatment).
Nonetheless, upper bound of the 95% CI for C − T < 2 (= M1 = ∆), so that
NI (of T over C) is also demonstrated for the NI margin M1 (This outcome
would be unusual and could present interpretive problems).

This example shows an obvious flaw of the current definition of superiority.
As the upper bound of the 95% CI for the difference C − T is less than the
maximum clinically irrelevant difference between treatments, there is no way
that the difference is statistically significant.

In my personal opinion, just after the appearance of non-inferiority trials
with a pre-fixed margin ∆, the regulatory agency should have changed the
definition of superiority to β3 = µ2 − µ1 > ∆ from β3 = µ2 − µ1 > 0 by
introducing the superiority margin ∆ like the non-inferiority margin adopted
in non-inferiority trials. In Figure 1.3 excerpted from Tango (2003), we show
statistically sound and “impartial” definitions of superiority, non-inferiority
and equivalence between the new treatment (µ2) and the control treatment
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(µ1) where the superiority margin is identical to the non-inferiority margin.
So, I think that real superiority should be defined as β3 = µ2 − µ1 > ∆ when
a positive β3 indicates benefits.

However, in this book, I will not change the definition as it is,
i.e., β3 = µ2 − µ1 > 0, to avoid needless confusion that might occur
among readers. Instead, I shall define a new term, substantial superiority,
as β3 = µ2−µ1 > ∆ . If you really insist the superiority of the new treatment
over to the control treatment, you have to, at first, determine the superiority
margin ∆(> 0) and the null and alternative hypotheses should take the fol-
lowing form:� �

Test for substantial superiority

If a positive β3 indicates benefits,

H0 : β3 ≤ ∆, versus H1 : β3 > ∆. (1.23)

If a negative β3 indicates benefits, the hypotheses should be

H0 : β3 ≥ −∆, versus H1 : β3 < −∆. (1.24)� �
In other words, substantial superiority can be claimed if the 95%CI for β3 lies
entirely above ∆ for the former case and lies entirely below −∆ for the latter.
In a similar manner, for a logistic or Poisson regression model, the definition
of substantial superiority hypotheses in terms of β3 should take the following
form:� �

Substantial superiority hypotheses for a logistic or Poisson model

If a negative β3 indicates benefits, the hypotheses are

H0 : β3 ≥ log(1−∆∗), versus H1 : β3 < log(1−∆∗). (1.25)

If a positive β3 indicates benefits, then they are

H0 : β3 ≤ log(1 + ∆∗), versus H1 : β3 > log(1 + ∆∗). (1.26)� �
where ∆∗3 denotes the superiority margin defined in units of the ratio of two
odds ratios or the ratio of two rate ratios.
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Naive analysis of animal experiment data

2.1 Introduction

Table 2.1 shows the data set called Rat Data from an animal experiment
with a 1:3 repeated measures design on the primary response variable (some
laboratory data) comparing two drugs (an experimental drug and a control
drug). Twelve rats were randomly assigned to either the experimental drug
(n1 = 6) or the control drug (n2 = 6). Measurements of this response variable
were made on four occasions, once at baseline, and three time points (1, 2
and 3 weeks) during the 3-week treatment period. The experimental drug is
expected to reduce the value of the response variable more than the control
drug. Figure 2.1 shows the subject-specific response profiles over time. In this
chapter, we introduce three examples of standard or unsophisticated statistical
analysis for this type of repeated measurement data in an experiment. These
are often observed in papers published in many medical journals, and we shall
point out statistical problems encountered in each of analysis plans.

TABLE 2.1
Rat Data: Some laboratory data measured in an animal experiment comparing
two drugs with six rats randomly assigned to each of two treatment groups.

Experimental group Control group
Weeks after treatment Weeks after treatment

No. 0 1 2 3 No. 0 1 2 3
1 7.5 8.6 6.9 0.8 7 13.3 13.3 12.9 11.1
2 10.6 11.7 8.8 1.6 8 10.7 10.8 10.7 9.3
3 12.4 13.0 11.0 5.6 9 12.5 12.7 12.0 10.1
4 11.5 12.6 11.1 7.5 10 8.4 8.7 8.1 5.7
5 8.3 8.9 6.8 0.5 11 9.4 9.6 8.0 3.8
6 9.2 10.1 8.6 3.8 12 11.3 11.7 10.0 8.5

17
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FIGURE 2.1
Rat Data. Subject-specific response profiles over time in an animal experiment
comparing two drugs.

2.2 Analysis plan I: Difference in means at each time
point

This analysis plan declares the repeated use of Student’s two-sample t-test
for the null hypothesis of no difference in means between two groups at each
measurement time point without any adjustment for multiple testing. The
results are shown in Table 2.2 and Figure 2.2. The difference was statistically
significant (two-tailed p = 0.0146) only at week 3. In this analysis, Student’s
t-test was also applied to the baseline data (week 0), which raises the question
“What does the difference in means at baseline?” However, as far as I know,
this type of naive-analysis has often been observed in some medical journals.

2.3 Analysis plan II: Difference in mean changes from
baseline at each time point

Analysis plan II considers the change from baseline (CFB), yij − yi0, as the
primary response variable that may reflect the efficacy of the drug, and repeats
the use of Student’s two-sample t-test for the difference in mean changes from
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TABLE 2.2
Rat Data. Results of the repeated application of Student’s two-sample t-test
for the null hypothesis of no difference in means between two groups at each
measurement time point.

Time 0 1 2 3
Experimental group mean 9.92 10.82 8.87 3.30

S.D. 0.78 0.77 0.77 1.16

Control group mean 10.93 11.13 10.28 8.08
S.D. 0.75 0.73 0.82 1.14

Difference mean -1.02 -0.32 -1.42 -4.78
(Exp. Control) S.E. 1.08 1.06 1.12 1.62

t-value (d.f. 10) -0.94 -0.30 -1.26 -2.95
two-tailed p value 0.370 0.771 0.236 0.0146

baseline between two groups at each measurement time point. Furthermore,
to adjust for multiple testing, the Bonferroni corrected significance level, i.e.,
α = 0.05/3 = 0.0167, is used at each measurement time point. The results are
shown in Table 2.3 and Figure 2.3. Statistically significant differences were
observed at weeks 1 and 3 after the start of treatment. However, the problem
is the interpretation of the results. As compared with the baseline, the mean
CFB increased by 0.90±0.09 (mean ± SE) in the experimental group at week
1, which is significantly larger than the increase 0.20±0.06 in the control group.
At week 3, on the other hand, the mean CFB decreased by −6.62 ± 0.72 in
the experimental group; this decrease is significantly larger than −3.77± 0.93
in the control group. Furthermore, the two-tailed p-value p < 0.0001 at week
1 is less than p = 0.0023 at week 3, although the mean difference 0.7 ± 0.11
at week 1 is quite small as compared with −3.77 ± 0.93 at week 3. This is
a good example where larger mean differences does not automatically result
in smaller p values because of the variability in a particular group. In any
case, judging from these time-dependent conflicting results, we cannot simply
conclude that there was significantly more decrease in the experimental group
than in the control group.

2.4 Analysis plan III: Analysis of covariance at the last
time point

In analysis plan III the primary response variable is the CFB at week 3 and
analysis of covariance (ANCOVA) is applied for comparison between groups
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FIGURE 2.2
Rat Data. Mean response profiles by treatment group and the results of re-
peated application of Student’s two-sample t-test at each measurement time
point.

adjusting for the difference in means at baseline. A flow of analysis of covari-
ance is shown below:

Step 1. Figure 2.4 shows a scatter plot of measurements at week 3 (y) and
measurements at baseline (x) with their correlation coefficient and estimated
regression lines by treatment group. A high positive correlation coefficient
0.782 was observed.

Step 2. Then, consider the linear regression line of y on x by group

y = αk + βkx+ ε for treatment group k = 1, 2

where ε is an error term. The error terms are assumed to be independent
random variables having normal distribution with mean zero and variance σ2

common to both treatment groups. To check whether those two regression
lines are parallel, we applied the following linear model including the interac-
tion term between baseline measurements and treatment group using the SAS
procedure PROC GLM:

model y = group + base + group * base
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TABLE 2.3
Rat Data. Results of the repeated application of Student’s t-test for the differ-
ence in means changes from baseline between two groups at each measurement
time with Bonferroni corrected significance level, i.e.,α = 0.05/3 = 0.0167.

Time 1 2 3
Experimental group mean 0.90 -1.05 -6.62

SE 0.09 0.24 0.72

Control group mean 0.20 -0.65 -2.85
SE 0.06 0.23 0.59

Difference mean 0.7 -0.4 -3.77
(Experimental Control) SE 0.115 0.33 0.93

t-value (df = 10) 6.06 -1.20 -4.06
two-tailed p-value < 0.0001 0.258 0.0023

where the variable group is a classification variable or numeric factor (= 1
for the control group; = 2 for the experimental group) and the variable base

indicates the baseline measurements x. The results appear in Program and
Output 2.1.� �

Program and Output 2.1: SAS procedure PROC GLM for ANCOVA with in-
teraction term

<SAS program>

data d0;

infile ’c:\book\RepeatedMeasure\experimentRat3.dat’ missover;

input id group base y;

proc glm; class group/ref=first;

model y = group base group*base /solution clparm;

run;

<SAS output>

parameter estimates s.e. t-value Pr > |t|

Intercept -6.551567398 B 4.56828269 -1.43 0.1894

group 2 -1.873191000 B 6.09174346 -0.31 0.7663

group 1 0.000000000 B . . .

base 1.338557994 B 0.41296151 3.24 0.0119

base*group 2 -0.156229416 B 0.57511924 -0.27 0.7928

base*group 1 0.000000000 B� �
The estimated regression line was y = −(6.55 + 1.87) + (1.338 − 0.156)x =
−8.42 + 1.18x for the experimental group and y = −6.55 + 1.34x for the con-
trol group, respectively. The resultant two-tailed p-value for the interaction
term base*group is 0.79, indicating that there is no statistically significant
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FIGURE 2.3
Rat Data. Mean changes from baseline by treatment group.

evidence for denying the parallelism of the two regression lines.

Step 3. Then, to estimate these two parallel regression lines with the same
slope β, we applied the linear model excluding the interaction term using SAS
procedure PROC GLM and the results are shown in Program and Output 2.2
and in Figure 2.5.� �

Program and Output 2.2: SAS procedure PROC GLM for ANCOVA without
interaction term

<SAS program>

proc glm; class group/ref=first;

model y = group base /solution clparm;

run;

<SAS output>

parameter estimates s.e. t-value Pr > |t|

Intercept -5.670886126 B 3.04837299 -1.86 0.0958

group 2 -3.504358658 B 0.97170216 -3.61 0.0057

group 1 0.000000000 B . . . . .

base 1.258007877 0.27222891 4.62 0.0013� �
The estimated regression line is y = −(5.67 + 3.50) + 1.26x = −9.17 + 1.26x
for the experimental group and y = −5.67 + 1.26x for the control group,
respectively. Table 2.2 shows that the difference in means at baseline (x̄2− x̄1)
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FIGURE 2.4
Rat Data. Scatter plot of data at week 3 (y) and data at baseline (x) with the
correlation coefficient and estimated regression lines by treatment group.

is −1.02 and that at week 3 (ȳ2− ȳ1) is −4.87. Then, the analysis of covariance
adjusted difference in means at week 3 is estimated as

α̂2 − α̂1 = (ȳ2 − ȳ1)− β(x̄2 − x̄1)

= −4.78− 1.258×−1.02 = −3.50 (±0.97).

The result of the t-test is highly statistically significant (t = −3.61 with de-
grees of freedom 9 and p = 0.0057).

2.5 Discussion

According to the result of analysis of covariance, which was defined as the pri-
mary analysis in the study protocol, we can conclude that that there was sig-
nificantly more decrease in the experimental group than in the control group.
However, as is often the case in randomized trials and experiments, the differ-
ence in means adjusted for baseline measurements by analysis of covariance,
−3.50 ± 0.97 (p = 0.0057), is quite similar to the difference in mean changes
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Rat Data. Scatter plot of measurements at week 3 (y) and measurements at
baseline (x), estimated regression lines with equal slope by treatment group,
and the analysis of covariance adjusted differences in means at week 3.

from baseline, −3.77 ± 0.93 (p = 0.002), shown in Table 2.3. Furthermore, it
should be emphasized that, based on these results only, we cannot judge
whether the results from the analysis of covariance adjusted differ-
ence in means is better than a simple difference in mean changes
from baseline. For more detail, see Sections 3.7 and 4.4.
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Analysis of variance models

3.1 Introduction

Analysis of variance (ANOVA) is a generic term used to refer to statistical
methods for analyzing data or measurements arising originally from agricul-
tural experiments. Nowadays, ANOVA includes a lot of statistical methods
devised depending on the way how the experiment should be planned or the
measurements should be taken, i.e., experimental design. Until recently, among
other things, ANOVA for split-plot design (described in Section 3.3) has been
used for analyzing repeated measurements, in which a suitable adjustment is
made to take correlations among repeated measurements into account. There-
fore, a split-plot ANOVA model for this purpose is sometimes called a repeated
measures ANOVA model.

However, due to a recent rapid development of (generalized) linear mixed-
effects models that are capable of dealing with incomplete data and also of
taking account of correlations among repeated measurements, repeated mea-
sures ANOVA has recently been used very rarely. Notwithstanding the forego-
ing, the analysis of variance model includes fundamental and important points
for understanding the treatment effect. So, in this chapter, we shall consider
the analysis of variance model.

3.2 Analysis of variance model

Consider a clinical trial or an animal experiment to evaluate a treatment effect,
such as data shown in Table 2.1, where subjects are randomly assigned to one
treatment group, and measurements are made at equally spaced times on each
subject. Then, the basic design will be the following:

1. Purpose: Comparison of G treatment groups including the control
group.

2. Trial design: Parallel group randomized controlled trial and suppose
that nk subjects are allocated to treatment group k(= 1, 2, ..., G), n1 +

25
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n2 + · · ·nG = N , where the first treatment group (k = 1) is defined as
the control group.

3. Repeated Measure Design: Basic 1:T repeated measures design
described in Chapter 1.

A typical statistical model or analysis of variance model for the basic design
will be

Response = Grand mean + Treatment group + time +

+treatment group× time + error. (3.1)

However, the prerequisite for the analysis of variance model is the homogene-
ity assumption for the subject-specific response profile over time within each
treatment group so that the mean response profile within each treatment group
is meaningful and thus the treatment effect can be evaluated by the difference
in mean response profiles. If the subject by time interaction within each
treatment group is not negligible, the mean response profile within each group
could be inappropriate measures for treatment effect. To deal with this type
of heterogeneity, see Chapter 11.

In this chapter, we shall use the notation “triply subscripted array”, which
is frequently used in analysis of variance models, which is different from
the repeated measures design described in Chapter 1. For the ith subject
(i = 1, ..., nk) nested in each treatment group k, let ykij denote the primary
response variable at the jth measurement time tj . Then, the response profile
vector for the ith subject in the kth treatment group is expressed as

yki = (yki0, yki1, ..., ykiT )t (3.2)

and the analysis of variance model is expressed as

ykij = µ+ αk + βj + γkj + εkij , (3.3)

k = 1, ..., G; i = 1, ..., nk; j = 0 (baseline), 1, 2, ..., T,

where

αk : the fixed effects of the kth treatment group

βj : the fixed effects of the jth measurement time

γkj : the fixed effects of the interaction between the kth group and jth time
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and εki = (εki0, εki1, ..., εkiT )t are mutually independent random error terms
following the multivariate normal distribution with mean 0 and covariance (or
variance covariance) matrix Σk, i.e.,

εki = (εki0, εki1, ..., εkiT )t ∼ N(0,Σk). (3.4)

However, the model (3.3) is said to be over-parameterized because the number
of parameters included in the model are larger than the number of estimable
parameters. So, to obtain the unique solution or the unique sets of estimable
parameters (αk, βj , γkj), the following constraints are imposed in this book:


α1 = 0
β0 = 0
γ10 = γ11 = · · · = γ1T = 0
γ10 = γ20 = · · · = γG0 = 0.

(3.5)

Namely, the first category of each factor, the first row and column of each
two-factor interaction term, are set to zero. In this sense, the first category is
sometimes called the reference category because the estimated effects of each
parameter are relative estimates in comparison with the first category. For
example, α̂2 = α̂2 − α̂1. This constraint has been used in much of the litera-
ture especially for easy interpretation of the results. However, the analysis of
variance model generally adopts the following so-called sum-to-zero constraint:

G∑
k=1

αk = 0,

T∑
j=0

βj = 0,

G∑
k=1

γkj =

T∑
j=0

γkj = 0.

The SAS procedures, on the other hand, such as GLM, MIXED, and GLIMMIX,
use the constraint that the last category is set to zero as the default. So,
to set the first category to be zero in these procedures, the SAS statement
CLASS needs to specify the option /ref=first. Interpretation of the param-
eter estimates of the analysis of variance model (3.3) requires the following
attention:

1. α̂k : α̂k denotes the differences in means at time 0 (baseline in 1:T
repeated measures design) for the treatment group k compared with the
control group 1, which is expected to be 0 when randomization is done.
It should be noted that the hypothesis testing H0 : α1 = · · · = αG has
nothing to do with the treatment effect.

2. β̂j : (β̂0, β̂1, ..., β̂T ) represents the overall mean response profile over time.
However, the purpose of the trial (experiment) is to evaluate the dif-
ference in mean response profiles among treatment groups and so the
hypothesis testing H0 : β0 = · · · = βT also has nothing to do with the
treatment effect of primary interest.
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3. γ̂kj : The null hypothesis on the interaction term

H0 : γkj = 0, for all (k, j) (3.6)

indicates that there is no statistical evidence for any differences in mean
profiles among treatment groups. Therefore, rejection of the null hypoth-
esis indicates some differences in mean response profiles among treat-
ment groups. However, testing the null hypothesis (3.6) is an overall
omnibus test with degrees of freedom G(T − 1). Therefore, an estimator
reflecting the treatment effect should be devised as a function of some
interaction terms γkj .

In the next section, we shall introduce the so-called change from baseline
CFB, which is associated with the estimation of the treatment effect.

3.3 Change from baseline

Let CFBkij denote the change from baseline at time j for the ith subject in
the kth treatment group; then we have

ˆCFBkij = ykij − yki0 = (β̂j − β̂0) + (γ̂kj − γ̂k0). (3.7)

Namely, the mean change from baseline at time j in the kth treatment group
is

1

nk

nk∑
i=1

CFBkij = ȳk+j − ȳk+0 = (β̂j − β̂0) + (γ̂kj − γ̂k0). (3.8)

Therefore, the difference in mean changes from baseline at time j of the kth
treatment group compared with the mth treatment group is expressed as

τ̂
(j)
km =

(
1

nk

nk∑
i=1

CFBkij −
1

nm

nm∑
i=1

CFBmij

)
= (γ̂kj − γ̂k0)− (γ̂mj − γ̂m0) = γ̂kj − γ̂mj . (3.9)

When the trial consists of two treatment groups, the experimental group and
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the control group, the difference in mean changes from baseline at time j of
the experimental group (k = 2) compared with the control group (k = 1) is

τ̂
(j)
21 = γ̂2j − γ̂1j = γ̂2j (j = 1, ..., T ). (3.10)

Namely, γ̂kj − γ̂mj denotes the estimate of the effect size of the kth treatment
compared with the mth treatment at time j.

The overall estimate of the relative effect size of the kth treatment com-
pared with the mth treatment over the measurement period (1 ≤ j ≤ T )
is

τ̂km =
1

T

T∑
j=1

τ̂
(j)
km

=
1

T

T∑
j=1

(
1

nk

nk∑
i=1

CFBkij −
1

nm

nm∑
i=1

CFBmij

)

=
1

T

T∑
j=1

{(γ̂kj − γ̂k0)− (γ̂mj − γ̂m0)}. (3.11)

For example, consider the hypothetical example of the mean change from
baseline by treatment group (T = 3, G = 2) shown in Figure 3.1, which looks
like Figure 2.3. In this case, the overall treatment effect of the experimental
group compared with the control group is estimated by the following linear
contrast:

τ̂21 =
1

3
(τ̂

(1)
21 + τ̂

(2)
21 + τ̂

(3)
21 ) =

1

3

3∑
j=1

{(γ̂2j − γ̂20)− (γ̂1j − γ̂10)}

=
1

3
(3,−1,−1,−1,−3, 1, 1, 1)(γ̂10, γ̂11, γ̂12, γ̂13, γ̂20, γ̂21, γ̂22, γ̂23)t.

(3.12)

When we want to evaluate the treatment effect over the period
[js ≤ j ≤ je], the linear contrast of interest will be

τ̂km(js, je) =
1

je − js + 1

je∑
j=js

{(γ̂kj − γ̂k0)− (γ̂mj − γ̂m0)}, (3.13)
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FIGURE 3.1
A hypothetical example of the mean change from baseline by treatment group
(T = 3, G = 2).

which is estimated by CFBs

τ̂km(js, je) =
1

je − js + 1

je∑
j=js

{
1

nk

nk∑
i=1

CFBkij −
1

nm

nm∑
i=1

CFBmij

}
.

(3.14)

The next thing to determine is how to estimate the standard errors of treat-

ment effects such as τ̂
(j)
km, τ̂km and τ̂km(js, je). In other words,

1. whether we should utilize only data necessary for evaluation or

2. utilize all the data.

Many researchers in the field of medical and health science tend to choose the
former. For example, when we want to estimate the treatment effect based on
the estimate (3.14), we can modify the form as
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TABLE 3.1
Rat Data (Table 2.1): Estimates of treatment effect based on (3.15) with (js =
1, je = 3) and the results of Student’s two-sample t-test for the null hypothesis
of no difference.

Mean S.E.
Experimental group (2) -2.25 0.32
Control group (1) -1.1 0.26
Difference(group 2- group 1) -1.16 0.41
t-value (d.f. =10) 2.81
two-tailed p-value 0.019

τ̂km(js, je) =
1

nk

nk∑
i=1

 1

je − js + 1

je∑
j=js

CFBkij


− 1

nm

nm∑
i=1

 1

je − js + 1

je∑
j=js

CFBmij

 . (3.15)

Then, we can use Student’s two-sample t-test for testing the null hypothesis

H0 : τkm(js, je) = 0, (3.16)

where “sample” {xki; i = 1, ..., nk} of the kth treatment group is expressed as

xki =
1

je − js + 1

je∑
j=js

CFBkij .

Table 3.1 shows the estimates of the treatment effect over the study period
based on (3.15) with (js = 1, je = 3) and the results of Student’s two-sample
t-test for the null hypothesis of no difference between groups. The treatment
effect over the study period is estimated as τ̂12 = −1.16, t = 2.81, d.f. = 10
and the two-tailed p = 0.019.

However, as introduced in what follows, if we apply ANOVA models or
linear mixed models using statistical packages such as SAS or R, it is possible to
obtain a good/best result both for estimation and hypothesis testing utilizing
all the data, which can flexibly take account of possible modeling for the
covariance structure among repeated measurements.



32 Repeated Measures Design with GLMM for RCT

3.4 Split-plot design

The principle of the split-plot design is as follows. Let us consider some agri-
cultural field experiment where the field is divided into N = Gn “main plots”
to compare the levels of one factor A such as the addition of different amelio-
rants by allocating them at random to the main plots. Then, each main plot
is divided into T + 1 “subplots” to compare the levels of the other factor, B,
such as, the addition of different dressing, by allocating them at random to
subplots within a main plot. A naive ANOVA model for this design will be

ykij = µ+ αk + βj + γkj + εkij , (3.17)

εkij ∼ N(0, σ2
E)

k = 1, ..., G; i = 1, ..., n; j = 0, 1, 2, ..., T,

where ykij denotes the yield of the jth level of factor B within the ith main
plot allocated to the kth level of factor A, αk denotes the fixed effects of the
kth level of factor A, βj denotes the fixed effects of the jth level of factor B,
γkj denotes the fixed effects of the interaction between the kth level of factor
A and the jth level of factor B, and εkij is an random error assumed to be
distributed with normal distribution with mean 0 and variance σ2

E . It should
be noted that the subscript j starts from 0, not from 1, because the split-plot
design is due to extend to the repeated measures design.

However, the ANOVA model (3.17) assumes that there is no difference in
fertilities between the original main plots, which is unlikely in practice. So,
to take this variability into account, the following ANOVA model must be
considered:

ykij = µ+ αk + βj + γkj + bki + εkij (3.18)

εkij ∼ N(0, σ2
E), bki ∼ N(0, σ2

B)

k = 1, ..., G; i = 1, ..., n; j = 0, 1, 2, ..., T,

where a newly introduced term bki denotes the unobserved random effects for
the ith main plot allocated to the kth level of factor A reflecting the between-
main-plot variability of the original fertility and is assumed to be distributed
with normal distribution with mean 0 and variance σ2

B . The b0i and εij are
assumed to be independent of each other. In this model, the covariance matrix
Σk of yki = (yki0, ..., ykiT )t is

(Σk)jj′ = Cov(ykij , ykij′) = σ2
B + σ2

Eδjj′ , (3.19)
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TABLE 3.2
Analysis of variance for the split-plot design.

Source Sum of d.f. Mean F
squares square

Between main plots
Factor A SSG G− 1 VG FG = VG

VBE
Residuals SSBE N −G VBE

Within main plots
Factor B SST T VT FT = VT

VWE

B × A SST×G (G− 1)T VT×G FT×G = VT×G
VWE

Within residuals SSWE (N −G)T VWE

where δjj′ = 1(j = j′); = 0(j 6= j′). In other words,

Σk =


σ2
E + σ2

B σ2
B σ2

B · · · σ2
B

σ2
B σ2

E + σ2
B σ2

B · · · σ2
B

σ2
B σ2

B σ2
E + σ2

B · · · σ2
B

...
...

...
...

σ2
B σ2

B σ2
B · · · σ2

E + σ2
B

 . (3.20)

This implies a constant correlation ρ between any two levels of factor B within
the same subplot:

ρ =
σ2
B

σ2
E + σ2

B

, (3.21)

which is called intra-class correlation or intra-cluster correlation where the
same subplot is called a class or cluster. This structure of covariance matrix
is called compound symmetry or exchangeable. Statistical inference for data
from the split-plot design can be made based on the split-plot ANOVA shown
in Table 3.2.

Application of the split-plot design to the analysis of repeated measure-
ments in clinical trials or animal experiments is mainly due to similar (but
not identical) situations involved in the design. The “main plot” corresponds
to “human subject” or “animal,” the “main plot factor (A)” corresponds to
the treatment group and the “subplot factor (B)” corresponds to the different
point of “time” within the same subject. However, there is a big difference
between these two designs. Because levels of subplot factor B are randomly
allocated to subplots, the yields from different subplots in the same main plot
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are equally correlated with each other as shown in (3.21). However, “differ-
ent times” cannot be allocated randomly to times within the same subject;
responses from points close in time are usually more highly correlated than
responses from points far apart in time.

Nevertheless, as far as the structure of the covariance matrix Σ satisfy
compound symmetry, statistical inference can be made using the same split-
plot ANOVA table (Table 3.3) for repeated measurements. For example, to
test the null hypothesis of no differences among treatment groups

H0 : α1 = · · · = αG,

the following F test can be applied:

F =
VG
VBE

∼ F(G−1,N−G) distribution, (3.22)

where

VTG =
∑
kij

(ȳk·· − ȳ···)2/(G− 1)

VBE = {
∑
kij

(ȳki· − ȳ···)2 −
∑
kij

(ȳk·· − ȳ···)2}/(N −G).

To test the important null hypothesis on the interaction term time × treatment
group (3.6) the following F test can be applied:

F =
VT×G
VWE

∼ F(G−1)T,(N−G)T distribution, (3.23)

where

VT×G =
∑
kij

(ȳk·j − ȳk·· − ȳ··j + ȳ···)
2/(T (G− 1))

VWE =
∑
kij

(ȳkij − ȳki· − ȳk·j + ȳk··)
2/(T (N −G)).

However, when the covariance matrix does not satisfy compound symmetry,
then we cannot assume F distribution for testing the null hypothesis on the
interaction term (3.23). If the compound symmetry assumption is not valid,
then the F test becomes too liberal, i.e., the proportion of rejections of the null
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TABLE 3.3
Analysis of variance for split-plot design for repeated measurements.

Source Sum of d.f. Mean F
squares square

Between subjects
Treatment group SSG G− 1 VG FG = VG

VBE
Residuals SSBE N −G VBE

Within subjects
Time SST T VT FT = VT

VWE

Time × Group SST×G (G− 1)T VT×G FT×G = VT×G
VWE

Within residuals SSWE (N −G)T VWE

TABLE 3.4
ANOVA for split-plot design applied to the Rat Data. GG and FF denote p
values based on Greenhouse–Geisser correction and Huyhn–Feldt correction,
respectively.

Source SS df MS F p GG HF
p p

Between subjects
Treatment group 42.56 1 42.56 2.54 0.142
Residuals 167.54 10 16.75

Within subjects
Time (omitted) · · · · · · · · · · · ·
Time × Group 35.50 3 11.83 19.67 0.0000 0.0008 0.0004
Within residuals 18.05 30 0.60

hypothesis is larger than the nominal significance level when the null hypoth-
esis is true. Until recently, as a method for correcting the degrees of freedom
of F distribution, which make it possible to conduct an approximate F test,
Greenhouse–Geisser correction (1959) and Huyhn–Feldt correction (1976)
have been used. The approximate F test is given by

F =
VT×G
VWE

∼ F(G−1)Tε,(N−G)Tε distribution, (3.24)

where ε denotes the correction term proposed by Greenhouse and Geisser or
Huyhn and Feldt.

In Table 3.4, the result of the split-plot design applied to data from the
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rat experiment (Table 2.1) is shown, where in addition to the p value by
the unadjusted F test (3.23) for interaction term, two kinds of p values are
shown, which are adjusted for degrees of freedom by using Greenhouse–Geisser
correction and Huynh–Feldt correction, respectively. All the F tests are highly
significant. It should be noted that the test for the null hypothesis of no
difference in groups at baseline is not affected by covariance structure among
repeated measurements.

3.5 Selecting a good fit covariance structure using SAS

Recently, it has been possible to fit an analysis of variance model (3.3) based
on the restricted maximum likelihood estimation (REML, see Appendix B,
Section B.2.1 for the reason why the REML is used) and also select a model
for covariance structure that is a good fit to the repeated measurements using
some information criterion such as AIC (Akaike information criterion, 1974)
or BIC (Schwarz’s Bayesian information criterion, 1981),

AIC(REML) = −2 Res Log Likelihood + 2p (3.25)

BIC(REML) = −2 Res Log Likelihood + p logN (3.26)

where “Res Log Likelihood” (shown in SAS outputs) denotes the value of
the restricted log-likelihood function and p denotes the number of parameters
in the covariance structure model. The model that minimizes AIC or BIC is
preferred. If AIC or BIC is close, then the simpler model is usually considered
preferable.

It should be noted that, if the REML estimator has been used, the above
AIC and BIC can be used for comparing models with different covariance
structure only if both models have the same set of fixed effects parameters. For
comparing models with different sets of fixed effects parameters, one should
consider the following AIC and BIC based on the maximum likelihood (ML)
estimation,

AIC(ML) = −2 Log Likelihood + 2(p+ q) (3.27)

BIC(ML) = −2 Log Likelihood + (p+ q) logN (3.28)

where “Log Likelihood” denotes the value of the log-likelihood function and
q denotes the number of fixed-effects parameters to be estimated.

The SAS procedure PROC MIXED allows you to choose from many candidate
covariance models. The following four models for covariance structure (here
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4× 4 matrix) are frequently used in the literature.

(1) CS: compound symmetry model (or exchangeable model)

Σ = σ2 ×


1 ρ ρ ρ
ρ 1 ρ ρ
ρ ρ 1 ρ
ρ ρ ρ 1

 (3.29)

(2) AR(1): First-order autoregressive model

Σ = σ2 ×


1 ρ ρ2 ρ3

ρ 1 ρ ρ2

ρ2 ρ 1 ρ
ρ3 ρ2 ρ 1

 (3.30)

(3) TOEP: General autoregressive model (or Toeplitz model)

Σ = σ2 ×


1 ρ1 ρ2 ρ3
ρ1 1 ρ1 ρ2
ρ2 ρ1 1 ρ1
ρ3 ρ2 ρ1 1

 (3.31)

(4) UN: Unstructured model

Σ =


σ2
1 σ1σ2ρ1 σ1σ3ρ2 σ1σ4ρ3

σ2σ1ρ1 σ2
2 σ2σ3ρ4 σ2σ4ρ5

σ3σ1ρ2 σ3σ2ρ4 σ2
3 σ3σ4ρ6

σ4σ1ρ3 σ4σ2ρ5 σ4σ3ρ6 σ2
4

 (3.32)

In the first-order autoregressive model and the general autoregressive model,
correlation between measurements is a function of their lag in time, indicating
that adjacent measurements may tend to be more correlated than those farther
apart in time.

Now, let us apply an analysis of variance model (3.3) to the Rat Data
using PROC MIXED. The first step is to rearrange the data structure from the
wide format shown in Table 2.1 into the long format structure in which each
separate repeated measurement and the associated values of covariates appear
as a separate row in the data set. The rearranged data set is shown in Table
3.5 which includes four variables; the variable id indicating the rat id is a
numeric factor, the variable group indicating the treatment group is also a
numeric factor (2 = experimental group, 1 = control group), the variable week
denotes the measurement time point (0, 1, 2, 3 in weeks), and the variable y

is the response or laboratory data (continuous variable). In this application,
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TABLE 3.5
The Rat Data with “long format” structure rearranged from the ’wide format’
structure shown in Table 2.1 (only the data for the first three rats are shown).

rat id treatment group time response
variable in SAS id group week y

1 2 0 7.50
1 2 1 8.60
1 2 2 6.90
1 2 3 0.80
2 2 0 10.60
2 2 1 11.70
2 2 2 8.80
2 2 3 1.60
3 2 0 12.40
3 2 1 13.00
3 2 2 11.00
3 2 3 5.60

as the effects of the experimental treatment are compared with the control

treatment, we shall estimate the effects at different times j, τ̂
(j)
21 (3.10) and

the overall effects over the measurement period, τ̂21 (3.12) as follows:

1. Treatment effect at week 1: τ
(1)
21 = (γ21 − γ20)− (γ11 − γ10) = γ21

2. Treatment effect at week 2: τ
(2)
21 = γ22

3. Treatment effect at week 3: τ
(3)
21 = γ23

4. Overall treatment effect: τ21: use the following linear contrast

1

3
(3,−1,−1,−1,−3, 1, 1, 1)(γ10, γ11, γ12, γ13, γ20, γ21, γ22, γ23)t

Now, to estimate the interaction term γik, we can use the corresponding
linear contrast. But the degrees of freedom of {γik} are (G − 1)T = 3 and
so let us here output these three parameter estimates γ21, γ22, γ23 directly.
However, as PROC MIXED uses the default option that the last category of the
ordered categorical variable is set to be zero, the following considerations are
required for coding the SAS program:

1. The CLASS statement needs the option /ref=first to specify the first
category be the reference category.

2. The basic order of the elements {γkj} of the group × week interaction
is

(γ10, γ11, γ12, γ13, γ20, γ21, γ22, γ23).
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However, the first category comes next to the last category via the option
/ref=first and thus, first reverse the order of k as follows

(γ20, γ21, γ22, γ23, γ10, γ11, γ12, γ13)

and then move the first category of j (=0) next to the last category
(=3), i.e., the final revised order is

(γ21, γ22, γ23, γ20, γ11, γ12, γ13, γ10)

(see the order of the interaction effect group*week in the table labeled
“Solution for Fixed Effects” of the SAS output). Then, the coefficients
of the linear contrast for the average treatment effect, τ21 needs the
following change

(3,−1,−1,−1,−3, 1, 1, 1)→ (1, 1, 1,−3,−1,−1,−1, 3).

Furthermore, it should be noted that the statistical inferential results
about the fixed effects depend on the covariance structure Σk used in the
analysis. So, it is important to select an appropriate model for the covariance
structure. To illustrate this point, we shall fit four different covariance struc-
tures to the Rat Data, i.e., compound symmetry, first-order autoregressive,
general autoregressive, and unstructured described above. The SAS programs
used are shown in Program 3.1.� �

Program 3.1. SAS procedure PROC MIXED for the Rat Data

data d1;

infile ’c:\book\RepeatedMeasure\experimentRat.dat’ missover;

input id group week y;

proc mixed data = d1 method=reml covtest;

class id group week/ ref=first ;

model y = group week group*week / s cl ddfm=sat ;

repeated / type = cs subject = id r rcorr ;

( repeated / type = ar(1) subject = id r rcorr ; )

( repeated / type = toep subject = id r rcorr ; )

( repeated / type = un subject = id r rcorr ; )

estimate ’mean CFB ’ group*week 1 1 1 -3 -1 -1 -1 3

/ divisor=3 cl alpha=0.05;

run ;� �
Simple Notes on the SAS procedure shown in Program 3.1.

• The option “method=reml” specifies the REML estimation. In this book
we always specify REML.

• The variables group and week are considered as numeric factors by the
CLASS statement.
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• The option “ddfm=sat” specifies the Satterthwaite method (see (B.42)
for details) for estimating the degrees of freedom in the t-test and F -test
for the fixed-effects estimates.

• The REPEATED statement is used to specify the repeated effects (here,
“week”), which defines the ordering of the repeated measurements within
each subject. However, if the data are ordered similarly for each subject
as in the case of the Rat Data, then specifying a repeated effect can
be omitted. The option type= specifies the model for covariance struc-
ture Σk: type = cs (compound symmetry), type = ar(1) (first-order
autoregressive), type = toep (general autoregressive), and type = un

(unstructured). In Program 3.1, all the treatment groups are assumed
to have homogeneous covariance structure, i.e., Σk = Σ.

• The ESTIMATE statement allows estimation and testing of the linear con-
trast specified.

• See the SAS/STAT User’s Guide for other details.

The results are shown in Output 3.1a for the CS model with type=cs and
Output 3.1b for the UN model with type=un.
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Output 3.1a The CS model for the Rat Data

Fit statistics

-2 Res Log Likelihood 140.8

AIC (smaller is better) 144.8

BIC (smaller is better) 145.8

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

CS id 4.0382 1.8736 2.16 0.0311

Residual 0.6017 0.1553 3.87 <.0001

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 10.9333 0.8794 12.2 12.43 <.0001 0.05 9.021 12.846

group 2 -1.0167 1.2436 12.2 -0.82 0.4293 0.05 -3.721 1.6875

group 1 0 . . . . . . .

week 1 0.2000 0.4478 30 0.45 0.6584 0.05 -0.7146 1.1146

week 2 -0.6500 0.4478 30 -1.45 0.1570 0.05 -1.5646 0.2646

week 3 -2.8500 0.4478 30 -6.36 <.0001 0.05 -3.7646 -1.9354

week 0 0 . . . . . . .

group*week 2 1 0.7000 0.6333 30 1.11 0.2778 0.05 -0.5934 1.9934

group*week 2 2 -0.4000 0.6333 30 -0.63 0.5324 0.05 -1.6934 0.8934

group*week 2 3 -3.7667 0.6333 30 -5.95 <.0001 0.05 -5.0601 -2.4732

group*week 2 0 0 . . . . . . .

group*week 1 1 0 . . . . . . .

group*week 1 2 0 . . . . . . .

group*week 1 3 0 . . . . . . .

group*week 1 0 0 . . . . . . .

Type 3 Tests of Fixed Effects

Effect Num DF Dem DF F Value Pr > F

group 1 10 2.54 0.1420

week 3 30 113.66 <.0001

group*week 3 30 19.67 <.0001

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

mean CFB -1.1556 0.5171 30 -2.23 0.0330 0.05 -2.2116 -0.09947� �



42 Repeated Measures Design with GLMM for RCT� �
Output 3.1b The UN model for the Rat Data

Fit Statistics

-2 Res Log Likelihood 88.3

AIC (smaller is better) 108.3

BIC (smaller is better) 113.1

Estimated R Matrix for id 2 (Common Covariance)

Row Col1 Col2 Col3 Col4

1 3.5122 3.4202 3.4787 4.4183

2 3.4202 3.3682 3.3967 4.3453

3 3.4787 3.3967 3.7782 5.1698

4 4.4183 4.3453 5.1698 7.9008

Estimated R Correlation Matrix for id2

Row Col1 Col2 Col3 Col4

1 1.0000 0.9944 0.9550 0.8388

2 0.9944 1.0000 0.9522 0.8423

3 0.9550 0.9522 1.0000 0.9462

4 0.8388 0.8423 0.9462 1.0000

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

group 2 -1.0167 1.0820 10 -0.94 0.3696 0.05 -3.4275 1.3942

group*week 2 1 0.7000 0.1155 10 6.06 0.0001 0.05 0.4427 0.9573

group*week 2 2 -0.4000 0.3332 10 -1.20 0.2576 0.05 -1.1423 0.3423

group*week 2 3 -3.7667 0.9267 10 -4.06 0.0023 0.05 -5.8315 -1.7018

Type 3 Tests of Fixed Effects

Effect Num DF Dem DF F Value Pr > F

group 1 10 2.54 0.1420

week 3 10 81.17 <.0001

group*week 3 10 23.61 <.0001

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

mean CFB -1.1556 0.4117 10 -2.81 0.0186 0.05 -2.0730 -0.2381� �
In the CS (compound symmetry) model, two variance estimates, σ̂2

B , σ̂
2
E of the

analysis of variance model (3.18) are shown in the table labeled “Covariance
Parameter Estimates”

σ̂2
B = 4.0382(CS), σ̂2

E = 0.6017(Residual).

Correlation matrices are omitted here since we can easily compute ρ = 0.8703
from equation (3.21). Estimates of treatment effect at each time and of average
treatment effect are shown in the table labeled “Solution for Fixed Effects”
and the table labeled “Estimates,” respectively.

1. group*week 2 1 : τ̂
(1)
21 = 0.7000± 0.6333, p = 0.28

2. group*week 2 2 : τ̂
(2)
21 = −0.4000± 0.6333, p = 0.53
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3. group*week 2 3 : τ̂
(3)
21 = −3.7667± 0.6333, p < .0001

4. mean CFB : τ̂21 = −1.1556± 0.5171, p = 0.033

In the unstructured model, the estimated covariance matrix is shown in the
table labeled “Estimated R Matrix for id 2” (R means residual covariance)
and also in the table “Covariance Parameter Estimates.” The latter table is
omitted here but includes more detailed information such as standard errors,
Z-value and p value (see Output 3.2b in the next section). The estimated
correlation matrix is shown in the table labeled “Estimated R Correlation
Matrix for id 2.” It should be noted that the parameter α2 is estimated as
−1.0167 ± 1.0820 (p = 0.37) in the unstructured model (see group 2 in the
table “Solution for Fixed Effects”), which is identical to the difference in
means at baseline between two groups shown in Table 2.2. Furthermore, the
test result for the null hypothesis of no differences between treatment groups
(3.22), which is not related to the treatment effect at all, is shown in the row
group of the table labeled “Type 3 Tests of Fixed Effects” and the result
F = 2.54, p = 0.142 is identical to that in the split-plot ANOVA (Table 3.4)
without reference to the type of covariance structure as explained in
Section 3.4.

A summary of the results of application of the four kinds of analysis of
variance models based on REML to the Rat Data are shown in Table 3.6.
According to the value of AIC, the best fit model was the unstructured model
(AIC = 108.3). The BIC value also chose the same model as the best fit model.
Although the average treatment effect was estimated as τ̂21 = −1.16 without
reference to the type of covariance structure, the estimate of standard errors
changed depending on the type of covariance structure.

• In the unstructured model, the estimate of standard errors is S.E. =
0.41(p = 0.019), which is identical to the result of Student’s two-sample
t-test (3.16) shown in Table 3.1.

• Furthermore, the treatment effect at week 1 (τ̂
(1)
21 ⇒ group*week 2 1 )

and 3 (τ̂
(3)
21 ⇒ group*week 2 3 ) is also identical to the corresponding

result of Student’s two-sample t-test based on CFB as shown in Table
2.3, respectively.

These results indicate that, when the unstructured covariance is the
best fitted model, the result of the analysis of variance model is
identical to the result of Student’s two-sample t-test for the differ-
ence in means of CFB between groups using only the data necessary
for the comparison.
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TABLE 3.6
Results of analysis of variance model (3.3) based on REML, applied to the Rat
Data (Table 2.1). The results of the best fit model are indicated in boldface.

Covariance structure
Autoregressive model

CS First-order General Unstructured
(1) AIC

144.80 131.8 133.1 108.3
(2) Interaction: time × treatment

F (df) 19.7 (3, 30) 22.53 (3, 30) 20.05 (3, 30) 23.61 (3, 10)
p < .0001 < .0001 < .0001 <. 0001

(3) CFB over time: τ̂21= -1.16
SE 0.52 0.54 0.63 0.41
t(df) -2.23(30) -2.15(30) -1.84(30) -2.81(10)
p 0.033 0.040 0.075 0.019

(4) CFB at week 3: τ̂
(3)
21 = -3.77

SE 0.63 0.74 0.88 0.93
t(df) -5.95(30) -5.07(30) -4.27(30) -4.06(10)
p <0.001 <0.001 0.002 0.002

(5) CFB at week 1: τ̂
(1)
21 = 0.7

SE 0.63 0.44 0.44 0.12
t(df) 1.11(30) 1.59(30) 1.59(30) 6.06(10)
p 0.278 0.122 0.119 <0.001

3.6 Heterogeneous covariance

So far, homogeneous covariance structure is assumed for all the treatment
groups, i.e., Σk = Σ. In this section, to check the homogeneity assumption,
we shall consider the analysis of variance model with heterogeneous covari-
ance. To do this in PROC MIXED, we have only to add the option group =

group to the REPEATED statement, where the former group is the SAS state-
ment and the latter group is a numeric factor denoting the treatment group.
Then the modified REPEATED statement will be

repeated / type = cs subject = id r rcorr group = group;

In this case, the variable group must be declared as a numeric factor in the
CLASS statement. Now we shall fit the two models, CS and UN, to the Rat
Data. The respective sets of SAS programs appear in Program 3.2.
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Program 3.2 SAS procedure PROC MIXED for the Rat Data - Unequal Covari-
ance between treatment groups

data d1;

infile ’c:\book\RepeatedMeasure\experimentRat.dat’ missover;

input id group week y;

proc mixed data = d1 method=reml covtest;

class id group week/ ref=first ;

model y = group week group*week / s cl ddfm=sat ;

repeated / type = cs subject = id r rcorr group = group;

( repeated / type = un subject = id r rcorr group = group; )

estimate ’mean CFB ’ group*week 1 1 1 -3 -1 -1 -1 3

/ divisor=3 cl alpha=0.05;

run ;� �
Here also, we shall show the results of two models, the CS model and the UN
model. The results are shown in Output 3.2a for the CS model with type=cs

and Output 3.2b for the UN model with type=un.� �
Output 3.2a CS model for the Rat Data - Unequal Covariance between
treatment groups

Fit Statistics

-2 Res Log Likelihood 140.4

AIC (smaller is better) 148.4

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Variance id group 2 0.6950 0.2538 2.74 0.0031

CS id group 2 3.9975 2.6389 1.51 0.1298

Variance id group 1 0.5083 0.1856 2.74 0.0031

CS id group 1 4.0788 2.6605 1.53 0.1252

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

group*week 2 1 0.7000 0.6333 29.3 1.11 0.2780 0.05 -0.5947 1.9947

group*week 2 2 -0.4000 0.6333 29.3 -0.63 0.5326 0.05 -1.6947 0.8947

group*week 2 3 -3.7667 0.6333 29.3 -5.95 <.0001 0.05 -5.0614 -2.4719

Type 3 Tests of Fixed Effects

Effect Num DF Dem DF F Value Pr > F

group 1 10 2.54 0.1420

week 3 29.3 113.66 <.0001

group*week 3 29.3 19.67 <.0001

Estimates

Label Estimate S.E. DF t Value Pr>|t| Aalpha Lower Upper

mean CFB -1.1556 0.5171 29.3 -2.23 0.0332 0.05 -2.2127 -0.09840� �
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Output 3.2b UN model for the Rat Data - Unequal Covariance between
treatment groups

Fit Statistics

-2 Res Log Likelihood 71.2

AIC (smaller is better) 111.2

Covariance Parameter Estimates (by group)

Cov Parm Subject Group Estimate S.E. Z Pr > |Z|

UN(1,1) id group 2 3.6217 2.2905 1.58 0.0569

UN(2,1) id group 2 3.5637 2.2633 1.57 0.1154

UN(2,2) id group 2 3.5657 2.2551 1.58 0.0569

UN(3,1) id group 2 3.4147 2.2145 1.54 0.1231

UN(3,2) id group 2 3.4187 2.2067 1.55 0.1213

UN(3,3) id group 2 3.5507 2.2456 1.58 0.0569

UN(4,1) id group 2 4.2820 3.0798 1.39 0.1644

UN(4,2) id group 2 4.3120 3.0735 1.40 0.1606

UN(4,3) id group 2 4.9940 3.2698 1.53 0.1267

UN(4,4) id group 2 8.0320 5.0799 1.58 0.0569

UN(1,1) id group 1 3.4027 2.1520 1.58 0.0569

UN(2,1) id group 1 3.2767 2.0749 1.58 0.1143

UN(2,2) id group 1 3.1707 2.0053 1.58 0.0569

UN(3,1) id group 1 3.5427 2.2882 1.55 0.1216

UN(3,2) id group 1 3.3747 2.1949 1.54 0.1242

UN(3,3) id group 1 4.0057 2.5334 1.58 0.0569

UN(4,1) id group 1 4.5547 3.0719 1.48 0.1382

UN(4,2) id group 1 4.3787 2.9600 1.48 0.1391

UN(4,3) id group 1 5.3457 3.4554 1.55 0.1219

UN(4,4) id group 1 7.7697 4.9140 1.58 0.0569

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

group*week 2 1 0.7000 0.1155 8 6.06 0.0003 0.05 0.4337 0.9663

group*week 2 2 -0.4000 0.3332 9.99 -1.20 0.2576 0.05 -1.1424 0.3424

group*week 2 3 -3.7667 0.9267 9.62 -4.06 0.0025 0.05 -5.8427 -1.6907

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

mean CFB -1.1556 0.4117 9.5 -2.81 0.0195 0.05 -2.0796 -0.2315� �
In the CS model, two variance estimates, σ̂2

B and σ̂2
E , are shown in the table

labeled “Covariance Parameter Estimates” by treatment group. You can see
that the difference between groups is small for both variances. In the unstruc-
tured model, the covariance matrix is shown by treatment group in the table
labeled “Covariance Parameter Estimates” in the form of UN(j1, j2). Here
also, we can observe small differences between groups. When we observe the
change of AICs from the homogeneous model to the heterogeneous model, we
have 144.8 → 148.4 for the CS model and 108.3 → 111.2 for the UN model,
indicating that the homogeneous models are preferred to the heterogeneous
ones.
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3.7 ANCOVA-type models

So far, the baseline data yij0 was used as one value of the response variable.
In this section, we shall introduce some ANCOVA-type models adjusting for
the baseline data yij0. To compare the ANOVA model, we shall consider the
following two ANCOVA-type models:

Model A: ykij = µ+ αk + βj + γkj + εkij (k = 0, 1, ..., T ) (3.33)

Model B: ykij = µ+ θyki0 + α
′

k + β
′

j + γ
′

kj + ε
′

kij (k = 1, 2, ..., T )(3.34)

Model C: ykij = µ+ θyki0 + α
′

i + β
′

j + φj(yki0 × Timej) + γ
′

kj + ε
′

kij

(k = 1, 2, ..., T ) (3.35)

ε
′

ki = (ε
′

ki1, ..., ε
′

kiT )t ∼ N(0,Σ)

where

α
′

k : the fixed effects of the kth treatment group

β
′

j : the fixed effects of the jth measurement time

γ
′

kj : the fixed effects of the interaction between the kth group

and the jth time

Timej : a dummy variable indicating the jth time

θ : coefficient for baseline data

φj : coefficients for the interaction term (yki0 × Timej)

Model A denotes the ANOVA model, Model B denotes an ANCOVA-type
model with the baseline effects θ constant over time, and Model C denotes
an ANCOVA-type model with the baseline effects θ + φj which varies over
time. Furthermore, let us consider the following three models which replace
ykij with CFB, dkij = ykij − yki0:

Model Ad: dkij = µ+ α
′

k + β
′

j + γ
′

kj + ε
′

kij (3.36)

Model Bd: dkij = µ+ θyki0 + α
′

k + β
′

j + γ
′

kj + ε
′

kij (3.37)

Model Cd: dkij = µ+ θyki0 + α
′

i + β
′

j + φj(yki0 × Timej) + γ
′

kj + ε
′

kij

k = 1, 2, ..., T (3.38)

ε
′

ki = (ε
′

ki1, ..., ε
′

kiT )t ∼ N(0,Σ)

Theoretically, it can be shown that the treatment effect estimated from Model
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A is identical to that from Model Ad (see Chapter 4). Similarly, the estimated
treatment effect from Model B and Model C are identical to those of Model
Bd and Model Cd, respectively. Therefore, when we want to compare the three
models A, B and C, we have only to compare the models Ad, Bd and Cd using
AIC or BIC. It should be noted, however, that the treatment effect for Models
Ad, Bd and Cd should be changed to

τ
(j)
21 = (α

′

2 − α
′

1) + (γ
′

2j − γ
′

1j) (3.39)

τ21(js, je) = (α
′

2 − α
′

1) +
1

je − js + 1

je∑
j=js

(γ
′

2j − γ
′

1j). (3.40)

For example, when you are interested in the difference in mean changes from
baseline at time j = 3, you can set

τ
(3)
21 = (−1, 1)(α

′

1, α
′

2)t + (0, 0,−1, 0, 0, 1)(γ
′

11, γ
′

12, γ
′

13, γ
′

21, γ
′

22, γ
′

23)t.

When you are interested in the average difference in mean changes from base-
line over the evaluation period [1, 3], then you can set the following linear
contrasts

τ21(1, 3) = (−1, 1)(α
′

1, α
′

2)t

+
1

3
(−1,−1,−1, 1, 1, 1)(γ

′

11, γ
′

12, γ
′

13, γ
′

21, γ
′

22, γ
′

23)t

=
1

3
{(−3, 3)(α

′

2, α
′

1)t

+(−1,−1,−1, 1, 1, 1)(γ
′

11, γ
′

12, γ
′

13, γ
′

21, γ
′

22, γ
′

23)t}.

In the application of the ANOVA model to the Rat Data (Table 3.5) using
SAS PROC MIXED in Section 3.5, we used the option /ref=first in the CLASS
statement and changed the order of the coefficients for the linear contrast
to output the treatment effect by time, γ21, γ22, γ23 directly. However, here,
we use the above linear contrasts (3.39), (3.40) and thus we need no special
arrangements.

Now, we shall fit the above three models Ad, Bd and Cd with the changes
from baseline as outcome variables to the Rat Data. Here also, the first step
for the analysis is to rearrange the data structure from the long format shown
in Table 3.5 into another long format shown in Table 3.7 where the baseline
records were deleted and the new variable ybase indicating baseline data was
created. In other words, when we have p variables, N cases, and the number
of repeated measures is T + 1 including one baseline time point, the data
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TABLE 3.7
The Rat Data for the ANCOVA-type model: the baseline data of response
variable y in Table 3.5 was deleted and added as a new variable ybase (only
the data for the first three rats are shown).

Rat id Treatment Time Response Baseline data
Variable in SAS id group week y ybase

1 2 1 8.60 7.50
1 2 2 6.90 7.50
1 2 3 0.80 7.50
2 2 1 11.70 10.60
2 2 2 8.80 10.60
2 2 3 1.60 10.60
3 2 1 13.00 12.40
3 2 2 11.00 12.40
3 2 3 5.60 12.40

structure for the ANOVA model is a long format with (T + 1)N × p but the
one for the ANCOVA-type model including one baseline data needs a long
format with TN × (p+ 1). We shall use the SAS program shown in Program
3.3 to fit each of the above three models.� �

Program 3.3 SAS PROC MIXED (Unstructured Σ) for the Rat Data for fitting
three models: Model Ad, Bd and Cd. For comparing these models based on
AIC and BIC, we have to replace the option method=reml with method=ml.

<data input>

data d3;

infile ’c:\book\RepeatedMeasure\experimentRatPre.dat’ missover;

input id group week y ybase;

cfb=y-ybase;

proc mixed data = d3 method=reml covtest;

class id group week ;

model cfb = group week group*week / s ddfm=sat;

( model cfb = ybase group week group*week / s ddfm=sat; )

( model cfb = ybase ybase*week group week group*week / s ddfm=sat; )

repeated / type = un subject = id r rcorr ;

estimate ’CFB at week 1’

group -1 1 group*week -1 0 0 1 0 0 / divisor=1 cl alpha=0.05;

estimate ’CFB at week 2’

group -1 1 group*week 0 -1 0 0 1 0 / divisor=1 cl alpha=0.05;

estimate ’CFB at week 3’

group -1 1 group*week 0 0 -1 0 0 1 / divisor=1 cl alpha=0.05;

estimate ’mean CFB ’

group -3 3 group*week -1 -1 -1 1 1 1 / divisor=3 cl alpha=0.05;

run ;� �
When we fitted the ANOVA model (3.3) to the Rat Data, the best-fit model
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for covariance structure is unstructured (type=un). Thus here also we shall
assume the same unstructured covariance. As these three models have differ-
ent sets of fixed-effects parameters, as explained in Section 3.5, for compar-
ing these models, one should consider AIC and BIC based on the maximum
likelihood (ML) estimation. To do so, we have only to replace the option
method=reml with method=ml. The partial results are shown in Output 3.3
where the values of AIC and BIC are only based on the maximum likelihood
estimation.� �

Output 3.3 SAS PROC MIXED for the Rat Data ( Unstructured Σ)
Only the values of AIC and BIC are based on the maximum likelihood
estimation

<Model Ad>

Fit statistics

AIC (smaller is better) 63.8

BIC (smaller is better) 69.7

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

CFB at week 1 0.7000 0.1155 10 6.06 0.0001 0.05 0.4427 0.9573

CFB at week 2 -0.4000 0.3332 10 -1.20 0.2576 0.05 -1.1423 0.3423

CFB at week 3 -3.7667 0.9267 10 -4.06 0.0023 0.05 -5.8315 -1.7018

mean CFB -1.1556 0.4117 10 -2.81 0.0186 0.05 -2.0730 -0.2381

<Model Bd>

Fit statistics

AIC (smaller is better) 62.9

BIC (smaller is better) 69.2

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

ybase -0.0545 0.02929 9 -1.86 0.0959 0.05 -0.1207 0.01179

CFB at week 1 0.6446 0.1239 8.83 5.20 0.0006 0.05 0.3634 0.9258

CFB at week 2 -0.4554 0.3393 10.1 -1.34 0.2090 0.05 -1.2106 0.2999

CFB at week 3 -3.8220 0.9471 9.98 -4.04 0.0024 0.05 -5.9330 -1.7111

mean CFB -1.2109 0.4294 9.93 -2.82 0.0183 0.05 -2.1685 -0.2533

<Model Cd>

Fit statistics

AIC (smaller is better) 63.0

BIC (smaller is better) 70.3

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

CFB at week 1 0.6734 0.1231 9 5.47 0.0004 0.05 0.3949 0.9518

CFB at week 2 -0.4097 0.3662 9 -1.12 0.2922 0.05 -1.2381 0.4187

CFB at week 3 -3.5044 0.9717 9 -3.61 0.0057 0.05 -5.7025 -1.3062

mean CFB -1.0802 0.4441 9 -2.43 0.0378 0.05 -2.0849 -0.07560� �
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From the results of the three models assuming unstructured covariance Σ
common to both treatment groups, we have the following findings:

• All the treatment effects estimated from Model Ad without adjusting for
baseline data are the same for those from the ANOVA model (OUTPUT
3.1b). Furthermore, these estimated treatment effects are the same as the
results of the repeated application of Student’s t test for the difference
in means of CFB at each time (Table 2.3).

• Model Cd, in which the baseline effects varies over time, gives the same
estimate at time 3 as the result of analysis of covariance based on a
pair of data (yki0, yki3) (Figure 2.5). This indicates that the treatment
effect by time from the ANCOVA-type model including the interaction
term between baseline data and time is identical to the results from the
analysis of variance for adjusting for baseline at each time point.

• Judging from AIC (Model Ad = 63.8, Model Bd = 62.9, Model Cd =
63.0) and BIC (Model Ad = 69.7, Model Bd = 69.2, Model Cd = 70.3),
the best-fit model is shown to be Model B model adjusting for baseline
data with the baseline effect constant over time. However, the differ-
ences in values of AIC and BIC are very small among three models. For
example, the treatment effects at time 3 are estimated as follows:

Model Ad: τ̂
(3)
21 = −3.7667 (s.e. = 0.9267), p = 0.0023

Model Bd: τ̂
(3)
21 = −3.8220 (s.e. = 0.9471), p = 0.0024

Model Cd: τ̂
(3)
21 = −3.5044 (s.e. = 0.9717), p = 0.0057

The overall message from the above result will be that (1) a usual analysis
of covariance (ANCOVA) based on a pair of data (yki0, ykij) does not
tell us whether or not to adjust for baseline and (2) although it is a
general practice of randomized controlled trials to use ANCOVA
alone to adjust for the baseline measurement, adding “mean change
from baseline” (Model Ad) could be a good method to get a good
estimate of the treatment effect.
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4

From ANOVA models to mixed-effects
repeated measures models

4.1 Introduction

In Section 2.4, we conducted an analysis of covariance adjusting for the base-
line data to estimate the treatment effect where we observed a high positive
correlation coefficient ρ = 0.782 between the baseline measurement and the
measurement at week 3 (Figure 2.4). Similar positive correlation coefficients
were also observed for the log-transformed serum levels of glutamate pyru-
vate transaminase (GPT) for each of treatment groups between the baseline
measurement and the measurement at week 4 (Figure 4.1) in a randomized
controlled trial with a 1:4 repeated measures design for chronic hepatitis pa-
tients to investigate whether the anti-hepatitis drug Gritiron tablets improve
liver function abnormality1 (Yano et al., 1989). In the previous chapter, the
Rat Data was analyzed using the SAS procedure PROC MIXED, which allowed
you to choose the good-fit covariance model from many candidate covariance
models. However, this type of ad hoc analysis based on the best-fit covariance
without rhyme or reason will not tell us why and how these positive correlation
coefficients arise while repeated measures were usually taken independently for
each patient. Furthermore, to estimate the treatment effect in the 1:1 pre-post
design, an analysis of covariance is usually carried out to adjust for baseline
data. But why?

To understand these problems, which are not always trivial, we need to
change the model framework from the ANOVA model to the mixed-effects
repeated measures model.

1This data set called Gritiron Data will be analyzed to illustrate the latent profile models
in addition to the linear mixed-effects models in Chapter 11.
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FIGURE 4.1
Gritiron Data: Scatter plots, correlation coefficients, and regression line for
the log-transformed serum levels of glutamate pyruvate transaminase (GPT)
between the baseline measurement and the measurements at week 4 by treat-
ment group in a randomized controlled trial for chronic hepatitis patients
(Yano et al., 1989).

4.2 Shift to mixed-effects repeated measures models

To understand the situation, let us consider the relationship between a pair of
data points, the baseline data yki0 and the data ykij measured at time j(> 0)
for the same subject i of the treatment group k in the ANOVA model (3.3).
For simplicity, consider here the comparison of two treatment groups (G = 2)
where k = 1 denotes the control group and k = 2 denotes the new treatment
group.

In the ANOVA model, as was illustrated with the Rat Data in Section
3.5, you can choose the best model for the covariance structure Σk (3.4)
from many candidates. However, with this approach, you may not be able to
understand the reason why the selected covariance model has arisen. So, to
understand the covariance structure, let us decompose the error term εkij into
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two independent components, one relating to the inter-subject variability
and the other relating to the residual error term εkij . For example, we can
consider the following decompositions:

yki0 = µ+ αk + β0 + γk0 + εki0

= µ+ αk + 0 + 0 + (b0ki + εki0)

ykij = µ+ αk + βj + γkj + εkij

= µ+ αk + βj + γkj + (b0ki + b1ki + εkij),

where b0ki denotes the random intercept, which may reflect inter-subject vari-
ability due to possibly many unobserved prognostic factors in the baseline
period, and b1ki denotes the random slope, which may reflect inter-subject
variability of the response to the treatment and assumed to be constant here
regardless of the measurement time j. It should be noted that the random slope
introduced here does not mean the slope on the time or a linear time trend.
Furthermore, these two random variables are assumed to have the bivariate
normal distribution:

bki = (b0ki, b1ki)
t ∼ N(0,Φ), (4.1)

where

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
. (4.2)

In other words, the decomposed model mixes up two types of variables,
the random-effects variables (b0ki, b1ki) and the fixed-effects parameters
(µ, αi, β0, βj , γij), leading to a mixed-effects model or mixed model.

Here, let us get back to the notation of repeated measures design defined
in Chapter 1, i.e., using the following notational change

ki→ i, j (as it is). (4.3)

Then we have

yi = (yi0, yi1, ..., yiT ), i = 1, ..., (n1 + n2),

and let us introduce the variable x1i
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x1i =

{
1, if the ith subject is assigned to the new treatment
0, if the ith patient is assigned to the control.

(4.4)

Then, the above ANOVA model can be replaced by the following mixed-effects
repeated measures model:� �

A mixed-effects repeated measures model

yij | bi =

{
β0 + β1x1i + b0i + εi0 for j = 0
β0 + β1x1i + β2j + β3jx1i + b0i + b1i + εij for j ≥ 1

(4.5)� �
where the same symbol β’s as the ANOVA model are used here but their
meanings are different as follows:

1. β1 (= α2 in the ANOVA model) denotes the difference in means at
baseline j = 0.

2. β2j denotes the mean change from baseline at time j in the control
group.

3. The change from baseline (CFB) at time j defined in (3.7) is changed
to

dij = yij − yi0, (j = 1, ..., T ). (4.6)

4. β3j denotes the treatment effect at time j (corresponding to τ
(j)
21 = γ2j

(3.10) in the ANOVA model).

5. εij denote mutually independent random errors distributed with normal
distribution with mean 0 and variance σ2

E .

6. bi = (b0i, b1i)
t and error terms {εij , j = 0, ..., T} are independent.

The repeated measures model (4.5) can be expressed in the matrix form

yi | bi = Xiβ +Zbi + εi = Xiβ + ε∗i

where

bi ∼ N(0,Φ), εi ∼ N(0, σ2
EI), ε∗i ∼ N(0,Σ)
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and

Σ = σ2
EI +ZΦZt. (4.7)

Then, we have

E(yi0) = β0 + β1x1i

E(yij) = β0 + β1x1i + β2j + β3jx1i

E(dij) = β2j + β3jx1i

V ar(dij) = σ2
B1 + 2σ2

E

V ar(yi0) = (Σ)11 = σ2
B0 + σ2

E

V ar(yij) = (Σ)(j+1)(j+1) = σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

Cov(yi0, yij) = (Σ)1(j+1) = σ2
B0 + ρBσB0σB1

Cov(yij1 , yij2) = (Σ)(j1+1)(j2+1) = σ2
B0 + σ2

B1 + 2ρBσB0σB1

(for j1, j2 > 0),

where (yi0, yij) has the bivariate normal distribution with correlation coeffi-
cient ρ0j

ρ0j =
σ2
B0 + ρBσB0σB1√

σ2
B0 + σ2

E

√
σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

. (4.8)

Furthermore, (yij1 , yij2) also has the bivariate normal distribution with cor-
relation coefficient ρj1j2 :

ρj1j2 =
σ2
B0 + σ2

B1 + 2ρBσB0σB1

σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

. (4.9)

Especially when we can ignore the inter-subject variability of the response to
the treatment, i.e.,σ2

B1 = 0 we have

ρ0j = ρj1j2 =
σ2
B0

σ2
B0 + σ2

E

. (4.10)

In this case, the structure of covariance matrix Σ becomes compound sym-
metry (3.29). Namely, the existence of inter-subject variability in the baseline
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data produces a positive correlation coefficient between points in time, and
the larger the inter-subject variability σ2

B0, the larger the correlation. Next,
consider the following mixed-effects repeated measures model:� �

Another mixed-effects repeated measures model

yij | bi =

{
β0 + β1x1i + b0i + εi0 for j = 0
β0 + β1x1i + β2j + β3jx1i + b0i + b1ij + εij for j ≥ 1

(4.11)� �
where (b0i, b1i1, ..., b1iT ) and error terms {εij , j = 0, ..., T} are independent and
b1ij denote the random slope, which may change over time. In other words,

bi = (b0i, b1i1, ..., b1iT )t ∼ N(0,Φ) (4.12)

where the (l,m)th element of Φ is

(Φ)lm = ρB(l−1)(m−1)σB(l−1)σB(m−1), (l,m = 1, ..., T + 1). (4.13)

In this model, we have

V ar(dij) = σ2
Bj + 2σ2

E

V ar(yi0) = (Σ)11 = σ2
B0 + σ2

E

V ar(yij) = (Σ)(j+1)(j+1) = σ2
B0 + σ2

Bj + 2ρB0jσB0σBj + σ2
E

Cov(yi0, yij) = (Σ)1(j+1) = σ2
B0 + ρB0jσB0σBj

Cov(yij1 , yij2) = (Σ)(j1+1)(j2+1)

= σ2
B0 + ρB0j1σB0σBj1 + ρB0j2σB0σBj2 + ρBj1j2σBj1σBj2

(for j1, j2 > 0),

where (yi0, yij) has the bivariate normal distribution with correlation coeffi-
cient ρ0j

ρ0j =
σ2
B0 + ρB0jσB0σBj√

σ2
B0 + σ2

E

√
σ2
B0 + σ2

Bj + 2ρB0jσB0σBj + σ2
E

=
σ2
B0 + ρB0jσB0σBj√
σ2
B0 + σ2

E

√
Vj

. (4.14)
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Furthermore, (yij1 , yij2) also has the bivariate normal distribution with cor-
relation coefficient ρj1j2 :

ρj1j2 =
σ2
B0 + ρB0j1σB0σBj1 + ρB0j2σB0σBj2 + ρBj1j2σBj1σBj2√

Vj1Vj2

(4.15)

Namely, in this model, the structure of covariance matrix Σ becomes quite
close to unstructured (3.32) which is illustrated in Section 7.4.4.

It should be noted here that

1. the repeated measures data is also called hierarchically structured two-
level clustered data where the same subject is called a cluster and that
the subject is at the level two and the measurements are at the level
one, and

2. these correlations (4.8, 4.9, 4.10, 4.14, 4.15) are called intra-cluster cor-
relations or ICC.

4.3 ANCOVA-type mixed-effects models

In contrast with the repeated measures model (4.5), we can consider a model
to adjust for baseline measurement as a covariate only for 1:T repeated mea-
sures design as is already described in Section (3.7). We shall call this model
the ANCOVA-type mixed-effects model:� �

An ANCOVA-type mixed-effects model

yij | bi(Ancova) =


β
′

0 + bi(Ancova) + β
′

2j + θyi0,+εij (control group)

β
′

0 + bi(Ancova) + β
′

2j + θyi0 + β
′

1 + β
′

3j + εij ,
(new treatment group)

j = 1, ..., T, (4.16)� �
where bi(Ancova) denotes the random intercept, which may reflect the inter-
subject variability assumed to be constant during the treatment period, θ
is a coefficient for the baseline measurement yi0, and β

′

1 + β
′

3j denotes the
treatment effect at the jth time point. For more details and illustrations, see
Section (7.7).



60 Repeated Measures Design with GLMM for RCT

4.4 Unbiased estimator for treatment effects

This section involves methodological elements to a certain extent.
So, readers who are not interested in methodological details can
skip this section and go straight to the next chapter.

Let us consider here several kinds of estimators of treatment effect β3j at
time j of the mixed-effects repeated measures model (4.5).

4.4.1 Difference in mean changes from baseline

First, given the variance covariance parameters (σ2
E , Φ), the maximum likeli-

hood estimator (MLE) of β3j is equal to the difference in mean changes from
baseline

β̂3j =
1

n2

N∑
i=1

dijx1i −
1

n1

N∑
i=1

dij(1− x1i) (= τ̂
(j)
21 = γ̂2j), (4.17)

which is unbiased estimator of β3j , i.e.,

E(β̂3j) = β3j . (4.18)

Its variance is given by

Var(β̂3j) =
n1 + n2
n1n2

(σ2
B1 + 2σ2

E). (4.19)

where σ2
B1 can be replaced by σ2

Bj in the model (4.11). For the analysis of the
Rat Data, the results are shown in Table 2.3 in which Student’s t-test for the
difference in means of CFB between two groups were repeated at each time
point.

4.4.2 Difference in means

On the other hand, as is shown in Table 2.2, the difference in means at the
specified time point j, β̂3j,Mean, is often used as the primary statistical analysis
for repeated measures data. The expected value of the difference in means at
time j is
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E(β̂3j,Mean) = E

(
1

n2

N∑
i=1

yijx1i −
1

n1

N∑
i=1

yij(1− x1i)

)
= β3j + β1,

(4.20)

except when β1 = 0, β̂3j,Mean is a biased estimator of β3j . However, in a well-
controlled randomized trial, one would expect that the baseline measurements
yi0 would be comparable between treatment groups and β1 would be expected
to be zero. Its variance is

Var(β̂3j,Mean) =
n1 + n2
n1n2

(σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E). (4.21)

By comparing the variances of these two estimators, we can say that β̂3j could

be better than β̂3j,Mean if

σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E > σ2

B1 + 2σ2
E

→ σ2
B0 + 2ρBσB0σB1 > σ2

E . (4.22)

Especially when σ2
B1 = 0, the condition will be

Cor(yi0, yij) = ρ0j >
1

2
. (4.23)

4.4.3 Adjustment due to regression to the mean

First, assume that β1 = 0. Then, the expectation of dij = yij−yi0 conditional
on yi0 is

E(dij | yi0) = E(dij) + ρd,y0

√
Var(dij)

Var(yi0)
(yi0 − E(yi0))

= β2j + β3jx1i − (1− φ)(yi0 − β0) (4.24)

where
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φ =
σ2
B0 + ρBσB0σB1

σ2
B0 + σ2

E

(= ρ0j , for σ2
B1 = 0). (4.25)

and the quantity −(1−φ)(yi0− β0) is due to so-called regression to the mean
when φ < 1 (which is usually satisfied). If yi0 is greater than the baseline
mean β0, then the term is negative, and if yi0 is less than β0, then the term is
positive. In this case, given the variance covariance parameters (σ2

E , Φ), the
unbiased estimator of the treatment effect β3j is given by

β̃3j = β̂3j + (1− φ)

{
1

n2

N∑
i=1

yi0x1i −
1

n1

N∑
i=1

yi0(1− x1i)

}
(4.26)

which is equivalent to the estimator β̂3j,Ancova based on the ANCOVA ap-
proach adjusting for the baseline measurement yi0. In other words, under the
mixed-effects repeated measures model (4.5) with β1 6= 0, the ANCOVA es-
timator has a bias (1− φ)β1 introduced by misspecifying the model (Stanek,
1988; Liang and Zeger, 2000), i.e.,

β3j,Ancova = β3j + (1− φ)β1. (4.27)

However, this bias is also expected to be zero in a well-controlled randomized
trial. Furthermore, the variance of β̂3j,Ancova is

Var(β̂3j,Ancova) =
n1 + n2
n1n2

(σ2
B1 + 2σ2

E)

{
1− (σ2

E − ρBσB0σB1)2

(σ2
B1 + 2σ2

E)(σ2
B0 + σ2

E)

}
= Var(β̂3j)

{
1− (σ2

E − ρBσB0σB1)2

(σ2
B1 + 2σ2

E)(σ2
B0 + σ2

E)

}
. (4.28)

Namely, β̂3j,Ancova is more precise than β̂3j , however, the gain in efficiency by

using β̂3j,Ancova seems to be small in many cases.
Second, assume that β1 6= 0. Then, the expectation of dij = yij − yi0

conditional on yi0 is

E(dij | yi0) = β2j + β3jx1i − (1− φ)(yi0 − β0 − β1x1i) (4.29)

In this case, given the variance covariance parameters (σ2
E , Φ), the unbiased

estimator of the treatment effect β3j is equivalent to the maximum likelihood
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estimator β̂3j .

Example. The Rat Data

For illustrating the characteristics of these three estimators, consider the treat-
ment effect at week 3 (j = 3). In this experiment, we have the following
estimates (s.e.) and p values:

1. β̂33 = −3.77 (±0.093), p = 0.0023 (see Table 2.3, Output 3.1b, Output
3.3)

2. β̂33,Mean = −4.78 (±0.162), p = 0.0146 (see Table 2.2)

3. β̂33,Ancova = −3.50 (±0.097), p = 0.0057 (see Program and Output 2.2,
Output 3.3)

From these estimates, we have the following:

1. The difference in means β̂33,Mean is larger than β̂33 by −4.78−(−3.77) =

−1.01, leading to β̂1 = −1.01.

2. The ANCOVA’s estimate is larger than β̂33 by −3.50− (−3.77) = 0.027,

leading to (1− φ)β1 = 0.027. So we have φ̂ = 1.27.

Regarding the standard error estimates, the difference in mean CFBs, β̂33, has
the lowest. As shown in Output 3.3, the ANOVA model, without adjusting
for baseline data, was shown to fit better than the ANCOVA-type model.

In this section, we compared the three estimators for treatment effect in
the ordinary 1:T repeated measures design. However, when we consider an
S:T repeated measures design, the ANCOVA-type model adjusting for plu-
ral baseline measurements will be unnatural and the mixed-effects repeated
measures model (4.5) will be much more natural.
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5

Illustration of the mixed-effects models

5.1 Introduction

In this chapter, we shall illustrate the linear mixed-effects models with real
data in more detail, especially for readers who have skipped Chapter 4 and
are not interested in or not familiar with the technical details described in
Chapter 4. To understand mixed-effects models intuitively and visually, the
growth curve model to be introduced in the next section would probably be
the best example. Then we are going to move on to the Rat Data again where
the linear mixed-effects models discussed in Chapter 4 are illustrated.

5.2 The Growth Data

First, let us consider here a linear regression model for growth curves arising
from an animal experiment with 0:5 repeated measures designs to understand
what the mixed-effects models mean. Table 5.1 shows repeated measures on
weights for each of 30 rats, measured weekly for five weeks (Gelfand et al.,
1990). Figure 5.1 presents subject-specific growth profiles of weight.

5.2.1 Linear regression model

Let yij denote the weight of the ith rat measured at age tj . Then, a possible
naive model for the repeated measures might be the following linear regression
model

yij = β0 + β1tj + εij , εij ∼ N(0, σ2
E), (5.1)

i = 1, ..., 30; j = 1, ..., 5

where both the intercept β0 (weight at birth) and the slope β1 (growth rate)
are assumed to be the same (i.e., fixed) for all the rats. In this sense, these
two parameters (β0, β1) are called fixed-effects. Furthermore, the residuals εij

65
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TABLE 5.1
Growth Data: weight for each of 30 rats, measured weekly for five weeks
(Gelfand et al., 1990).

Days
Rat No. 8 15 22 29 36

1 151.0 199.0 246.0 283.0 320.0
2 145.0 199.0 249.0 293.0 354.0
3 147.0 214.0 263.0 312.0 328.0
4 155.0 200.0 237.0 272.0 297.0
5 135.0 188.0 230.0 280.0 323.0
6 159.0 210.0 252.0 298.0 331.0
7 141.0 189.0 231.0 275.0 305.0
8 159.0 201.0 248.0 297.0 338.0
9 177.0 236.0 285.0 350.0 376.0

10 134.0 182.0 220.0 260.0 296.0
11 160.0 208.0 261.0 313.0 352.0
12 143.0 188.0 220.0 273.0 314.0
13 154.0 200.0 244.0 289.0 325.0
14 171.0 221.0 270.0 326.0 358.0
15 163.0 216.0 242.0 281.0 312.0
16 160.0 207.0 248.0 288.0 324.0
17 142.0 187.0 234.0 280.0 316.0
18 156.0 203.0 243.0 283.0 317.0
19 157.0 212.0 259.0 307.0 336.0
20 152.0 203.0 246.0 286.0 321.0
21 154.0 205.0 253.0 298.0 334.0
22 139.0 190.0 225.0 267.0 302.0
23 146.0 191.0 229.0 272.0 302.0
24 157.0 211.0 250.0 285.0 323.0
25 132.0 185.0 237.0 286.0 331.0
26 160.0 207.0 257.0 303.0 345.0
27 169.0 216.0 261.0 295.0 333.0
28 157.0 205.0 248.0 289.0 316.0
29 137.0 180.0 219.0 258.0 291.0
30 153.0 200.0 244.0 286.0 324.0
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FIGURE 5.1
Growth Data: Growth profiles of weight for each of 30 rats, measured weekly
for five weeks.

are assumed to be normally distributed with zero mean and variance σ2
E and

any pair of residuals εij and εik are assumed to be independent. The indepen-
dence assumption, however, does not fit well to the repeated measures because
there usually occur correlations among the repeated measures as described in
Chapter 4. For example, Figure 5.2 shows a scatter plot of weight at age 15
days and weight at age 29 days in which a large correlation coefficient 0.844
is observed. These correlations are theoretically shown to be induced by the
inter-subject variability or heterogeneity in the baseline data (see (4.8), (4.9),
(4.14) and (4.15)). In the growth curve experiment data, the baseline data
will correspond to weight at age 8 days.

5.2.2 Random intercept model

Figure 5.1 suggests the existence of inter-subject variability of weight at age
8 days (baseline). Such inter-subject variability may reflect many unobserved
characteristics of subjects. To take the inter-subject variability into account,
consider the following model, called the random intercept model:

yij | b0i = (β0 + b0i) + β1tj + εij , εij ∼ N(0, σ2
E) (5.2)

b0i ∼ N(0, σ2
B0) (5.3)

where b0i denotes the unobserved random effects, called random intercept,
which may reflect inter-subject variability due to unobserved characteristics
of that subject and is assumed to be independently normally distributed with
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FIGURE 5.2
Growth Data: Scatter plot of weight at age 15 days and weight at age 29 days
in which the correlation coefficient is 0.844.

mean 0 and variance σ2
B0 and (β0 + b0i) denotes the subject-specific intercept.

This model is also called the mixed-effects model in that it includes both
fixed effects and random effects. In the mixed-effects model, conditional on
the values of the random effects b0i, the repeated measurements are assumed
to be independent and follow the linear model β0 + β1tj + (b0i + εij), and any
pair of residuals εij and εik, i.e., the repeated measurements, are assumed to be
independent. Then, the residual that would be present in the naive model (5.1)
has been decomposed into two parts: random effects b0i, which is constant over
time, and a residual εij , which varies randomly over time. The b0i and εij are
assumed to be independent of each other. Then, the variance of each repeated
measurement is

Var(yij) = σ2
B0 + σ2

E (5.4)

and the covariances between any two repeated measurements, yij at age j and
yik at age k, are all the same as

Cov(yij , yik) = σ2
B0. (5.5)

Namely, it follows from the two relations (5.4) and (5.5) that the correlation
between yij and yik is given by
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Cor(yij , yik) =
σ2
B0

σ2
B0 + σ2

E

, (5.6)

which is the intra-class correlation or intra-cluster correlation where the sub-
ject is called class or cluster. This correlation also indicates the proportion of
the total variance that is due to inter-subject variability. This is also called the
compound symmetry structure or the exchangeable structure because of equal
variance and equal covariance regardless of measurement times (see (3.29)).

5.2.3 Random intercept plus slope model

In a similar manner, we can introduce the following random intercept plus
slope model that takes account of a possible inter-subject variability of the
growth rate in addition to the intercept:

yij | bi = (β0 + b0i) + (β1 + b1i)tj + εij , εij ∼ N(0, σ2
E) (5.7)

bi = (b0i, b1i)
t ∼ N(0,Φ) (5.8)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
, (5.9)

where b1i denotes the random slope, (β1 + b1i) denotes the subject-specific
slope reflecting inter-subject variability of growth rate, and the two random
effects are assumed to have a bivariate normal distribution with zero mean
and covariance matrix Φ. Here also, the (b0i, b1i) and εij are assumed to be
independent of each other. With this model, we have

Var(yij) = σ2
B0 + 2ρBσB0σB1 + σ2

B1t
2
j + σ2

E (5.10)

Cov(yij , yik) = σ2
B0 + ρBσB0σB1(tj + tk) + σ2

B1tjtk, (5.11)

which shows that the correlation is no longer the same for all pairs of measure-
ment times. The above story tells us that some correlation structure among
the repeated measures data can naturally arise from an introduction of ran-
dom effects. This is an interesting and important feature of the mixed-effects
model.

5.2.4 Analysis using SAS

First, we shall fit the ordinary regression model (5.1) to the Growth Data
shown in Table 5.1 using the SAS procedure PROC GLM. The data structure
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TABLE 5.2
Growth Data (Table 5.1): Data structure for SAS PROC GLM (Data for the first
two rats are shown).

Weight
no y id day
1 151 1 8
2 199 1 15
3 246 1 22
4 283 1 29
5 320 1 36
6 145 2 8
7 199 2 15
8 249 2 22
9 293 2 29
10 354 2 36

for SAS appears in Table 5.2. A list of variables used in the analysis is as
follows:

1. y weight

2. day age

3. id the subject id (= 1, 2, ..., 30)

The SAS program used to fit the model and a part of the results is shown in
Program and Output 5.1.� �

Program and Output 5.1. SAS PROC GLM for the model (5.1)

<program>

data d3;

infile ’c:\book\RepeatedMeasure\ratlong.dat’ missover;

input no y id day;

proc glm data=d3; class group;

model y = day /solution clparm;

run;

<output>

R-Square Coeff Var Root MSE y Mean

0.935910 6.648275 16.13226 242.6533

Parameter Estimate Standard Error t Value Pr > |t| Lower Upper

Intercept 106.5676 3.20994 33.20 <.0001 100.2243 112.9108

day 6.1857 0.13305 46.49 <.0001 5.9227 6.4486� �
The estimated regression line is y = 106.6 + 6.19x and the estimates of the
standard error of the intercept and the slope are 3.21, 0.133, respectively.
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From the value of “Root MSE”, we have σ̂2
E = 16.132 = 260.2. The test result

for the slope: H0 : β1 = 0 is highly significant (p < .0001).
Second, we shall fit the random intercept model (5.2) to the Growth Data.

The SAS program and a part of the output are shown in Program and Output
5.2. To indicate the random intercept in PROC MIXED, we can use the following
RANDOM statement

random intercept / subject = id, g gcorr;

In this case, to indicate error terms εij distributed with a normal distribu-
tion with mean 0 and variance σ2

E , we use the option type = simple in the
REPEATED statement like this

repeated day / type = simple subject = id, r rcorr;� �
Program and Output 5.2. SAS PROC MIXED for the model (5.2)

<program>

proc mixed data = d3 method=reml covtest;

class id ;

model y = day / s cl ddfm=sat;

random intercept / subject=id g gcorr ;

repeated / type=simple subject=id r rcorr;

run ;

<output>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 196.94 55.2812 3.56 0.0002

Residual id 67.3025 8.7251 7.71 <.0001

Fit Statistics

-2 Res Log Likelihood 1137.3

AIC (smaller is better) 1141.3

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 106.57 3.0380 49 35.08 <.0001 0.05 100.46 112.67

day 6.1857 0.06766 119 91.42 <.0001 0.05 6.0517 6.3197� �
Although the estimated linear regression line was the same y = 106.6 + 6.19x
as the model (5.1), we have here σ̂2

B0 = 196.9 and σ̂2
E = 67.3. Namely, the

error variance σ2
E of the model (5.1) is decomposed into the two variance com-

ponents, σ2
B0 and σ2

E , of the random intercept model. As a result, the standard
errors of the intercept and the slope (3.04, 0.068) were smaller than (3.21, 0.13)
of the model (5.1) and the corresponding t-values were bigger, indicating the
increase of the precision of estimates of the fixed-effects parameters.

Finally, let us fit the random intercept plus slope model (5.7). The SAS
program and outputs are shown in Program and Output 5.3. It should be
noted that to specify the random intercept and slope model in PROC MIXED,
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we need the following RANDOM statement: When you would like to fit the
model with ρB 6= 0, you have to use the following

random intercept day / type=un subject=id g gcorr ;

When you would like to fit the model with ρB = 0, then

random intercept day / type=simple subject=id g gcorr ;

To compare these two models, you can use AIC and BIC.� �
Program and Output 5.3. SAS PROC MIXED for the model (5.7)

<program>

proc mixed data = d3 method=reml covtest;

class id ;

model y = day / s cl ddfm=sat cl ;

random intercept day / type=un subject=id g gcorr ;

( random intercept day / type=simple subject=id g gcorr ; )

repeated / type=simple subject=id r rcorr;

run ;

<A part of output: type=un >

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

UN(1,1) id 115.42 42.0847 2.74 0.0030

UN(2,1) id -0.8731 1.4493 -0.60 0.5469

UN(2,2) id 0.2607 0.08853 2.94 0.0016

Residual id 36.1756 5.3927 6.71 <.0001

Fit Statistics

-2 Res Log Likelihood 1095.4

AIC (smaller is better) 1103.4

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 106.57 2.2977 29 46.38 <.0001 0.05 101.87 111.27

day 6.1857 0.1056 29 58.58 <.0001 0.05 5.9698 6.4017

<A part of output : type=simple>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 106.31 37.4931 2.84 0.0023

day id 0.2417 0.07887 3.06 0.0011

Residual id 36.8340 5.4817 6.72 <.0001

Fit Statistics

-2 Res Log Likelihood 1095.8

AIC (smaller is better) 1101.8

Solution for Fixed Effects

Effect group week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 106.57 2.2365 32.6 47.65 <.0001 0.05 102.02 111.12

day 6.1857 0.1028 32.6 60.18 <.0001 0.05 5.9765 6.3949� �
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AIC chose the independence model (ρB = 0). In this model also, we have the
same regression line with variance estimates: σ̂2

B0 = 106.31, σ̂2
B1 = 0.2417,

and σ̂2
E = 36.83. The error variance 36.83 was smaller than 67.3 of the

random-intercept model and the resultant standard errors (2.24, 0.103) for
the intercept and the slope were smaller than (3.21, 0.133) of the random in-
tercept model. Judging from AIC, the random intercept plus slope model with
ρB = 0 was the best fit to the Growth Data. One purpose of this experi-
ment is to estimate the mean weight at birth β0, which was estimated to be
106.6 (95%CI : 102.0− 111.1) in the random intercept plus slope model.

5.3 The Rat Data

In Section 3.5, we applied an analysis of variance model (3.3) to the Rat
Data shown in Table 3.5 using PROC MIXED. In this section, let us apply a
random intercept model and a random intercept plus slope model to the data
via the expression of mixed-effects repeated measures model (4.5), introduced
in Chapter 4.

5.3.1 Random intercept model

First, a random intercept model expressing the inter-subject variability at week
0 (baseline) can be given as

yij | b0i =

{
β0 + β1x1i + b0i + εi0 for j = 0
β0 + β1x1i + β2j + β3jx1i + b0i + εij for j ≥ 1,

(5.12)

where b0i denotes the unobserved random effects, called random intercept,
which may reflect inter-subject variability due to possibly many unobserved
prognostic factors at baseline and is assumed to be independently normally
distributed with mean 0 and variance σ2

B0, and (β0 + b0i) denotes the subject-
specific intercept. The residuals εij are assumed to be normally distributed
with zero mean and variance σ2

E and the b0i and εij are assumed to be inde-
pendent of each other and

x1i =

{
1, if the ith subject is assigned to the new treatment
0, if the ith subject is assigned to the control.

(5.13)

Interpretations of the fixed effects β’s are as follows:

1. β1 denotes the difference in means at time 0.
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2. β2j denotes the mean change from baseline at time j in the control
group.

3. β2j + β3j denotes the mean change from baseline at time j in the new
treatment group.

4. β3j denotes the difference in mean changes from baseline between two
groups, or an effect for the treatment-by-time interaction. In other
words, it denotes the effect size of the new treatment compared with the

control treatment at time j (corresponding to τ
(j)
21 defined in (3.10)).

Then, the model (5.12) can be re-expressed as the following model:

yij | b0i = β0 + β1x1i + β2jx2ij + β3jx1ix2ij + b0i + εij (5.14)

b0i ∼ N(0, σ2
B0), εij ∼ N(0, σ2

E)

j = 0, 1, 2, 3; β20 = 0, β30 = 0,

where

x2ij =

{
1, for j ≥ 1 (evaluation period)
0, for j ≤ 0 (baseline period).

(5.15)

In this mixed-effects model, the treatment effect at time j can be expressed
as

β3j = β3j − β30 = β3j (j = 1, 2, 3), (5.16)

which corresponds to τ
(j)
21 (3.9) defined in the ANOVA model. For example,

the treatment effect at week 3 can be expressed using linear contrast:

β33 − β30 = (−1, 0, 0, 1)(β30, β31, β32, β33)t (= τ
(3)
21 ). (5.17)

Therefore, the average treatment effect over the measurement period is

1

3

3∑
j=1

(β3j − β30) =
1

3
(−3, 1, 1, 1)(β30, β31, β32, β33)t. (5.18)

which corresponds to τ21 (3.11) in the ANOVA model. Now, let us apply the
random intercept model to the Rat Data using PROC MIXED. Although the SAS
program used here is quite similar to the one used for the analysis of variance
model (Section 3.5), the following points are different:
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1. In the ANOVA model, the variable group indicating the treatment group
(1=control, 2=new treatment), is defined as a numeric factor. However,
in here, the variable group indicating x1i is defined as a continuous bi-
nary variable (0=control, 1=new treatment). Therefore, delete the vari-
able group from the CLASS statement and add group = group - 1 in
the DATA step.

2. Add the following RANDOM statement

random intercept / subject=id, g, gcorr;

where intercept denotes the inter-subject variability at baseline b0i.
Then use the following modified REPEATED statement

repeated week / type=simple subject = id r rcorr ;

3. The fixed effects β2j can be expressed via the variable week (main fac-
tor), which must be specified as a numeric factor by the CLASS statement.

4. The fixed effects β3j can be expressed via the group * week interac-
tion. However, we have to change the order of the elements in the lin-
ear contrast corresponding to the average treatment effect (5.18) in the
ESTIMATE statement as

group*week 1 1 1 -3

due to the option /ref=first as explained in Program 3.1 for an
ANOVA model in Section 3.5. It should be noted that, in the ANOVA
model, the variable group is defined as a numeric factor and thus the
linear contrast has been set as

group*week 1 1 1 -3 -1 -1 -1 3

The SAS program and a part of the output are shown in Program and Output
5.4.
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Program and Output 5.4 SAS PROC MIXED for the model (5.14)

< SAS program >

data d1;

infile ’c:\book\RepeatedMeasure\experimentRat.dat’ missover;

input id group week y;

group=group-1;

proc mixed data=d1 method=reml covtest;

class id week / ref=first ;

model y = group week group*week / s cl ddfm=sat ;

random intercept / subject= id g gcorr ;

repeated week/ type = simple subject = id r rcorr ;

estimate ’mean CFB ’ group*week 1 1 1 -3

/ divisor=3 cl alpha=0.05;

run;

<A part of output: type=simple >

Fit statistics

-2 Res Log Likelihood 140.8

AIC (smaller is better) 144.8

BIC (smaller is better) 145.8

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 4.0382 1.8736 2.16 0.0156

Residual id 0.6017 0.1553 3.87 <.0001

Solution for Fixed Effects

Effect week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 10.9333 0.8794 12.2 12.43 <.0001 0.05 9.0212 12.8455

group -1.0167 1.2436 12.2 -0.82 0.4293 0.05 -3.7208 1.6875

week 1 0.2000 0.4478 30 0.45 0.6584 0.05 -0.7146 1.1146

week 2 -0.6500 0.4478 30 -1.45 0.1570 0.05 -1.5646 0.2646

week 3 -2.8500 0.4478 30 -6.36 <.0001 0.05 -3.7646 -1.9354

week 0 0 . . . . . . .

group*week 1 0.7000 0.6333 30 1.11 0.2778 0.05 -0.5934 1.9934

group*week 2 -0.4000 0.6333 30 -0.63 0.5324 0.05 -1.6934 0.8934

group*week 3 -3.7667 0.6333 30 -5.95 <.0001 0.05 -5.0601 -2.4732

group*week 0 0

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

mean CFB -1.1556 0.5171 30 -2.23 0.0330 0.05 -2.2116 -0.09947� �
As compared with the SAS outputs (Output 3.1a) of the analysis of vari-

ance model (3.3), the variance estimate σ2
B0 is shown here as the parameter

Intecept of the column “Covariance Parameter Estimates,” not as the pa-
rameter CS (compound symmetry model). Other outputs are all the same as
those of the analysis of variance model.
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5.3.2 Random intercept plus slope model

As the second model, consider a random intercept plus slope model by simply
adding the random slope b1i taking account of the inter-subject variability
of the response assumed to be constant during the treatment period (or to
the treatment). It should be noted here that the random slope introduced
in this model does not mean the slope on the time or a linear time trend
because the model discussed here aims at estimating the treatment effect at
each measurement time point. Using an expression similar to (5.12), the model
is expressed as

yij | (b0i, b1i) =

{
β0 + β1x1i + b0i + εi0 for j = 0
β0 + β1x1i + β2j + β3jx1i + b0i + b1i + εij for j ≥ 1.

(5.19)

Then the model is re-expressed as the following mixed-effects model:

yij | bi = β0 + b0i + b1ix2ij + β1x1i + (β2j + b1i)x2ij

+β3jx1ix2ij + εij (5.20)

bi = (b0i, b1i)
t ∼ N(0,Φ), εij ∼ N(0, σ2

E)

j = 0, 1, 2, 3; β20 = 0, β30 = 0,

where

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
. (5.21)

In the SAS procedure PROC MIXED, the random slope b1i can be expressed by
a new binary variable post indicating x2ij . For example, to apply the model
with ρB = 0, we have only to modify the Program 5.4 as follows:

1. First, create the variable post in the DATA statement as

if week=0 then post=0; else post=1;

2. Then, include the variable post in the RANDOM statement as

random intercept post / type=simple subject=id g gcorr;

A part of the SAS output is shown in Output 5.5.
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Output 5.5: A part of SAS outputs for the model (5.20)

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 4.0382 1.8736 2.16 0.0156

post id 1.11E-16 . . .

week id 0.6017 0.1553 3.87 <.0001� �
In this example, the estimated inter-subject variance is σ̂2

B1 = 0 (1.11E-16),
Namely, the random intercept plus slope model was degenerated to the random
intercept model, i.e., all the parameter estimates are the same as those of the
random intercept model shown in Output 5.4.

5.3.3 Random intercept plus slope model with slopes vary-
ing over time

As the third model, consider a random intercept plus slope model by adding the
random effects b1ij , j = 1, 2, 3 taking account of the inter-subject variability
of the response assumed to be varying during the treatment period. Using an
expression similar to (5.12), the model is expressed as

yij | bi =

{
β0 + β1x1i + b0i + εi0 for j = 0
β0 + β1x1i + β2j + β3jx1i + b0i + b1ij + εij for j ≥ 1.

(5.22)

where bi = (b0i, b1i1, b1i2, b1i3)t. Then the model is re-expressed as the follow-
ing mixed-effects model:

yij | bi = β0 + b0i + b1ix2ij + β1x1i + (β2j + b1ij)x2ij

+β3jx1ix2ij + εij (5.23)

bi = (b0i, b1i1, b1i2, b1i3)t ∼ N(0,Φ), εij ∼ N(0, σ2
E)

j = 0, 1, 2, 3; β20 = 0, β30 = 0.

To do this using the SAS procedure PROC MIXED, follow these steps:

1. First, create the three binary variables (w1, w2, w3) representing the
random slopes (b1i1, b1i2, b1i3) in the DATA statement as

if week=1 then w1=1; else w1=0;

if week=2 then w2=1; else w2=0;

if week=3 then w3=1; else w3=0;
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2. Then, include these three variables in the RANDOM statement as

random intercept w1 w2 w3 / type=un subject=id g gcorr;

However, the program did not converge for the Rat Data due possibly to the
situation where the number of parameters to be estimated (11) is almost equal
to the number of subjects (12). As already discussed in Section 4.2, the covari-
ance matrix Σ of this model can be quite close to an unstructured covariance
model (3.32) and it will be shown that the treatment effects of this model can
be approximated well by the unstructured covariance model for the Beat the
Blues Data in Chapter 7. So here, let us apply the unstructured covariance
model instead of this model. To apply this model using the SAS procedure
PROC MIXED, we have only to delete the random statement of Program 5.4 and
change the repeated statement to

repeated week/ type = un subject = id r rcorr ;

Part of the results are shown in Output 5.6, which is the same as those of
the corresponding part of Output 3.1b, although the estimates of Φ are not
available in this program. The details of the results have already been de-
scribed in Section 3.5 and, based on AIC or BIC, the third model (5.23) with
the unstructured covariance is the best fitted model among the three models
introduced in this section.� �

Output 5.6: A part of SAS outputs for the model (5.22)

Solution for Fixed Effects

Effect week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

group*week 1 0.7000 0.1155 10 6.06 0.0001 0.05 0.4427 0.9573

group*week 2 -0.4000 0.3332 10 -1.20 0.2576 0.05 -1.1423 0.3423

group*week 3 -3.7667 0.9267 10 -4.06 0.0023 0.05 -5.8315 -1.7018

group*week 0 0 . . . . . . .� �
I would like to re-emphasize here that, if there is no missing data, the statis-
tical inference of the treatment effect at each time point via the analysis of
variance model with the unstructured covariance or the linear mixed-effects
model (5.23) is identical to the result of Student’s two-sample t-test for the
difference in means of CFB between groups using only the data necessary for
the analysis.
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6

Likelihood-based ignorable analysis for
missing data

6.1 Introduction

In this chapter, we shall illustrate a good property of the mixed-effects model
for handing missing data. We can apply the likelihood-based ignorable analysis
under the relatively weak assumption of MAR (missing at random) without
a list-wise deletion or imputation methods. Before going to illustrations, we
would like to discuss how to handle missing data in mixed-effects models.

6.2 Handling of missing data

In any type of longitudinal or repeated measures studies, occurrence of missing
data is not unnatural or inevitable. In animal experiments, missing data may
often arise by some experimental mistake. In this case, we can say that such
missing data arose at random. However, missing data may arise even when
summarizing the data to report the experimental results. To change the results
in the investigator’s own direction, deleting some data or setting some data as
“missing” by a deliberate fabrication may produce missing data. In this case,
the investigator makes a decision to set the data as missing depending on
the actual value of the data. Needless to say, this is obviously “fraud” but it
appears to be “missing data.” In any case, we cannot say such “missing data”
are “missing at random,” rather we can say “missing not at random.” In the
latter situation, complete case analysis or the analysis based on the observed
data only obviously leads to some biased invalid results.

Similar situations often arise in clinical trials and epidemiological studies.
In clinical trials, missing data often occur due to subject dropout (attrition) or
intermittent non-visits to the hospital. Dropout indicates the missing patterns
in which missing data are always only followed by missing data. The problem
is the nature of the “dropout.” If some dropout happens due to some adverse
effect of the treatment or worsening of the health condition, these dropouts
may be called “informative dropouts.” Missing data caused by such dropout

81
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can also be described as “missing not at random,” like the above-stated miss-
ing data due to deliberate fabrication in animal experiments, in the sense
that complete case analysis produces some biased invalid results. In clinical
trials, a standard method for dealing with missing data in repeated measure-
ments or longitudinal data has been based on last observation carried forward
(LOCF). EMEA (the European drugs regulator, 2001) wrote that LOCF is
likely to be acceptable if measurements are expected to be relatively constant
over time. However, it seems that no one can verify the assumption from the
observed data. LOCF is indeed a practical tool in the sense of respecting the
intention-to-treat principle by including all individuals in the analysis, but
unfortunately has no statistical validity.

In epidemiological study, non-response to a questionnaire may produce in-
formative missing data. For example, even if an investigator tries to examine
the association of the risk of some diseases with annual income, participants
with very low incomes or very high incomes are usually less likely to fill in
his/her actual income in the questionnaire. Namely, missing data for the vari-
able “income” are more likely informative.

In this book, when referring to the missing data, we will use a classification
of missing data mechanism introduced by Rubin (1976, 1987). To introduce
his approach, let us define the following:

• yi = (yi(−S+1), ..., yi0, yi1, ..., yiT )t, i = 1, ..., N ,

• Let θ denote the vector that contains the fixed-effects parameters β and
the variance-covariance components such as σ2

E and Φ that we wish to
estimate.

• Let yi,obs denote the subset of repeated measures that are observed and
yi,mis denote the subset of repeated measures that are missing.

• Let ri = (ri(−S+1),...,ri0,ri1,...,riT )t denote the vector of an indicator hav-
ing a value of 1 if yij is observed and 0 if yij is missing.

Then, to make a sound statistical inference on θ, we need to consider the
following joint probability distribution

p(yi, ri | θ, ξ) (6.1)

where ξ denotes the vector of parameters governing the missing data mecha-
nism and is assumed to be different from θ to be estimated. Then, the joint
distribution is factored into two parts (1) the marginal distribution of data
and (2) the conditional probability of observing the data, given their values,
i.e.,

p(yi, ri | θ, ξ) = p(yi | θ)p(ri | yi, ξ), (6.2)
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which is called the selection model. Rubin (1976) defines the three classes of
missing data mechanisms by modeling the second term of equation (6.2), i.e.,

p(ri | yi, ξ) = p(ri | yi,obs,yi,mis, ξ). (6.3)

• MCAR: We say data are Missing Completely at Random if the proba-
bility does not depend either on the observed (non-missing) data or on
the actual values of the missing data, i.e.,

p(ri | yi,obs,yi,mis, ξ) = p(ri | ξ). (6.4)

The above-stated missing data that occurred by some experimental mis-
take is MCAR.

• MAR: We say data are Missing at Random if, given the observed data,
the probability does not depend on the actual values of the missing data,
i.e.,

p(ri | yi,obs,yi,mis, ξ) = p(ri | yi,obs, ξ). (6.5)

For example, suppose that younger children are more prone to missing
spirometry measurements, in other words, the probability of missing
depends on the age group but that the probability of missing is unrelated
to the actual value of the missing data within the age group. In this
situation, if the variable age is observed and included in the analysis, we
can say missing spirometry data would be MAR dependent on age.

• MNAR: We say data are Missing Not at Random if the probability
does depend on the actual values of the missing data. In the missing
spirometry example, the spirometry data is MNAR if patients with a
low spirometry value are more likely to have their spirometry recorded
than other patients of the same age.

As these terminologies have already been used in the above explanation in a
conversational manner, readers may understand the typology easily. However,
the difficulty in dealing with missing data is that we cannot judge from the
data at hand whether the missing data are MCAR, MAR or MNAR because
the missing data are not observed.
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6.3 Likelihood-based ignorable analysis

Regardless, the MAR assumption may be made more likely by collecting more
explanatory variables such as age in the spirometry example, which may ex-
plain missing data, or by collecting repeated measures. Under the assumption
of MAR, a valid inference can be obtained through either a likelihood-based
ignorable analysis or multiple imputations. In the context of likelihood-based
inference where the parameters describing the observed data are different from
the parameters describing the missing data mechanism, the former parameters
can be estimated simply by maximizing the likelihood for the observed data
as follows:

p(yi,obs, ri | θ, ξ) =

∫
· · ·
∫
yi,mis

p(yi, ri | θ, ξ)dyi,mis

=

∫
· · ·
∫
yi,mis

p(yi | θ)p(ri | yi,obs,yi,mis, ξ)dyi,mis

=

∫
· · ·
∫
yi,mis

p(yi,obs,yi,mis | θ)p(ri | yi,obs, ξ)dyi,mis

= p(yi,obs | θ)p(ri | yi,obs, ξ)

∝ p(yi,obs | θ). (6.6)

For the generalized linear mixed-effects model, we have (see Appendix B,
Section B.1)

p(yi,obs | θ) =

∫
· · ·
∫
bi

p(yi,obs | θ, bi)f(bi | Φ)dbi. (6.7)

Namely, the likelihood is expressed as

N∏
i=1

p(yi,obs, ri | θ, ξ) ∝
N∏
i=1

∫
· · ·
∫
bi

p(yi,obs | θ, bi)f(bi | Φ)dbi = L(θ).

(6.8)

Therefore, the missing data yi,miss can be said to be ignorable. This method is
called likelihood-based ignorable analysis or the ignorable maximum likelihood
method. In other words, we can apply the generalized linear mixed-effects
models by simply ignoring (deleting) only the record that includes missing
data in a long format data file without a list-wise deletion.
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Multiple imputations (for example, see Schafer 1997; White et al., 2011;
van Buuren, 2012; Carpenter and Kenward, 2013), on the other hand, need
the following three basic steps:

1. Impute missing data from the pre-specified imputation model and gen-
erate several data sets each with slightly different imputed values.

2. Perform the analysis model on each of the data sets.

3. Summarize all the results to obtain the estimates, standard errors and
test statistics using Rubin’s rule.

Likelihood-based ignorable analysis and multiple imputations have very sim-
ilar statistical properties, but I think non-professional (in statistics) readers
had better consider the former. Regarding the comparison of these two meth-
ods, Allison (2012) argued that the former is better than the latter for several
reasons, with which I agree. Some of them are listed below:

1. Multiple imputations are less efficient than the likelihood-based ignor-
able analysis.

2. Likelihood-based ignorable analysis always produces the same results
but multiple imputations produce a different result every time you use
it.

3. Use of multiple imputations requires many different decisions, each of
which involves uncertainty. Most statistical softwares for multiple impu-
tations have defaults and several options. These choices are not trivial
for users unfamilar with multiple imputations.

4. Furthermore, users have to choose an imputation model in addition to
the analysis model. This selection causes an additional uncertainty for
the results. As nobody knows the correct model for imputation, users
must be careful in choosing the imputation model.

Furthermore, the traditional 1:1 design is easily influenced by missing data
after randomization and some kind of imputation methods such as LOCF and
multiple imputations are inevitably needed for ITT (intention-to-treat) analy-
sis. However, if we adopt an S:T design, the necessity for multiple imputations
would be quite low. So, in this book, I would like to focus on the likelihood-
based ignorable analysis, which is easily applicable via the SAS procedures
PROC MIXED or PROC GLIMMIX.

6.4 Sensitivity analysis

However, in practice, sensitivity analyses are recommended to consider a range
of plausible alternative MNAR assumptions about the missing data because
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it is important to investigate the extent to which treatment effects are stable
to departures from the MAR assumption (National Research Council, 2010).

For MNAR, we usually need a joint model of the data and the missing
data mechanism called the pattern mixture model (Little, 1993):

p(yi, ri | θ, ξ) = p(yi | ri,θ, ξ)p(ri | ξ), (6.9)

which is a product of (1) the probability distribution of the data within each
missing data pattern and (2) the probability of the missing data pattern. To
do this, multiple imputation methods are useful and it is recommended to
specify the numerical value of sensitivity parameter δ governing the degree of
departure from the MAR assumption (e.g., Molenberghs and Kenward, 2007;
Carpenter and Kenward, 2013). For example, specify a pattern mixture model
including δ such that δ = 0 corresponds to the untestable assumption made
in the primary analysis and δ 6= 0 corresponds to plausible departures from
that assumption. Then estimate the treatment effect over a plausible range
of values of δ. Regarding the details of methods for multiple imputations
associated with sensitivity analyses under MNAR, please consult other papers
or textbooks (e.g., Schafer, 1997; Verbeke and Molenberghs, 2001; Diggle et
al., 2002; Fitzmaurice et al., 2011; White et al., 2011; van Buuren, 2012;
Carpenter and Kenward, 2013). Regarding the statistical software to perform
the pattern-mixture model, the recently implemented MNAR statement in the
SAS procedure PROC MI could be useful.

On the other hand, there are some ad hoc graphical procedures for as-
sessing the missing data mechanism in longitudinal study. Especially, the pro-
cedure suggested by Carpenter et al. (2002) is very simple and just plot the
repeated measurements at each time point, differentiating between two groups
of patients: those who do and those who do not come in to their next sched-
uled visit. If you find any clear difference between the distributions of observed
data for these two groups, it will be reasonable to assume that the missing
data mechanism is not MCAR.

6.5 The Growth Data

In the previous chapter, we could conduct complete case analysis in that we
have no missing data in the Growth Data shown in Table 5.1. In here, we
illustrate the use of the likelihood-based ignorable analysis, which can be used
when there are missing data assumed to be missing at random in the data set.

Table 6.1 is an incomplete version of the Growth Data where eight data
were changed to be “missing” at random. Let us apply the random intercept
model (5.2) and the random intercept plus slope model with ρB = 0 (5.7) to
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TABLE 6.1
Hypothetical growth data: Eight data of Table 5.1 are set as “missing” (coded
as NA) randomly.

Weeks
Rat No. 8 15 22 29 36

1 151.0 199.0 246.0 283.0 320.0
2 145.0 199.0 249.0 293.0 354.0
3 147.0 214.0 263.0 312.0 328.0
4 155.0 200.0 237.0 NA NA
5 135.0 188.0 230.0 280.0 323.0
6 159.0 210.0 252.0 298.0 331.0
7 141.0 189.0 231.0 275.0 305.0
8 159.0 201.0 248.0 297.0 338.0
9 177.0 236.0 285.0 350.0 376.0

10 134.0 182.0 220.0 260.0 296.0
11 160.0 208.0 NA 313.0 352.0
12 143.0 188.0 220.0 273.0 314.0
13 154.0 200.0 244.0 289.0 325.0
14 171.0 221.0 270.0 326.0 358.0
15 163.0 216.0 242.0 281.0 312.0
16 160.0 207.0 248.0 288.0 324.0
17 142.0 187.0 234.0 280.0 316.0
18 156.0 203.0 243.0 283.0 317.0
19 157.0 212.0 259.0 307.0 336.0
20 152.0 203.0 246.0 286.0 321.0
21 154.0 205.0 253.0 298.0 334.0
22 139.0 190.0 225.0 267.0 302.0
23 146.0 191.0 NA NA NA
24 157.0 211.0 250.0 285.0 323.0
25 132.0 185.0 237.0 286.0 331.0
26 160.0 NA 257.0 NA 345.0
27 169.0 216.0 261.0 295.0 333.0
28 157.0 205.0 248.0 289.0 316.0
29 137.0 180.0 219.0 258.0 291.0
30 153.0 200.0 244.0 286.0 324.0
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the incomplete data. You need not change the SAS program at all and have
only to execute the same programs (Program and Output 5.2. and Program
and Output 5.3). These results are shown in Output 6.1 and Output 6.2, re-
spectively. Estimated results seem to be quite similar to those of the same
analyses applied to the original data without missing data (Table 5.1).� �

Output 6.1. The model (5.2) for incomplete data in Table 6.1.

<Program>: the same as Program 5.2

<Output>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 188.33 52.9284 3.56 0.0002

Residual id 62.9778 8.4439 7.46 <.0001

Fit Statistics

-2 Res Log Likelihood 1070.2

AIC (smaller is better) 1074.2

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 105.82 2.9733 48.9 35.59 <.0001 0.05 99.8477 111.80

day 6.241 0.06758 112 92.34 <.0001 0.05 6.1070 6.3748� �� �
Output 6.2. The model (5.7) with ρB = 0 for incomplete data in Table 6.1.

<Program>: the same as Program 5.3

<Output>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept id 107.10 37.4757 2.86 0.0021

day id 0.2047 0.07027 2.91 0.0018

Residual id 37.2246 5.6936 6.54 <.0001

Fit Statistics

-2 Res Log Likelihood 1037.3

AIC (smaller is better) 1043.3

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 105.89 2.2634 33.9 46.78 <.0001 0.05 101.29 110.49

day 6.24 0.0990 33.4 62.98 <.0001 0.05 6.0338 6.4365� �
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TABLE 6.2
Rat Data with missing data: two randomly selected data in Table 2.1 were
changed to be “missing” and coded as “NA.”

Experimental group Control group
weeks after treatment weeks after treatment

No. 0 1 2 3 No. 0 1 2 3
1 7.5 8.6 6.9 0.8 7 13.3 13.3 12.9 11.1
2 10.6 11.7 8.8 1.6 8 10.7 10.8 10.7 NA
3 12.4 13.0 11.0 5.6 9 12.5 12.7 12.0 10.1
4 11.5 12.6 11.1 7.5 10 8.4 8.7 8.1 5.7
5 8.3 8.9 NA 0.5 11 9.4 9.6 8.0 3.8
6 9.2 10.1 8.6 3.8 12 11.3 11.7 10.0 8.5

6.6 The Rat Data

Here also, we shall illustrate the use of the likelihood-based ignorable analysis.
Table 6.2 contains two missing data which are randomly selected from Table
2.1 and changed to be “missing.” Let us apply the random intercept plus slope
model with slopes varying over time (5.23) or the model with the unstructured
covariance to the incomplete data. You need not change the SAS program at
all and have only to execute the same program (see Section 5.3.3). Part of the
SAS output is shown in Output 6.3.
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Output 6.3: The model (5.23) with unstructured covariance for incomplete data in
Table 6.2.

Fit Statistics

-2 Res Log Likelihood 85.4

AIC (smaller is better) 105.4

BIC (smaller is better) 110.2

Estimated R Matrix for id 2 (Common Covariance)

Row Col1 Col2 Col3 Col4

1 3.5122 3.4202 3.3830 4.4224

2 3.4202 3.3682 3.2832 4.3511

3 3.3830 3.2832 3.5688 4.9968

4 4.4224 4.3511 4.9968 7.9060

Solution for Fixed Effects

Effect week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

group*week 2 -0.7000 0.1155 10 -6.06 0.0001 0.05 -0.9573 -0.4427

group*week 3 0.3013 0.3271 10.2 0.92 0.3781 0.05 -0.4251 1.0278

group*week 4 3.7376 0.9342 9.91 4.00 0.0026 0.05 1.6533 5.8220

group*week 1 0 . . . . . . .� �
Output 6.3 shows that the treatment effects at weeks 2 and 3 seem to be quite
similar to those applied to the original data with no missing data. Especially,
since there is no missing data at week 1, the estimated treatment effect at
week 1 is shown to be equivalent to the estimate obtained for the original Rat
Data with no missing data or to the result of Student’s two-sample t-test for
the difference in means of CFB (change from baseline) between groups using
only the data necessary for the analysis (see Table 2.3). As I emphasized at
the end of Chapter 5, this is the property of the linear mixed-effects model
with the unstructured covariance.

6.7 MMRM vs. LOCF

In this section, let us assume that (1) the Rat Data comes from a randomized
clinical trial, (2) the primary endpoint is the CFB at week 3 and the primary
statistical method is Student’s two-sample t-test. In handling missing data, the
most frequently used method in the past was LOCF. In the LOCF analysis of
the Rat Data shown in Table 6.2, the missing data at week 3 for subject No. 8 is
replaced by the data 10.7 at week 2. However, the LOCF-based Student’s two-
sample t-test for the difference in means of CFB can be reasonably replaced
by the linear mixed-effects model (5.23). Estimated treatment effects are

1. −3.77±0.93, (p = 0.0023) from the mixed-effects model for the original
data set without missing data;



Likelihood-based ignorable analysis for missing data 91

2. −3.74 ± 0.93, (p = 0.0026) from the mixed-effects model for the data
set with missing data; and

3. −4.00 ± 1.02 (p = 0.0029) from the LOCF-based Student’s two-sample
t-test.

By the same token, if the analysis of covariance adjusting for the baseline
data is defined as the primary statistical method in the trial protocol, then
the traditional LOCF-based ANCOVA analysis can be reasonably replaced by
one of the ANCOVA-type mixed-effects models (3.34, 3.35, 4.16). The SAS
program for the model (3.35) with the baseline effects changing across time
modified to the style introduced in Section 5.3 is shown in Program 6.4 and
part of the results are shown in Output 6.4.� �

Program 6.4: The ANCOVA-type mixed-effects model (3.35) with unstructured co-
variance for the incomplete data set in Table 6.2.

data d4;

infile ’c:\book\RepeatedMeasure\experimentRatPre.dat’ missover;

input id group week y ybase;

group=group-1;

proc mixed data = d4 method=reml covtest;

class id week / ref=first ;

model y = ybase ybase*week group week group*week / s ddfm=sat;

repeated / type = un subject = id r rcorr ;

estimate ’CFB at week 3’

group 1 group*week 0 1 0 / divisor=1 cl alpha=0.05;

run;� �� �
Output 6.4: The ANCOVA-type mixed-effects model (3.35) with unstructured covari-
ance for the incomplete data set in Table 6.2.

Solution for Fixed Effects

Effect week Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

CFB at week 3 -3.4730 0.9811 8.82 -3.54 0.0065 0.05 -5.6992 -1.2469� �
Then the estimated treatment effects from three kinds of methods are sum-
marized as follows:

1. −3.50 ± 0.97 (p = 0.0057) from the analysis of covariance (see Section
2.4) or the ANCOVA-type mixed-effects model (3.35) (see Output 3.3)
applied to the original data set without missing data

2. −3.47±0.98, (p = 0.0065) from the ANCOVA-type mixed-effects model
for the data set with missing data

3. −3.74± 1.09 (p = 0.0073) from the LOCF-based analysis of covariance
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These approaches (based on some linear mixed-effects models) for handling
missing data have recently been called MMRM (mixed-effects model with re-
peated measures) analysis in the literature related to clinical trials and the
superiority of MMRM over LOCF and/or multiple imputation methods have
been discussed (e.g., Mallinckrodt et al., 2008; Siddiqui et al., 2009; Siddiqui ,
2011). However, in the framework of S:T repeated measures design advocated
in this book, it is quite natural and not unusual to use the (generalized linear)
mixed-effects model for handling missing data under the MAR assumption.



7

Mixed-effects normal linear regression
models

Mixed-effects models with Gaussian errors are generally called linear mixed-
effects models in the literature. In this book, however, they are called mixed-
effects normal regression models in consideration of the fact that it is a member
of the generalized linear mixed-effects models. In this chapter, we shall intro-
duce the following three practical and important types of statistical analysis
plans or statistical models that you frequently encounter in many randomized
controlled trials:

♦ models for the treatment effect at each scheduled visit,
♦ models for the average treatment effect, and
♦ models for the treatment by linear time interaction.

These models are illustrated with real data from a randomized controlled trial
called Beat the Blues Data. It should be noted that the problem of which model
should be used in our trial largely depends on the purpose of the trial. Further-
more, to contrast the traditional analysis of covariance (ANCOVA) frequently
used in the pre-post design (1:1 design), where the baseline measurement is
used as a covariate, we shall introduce

♦ANCOVA-type models adjusting for baseline measurement

for the 1:T design. Finally, sample size calculations needed for some models
with S:T repeated measures design are presented and illustrated with real
data.

7.1 Example: The Beat the Blues Data with 1:4 design

Data introduced and analyzed here are from a randomized controlled trial of
an interactive, multimedia program known as “Beat the Blues” designed to
deliver CBT (cognitive behavioral therapy) to depressed patients via a com-
puter terminal (see Proudfoot et al. 2003 for details), which are introduced
and analyzed in Everitt and Hothorn (2010). “Beat the Blues” is an inter-
active program using multimedia techniques, in particular video vignettes.

93
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TABLE 7.1
Beat the Blues Data: from a randomized controlled trial of an interactive,
multimedia program known as “Beat the Blues” designed to deliver CBT
(cognitive behavioral therapy) to depressed patients via a computer terminal.
Data for the first fifteen patients are shown.� �

Subject drug length treatment bdi.pre bdi.2m bdi.3m bdi.5m bdi.8m

1 No >6m TAU 29 2 2 NA NA

2 Yes >6m BtheB 32 16 24 17 20

3 Yes <6m TAU 25 20 NA NA NA

4 No >6m BtheB 21 17 16 10 9

5 Yes >6m BtheB 26 23 NA NA NA

6 Yes <6m BtheB 7 0 0 0 0

7 Yes <6m TAU 17 7 7 3 7

8 No >6m TAU 20 20 21 19 13

9 Yes <6m BtheB 18 13 14 20 11

10 Yes >6m BtheB 20 5 5 8 12

11 No >6m TAU 30 32 24 12 2

12 Yes <6m BtheB 49 35 NA NA NA

13 No >6m TAU 26 27 23 NA NA

14 Yes >6m TAU 30 26 36 27 22

15 Yes >6m BtheB 23 13 13 12 23� �
In this trial, patients with depression recruited in the primary care setting
were randomized to either the “Beat the Blues” program (BtheB group) or to
treatment as usual (TAU group). The data to be analyzed here are a subset
of N = 100 patients, n1 = 48 for the TAU group and n2 = N − n1 = 52
for the BtheB group. The primary endpoint is the Beck Depression Inventory
II (BDI) score. Measurements of this endpoint were made on five occasions:
prior to treatment, and two, three, five, and eight months after treatment
began (S = 1, T = 4). The mean response profile of the BDI score by treat-
ment group with the sample size available at each occasion of visit is shown in
Figure 1.1 in Chapter 1. There are two covariates, antidepressant drugs (yes
or no) and length of the current episode of depression (less or more than six
months). Table 7.1 shows a part of the data which is called wide format where
missing data is coded as “missing.”1

1The data is available as the data frame BtheB in the R system for statistical computing
using the following code: data(“BtheB”, package = “HSAUR2”)
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7.2 Checking the missing data mechanism via a graphi-
cal procedure

As shown in Table 7.1, the Beat the Blues Data set includes a lot of missing
data due to dropouts. As described in Chapter 6, if the missing data can be
assumed to be MCAR or MAR, we can apply the likelihood-based ignorable
analysis by simply ignoring the records that include missing data. Although
we cannot judge from the observed data at hand whether the missing data
are MCAR, MAR or MNAR, we can apply some ad hoc graphical procedures
for assessing the missing data mechanism to a certain extent in longitudinal
study. So, let us apply here the procedure suggested by Carpenter et al. (2002).
It involves just plotting the repeated measurements at each time point, dif-
ferentiating between two groups of subjects; those who come in (◦) and those
who do not come in (×) to their next scheduled visit. Figure 7.1 shows such
a plot for all the subjects combined. This figure indicates that there is no
obvious difference between the distributions of the observed BDI scores for
these two groups (◦ vs. ×) at each visit. This observation can be expressed as
the following equations:

Pr{BDIj | rBDIj+1
= 0} = Pr{BDIj | rBDIj+1

= 1}. (7.1)

Namely, we have

Pr{rBDIj+1 = 0 | BDIj}
Pr{rBDIj+1

= 0}
=

Pr{rBDIj+1 = 1 | BDIj}
Pr{rBDIj+1

= 1}
. (7.2)

This means that, given the value of BDIj , the conditional probability of the
observation at the next scheduled visit being missing, the probability of an
observation being missing does not depend on the observed data at a previous
scheduled visit, i.e.,

Pr{rBDIj+1
= δ | BDIj} = Pr{rBDIj+1

= δ}, (δ = 0, 1). (7.3)

On the other hand, MCAR requires the following condition (by replacing
BDIj with BDIj+1)

Pr{rBDIj+1
= δ | BDIj+1} = Pr{rBDIj+1

= δ}, (δ = 0, 1). (7.4)

However, in the context of repeated measures design, it may not be unreason-
able to assume that the missing data mechanism is MCAR. So, in the analysis
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FIGURE 7.1
Distribution of the BDI scores for subjects that attend (circles) and do not
attend (×) the next scheduled visit.

of the Beat the Blues Data, we shall apply the likelihood-based ignorable anal-
ysis by simply ignoring the records that include missing data.

7.3 Data format for analysis using SAS

Figure 7.2 shows the subject-specific response profile of the BDI score over
time by treatment group. But to analyze these data using the SAS procedure
PROC MIXED, we have to rearrange the data structure from the wide format
into the long format structure in which each separate repeated measurement
and associated covariate value appear as a separate row in the data set. The
rearranged data set is shown in Table 7.2, which includes seven variables:

1. subject: a numeric factor indicating the subject ID.

2. drug: a binary variable indicating the use of antidepressant drugs (yes=1
or no=0).
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FIGURE 7.2
Subject-specific response profiles of the BDI score over time by treatment
group.

3. length: a continuous variable indicating the length of the current
episode of depression (less than six months = 0; six months or more
= 1).

4. treatment: a binary variable indicating the treatment group (BtheB =
1, TAU = 0).

5. visit: a numeric factor indicating the month of visit: takes 0(baseline),
2, 3, 5, 8.

6. bdi: a continuous variable indicating the Beck Depression Inventory II
Score.

7.4 Models for the treatment effect at each scheduled
visit

Figure 7.3 shows the subject-specific changes from baseline of the BDI score
by treatment group. In exploratory trials in the early phases of drug develop-
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TABLE 7.2
Beat the Blues Data: Data set with long format. Data for the first three pa-
tients are shown.� �

No. subject drug length treatment visit bdi

1 1 0 1 0 0 29

2 1 0 1 0 2 2

3 1 0 1 0 3 2

4 1 0 1 0 5 NA

5 1 0 1 0 8 NA

6 2 1 1 1 0 32

7 2 1 1 1 2 16

8 2 1 1 1 3 24

9 2 1 1 1 5 17

10 2 1 1 1 8 20

11 3 1 0 0 0 25

12 3 1 0 0 2 20

13 3 1 0 0 3 NA

14 3 1 0 0 5 NA

15 3 1 0 0 8 NA� �
ment, statistical analyses of interest will be mainly to estimate the time-
dependent mean profile for each treatment group and to test whether
there is any treatment-by-time interaction. So, we shall here introduce three
mixed-effects models to estimate the treatment effect at each scheduled visit,
i.e., (1) a random intercept model, (2) a random intercept plus slope model
with constant slope, and (3) a random intercept plus slope model with slopes
varying over time.

7.4.1 Model I: Random intercept model

First, a random intercept model with a random intercept b0i reflecting the
inter-subject variability at month 0 (baseline) can be given as

E(yi0 | b0i) =

{
β0 + b0i +wt

iξ, i = 1, ..., n1 (TAU group)
β0 + b0i + β1 +wt

iξ, i = n1 + 1, ..., N ( BtheB group)

E(yij | b0i) =

 β0 + b0i + β2j +wt
iξ, i = 1, ..., n1 (TAU group)

β0 + b0i + β1 + β2j + β3j +wt
iξ, i = n1 + 1, ..., N

(BtheB group)

j = 1, ..., 4,

where:

1. β0 denotes the mean BDI score at the baseline period in the TAU group.



Mixed-effects normal linear regression models 99

xdat

0 2 4 6 8

0
2

0
0

2-
0

4-

BtheB

xdat

0 2 4 6 8

0
2

0
0

2-
0

4-

TAU

FIGURE 7.3
Subject-specific changes from baseline of the BDI score by treatment group.

2. β0 + bi0 denotes the subject-specific mean BDI score at the baseline
period in the TAU group.

3. β1 denotes the difference in means of the BDI score between the two
treatment groups at the baseline period.

4. β2j denotes the mean change from baseline at the j(= 1, ..., T )th visit
in the TAU group.

5. β2j + β3j denotes the same quantity in the BtheB group.

6. β3j denotes the difference in these two means at the jth visit or the effect
for the treatment-by-time interaction at the jth visit. In other words,
it means the treatment effect of BtheB compared with TAU at the jth
visit.

7. wt
i = (w1i, ..., wqi) is a vector of covariates.

8. ξt = (ξ1, ..., ξq) is a vector of coefficients for covariates.

Needless to say, we should add the phrase “adjusted for covariates” to the
interpretations of fixed-effects parameters β, but we omit the phrase in what
follows. As in Section 5.3, let us introduce the two dummy variables x1i, x2ij :
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x1i =

{
1, if the ith subject is assigned to the BtheB group
0, if the ith subject is assigned to the TAU group

(7.5)

x2ij =

{
1, for j ≥ 1 (evaluation period)
0, for j ≤ 0 (baseline period)

(7.6)

Then, the above model can be re-expressed as (similar to the model (5.14)):

yij | b0i = β0 + b0i + β1x1i + β2jx2ij

+β3jx1ix2ij +wt
iξ + εij (7.7)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

b0i ∼ N(0, σ2
B0), εij ∼ N(0, σ2

E),

where the random intercept b0i are assumed to be normally distributed with
zero mean and variance σ2

B0 and the residuals εij are assumed to be normally
distributed with zero mean and variance σ2

E . The b0i and εij are assumed to
be independent of each other. It should be noted that an important assump-
tion is, given the random intercept b0i, the subject-specific repeated measures
(yi0, ..., yi4) are mutually independent.

7.4.2 Model II: Random intercept plus slope model

As the second model, consider a random intercept plus slope model by simply
adding the random slope b1i taking account of the inter-subject variability of
the response to the treatment assumed to be constant during the treatment
period, which is given by

E(yi0 | b0i) ∼
{
β0 + b0i +wt

iξ, i = 1, ..., n1 (TAU group)
β0 + b0i + β1 +wt

iξ, i = n1 + 1, ..., N (BtheB group)

E(yij | b0i, b1i) ∼

 β0 + b0i + b1i + β2j +wt
iξ, i = 1, ..., n1 (TAU group)

β0 + b0i + b1i + β1 + β2j + β3j +wt
iξ,

i = n1 + 1, ..., N (BtheB group)

j = 1, ..., 4.

It should be noted that the random slope introduced in the above model does
not mean the slope on the time or a linear time trend, which will be consid-
ered in Section 7.6. Interpretation of the fixed-effects parameters is the same
as the random intercept model and the re-expressed mixed-effects model is
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shown below:

yij | (b0i, b1i) = β0 + b0i + b1ix2ij + β1x1i + β2jx2ij

+β3jx1ix2ij +wt
iξ + εij (7.8)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

bi = (b0i, b1i) ∼ N(0,Φ), εij ∼ N(0, σ2
E),

where the bi and εij are assumed to be independent of each other and

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
. (7.9)

In this book, we shall call Model II with ρB = 0, Model IIa, and the one with
ρB 6= 0, Model IIb.

7.4.3 Model III: Random intercept plus slope model with
slopes varying over time

As the third model, consider another random intercept plus slope model where
the random slopes (b1i1, ..., b1iT ) may vary over time, which is given by

yij | bi = β0 + b0i + β1x1i + (β2j + b1ij)x2ij

+β3jx1ix2ij +wt
iξ + εij (7.10)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

bi = (b0i, b1i1, ..., b1i4) ∼ N(0,Φ), εij ∼ N(0, σ2
E),

where the bi and εij are assumed to be independent of each other.

7.4.4 Analysis using SAS

Now, let us apply these models to the Beat the Blues Data using PROC MIXED.
Although the SAS programs to be used for the Beat the Blues Data are quite
similar to those used in Chapter 5, the following considerations are required
for coding the SAS program (some of them have already been described in
Sections 3.5 and 5.3):

1. A binary variable treatment indicates x1i.
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2. We have to create a binary variable post indicating x2ij in the DATA

step as

if visit=0 then post=0; else post=1;

3. The fixed effects β2j can be expressed via the variable visit (main
factor), which must be specified as a numeric factor by the CLASS state-
ment.

4. The fixed effects β3j can be expressed via the treatment * visit in-
teraction.

5. The CLASS statement needs the option /ref=first to specify the first
category as the reference category.

6. The option “method=reml” specifies the REML estimation. In this book
we usually specify REML.

7. The option “ddfm=sat” specifies the Satterthwaite method (see (B.42)
for details) for estimating the degrees of freedom in the t-test and F -test
for the fixed-effects estimates.

8. Model I is specified by the following RANDOM statement

random intercept / subject=id, g, gcorr;

where intercept denotes the random intercept b0i at baseline.

9. The random slope b1i assumed to be constant during the evaluation
period can be expressed by the binary variable post. So, to fit Model
IIa, you have to use the following RANDOM statement

random intercept post /type=simple subject=id g gcorr ;

where the option type=simple can be omitted. To fit Model IIb (the
model with ρB 6= 0), you use the option type=un:

random intercept post /type=un subject=id g gcorr ;

10. To fit Model III, create the four binary variables (w1, w2, w3, w4)
representing the random slopes (b1i1, b1i2, b1i3, b1i4) in the DATA step as

if visit=2 then w1=1; else w1=0;

if visit=3 then w2=1; else w2=0;

if visit=5 then w3=1; else w3=0;

if visit=8 then w4=1; else w4=0;

and include these four variables in the RANDOM statement as
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random intercept w1 w2 w3 w4 / type=un subject=id g gcorr;

11. Finally, let us examine residual plots. Residual plots are usually done to
examine model assumptions such as peculiar patterns of residuals, nor-
mality, and detecting outliers. In the mixed model, there are two types
of residuals, i.e., marginal residuals or population-averaged residuals and
conditional residuals or subject-specific residuals, which are defined as

marginal : rij,mar = yij − Eb[ŷij(β̂, b)]
conditional : rij,con = yij − ŷij(β̂, b̂).

The latter is useful to examine whether the subject-specific model is
adequate. However, these raw residuals are not adequate for the case of
unequal variance. To account for the unequal variance of the residuals,
several standardizations are carried out. Among other things, the so-
called studentized conditional residual is often used:

r
(student)
ij,con =

yij − ŷij(β̂, b̂)√
V̂ar(rij,con)

, (7.11)

where b̂ is the estimated BLUP (best linear unbiased predictor) of the
random effects b included in the mixed model. To perform residual
diagnostics of the fitted model, PROC MIXED provides several kinds of
panels of residual diagnostics. Each panel consists of a plot of residuals
versus predicted values, a histogram with normal density overlaid, a
Q-Q plot, and summary residual and fit statistics. To do this, “ODS
Graphics” must be enabled in advance by specifying

ods graphics on;

Then, use the following PLOTS option in the PROC MIXED statement

plots=studentpanel( conditional blup )

which produces the studentized conditional residual plots. Regarding
other panels of residual diagnostics, please consult the SAS/STAT User’s
Guide or Little et al. (2006).

The respective sets of SAS programs are shown in Program 7.1 and part of
the results for Model IIa (ρB = 0) are shown in Output 7.1. To compare the
goodness-of-fit of these two models, you can use an information criterion such
as AIC and BIC.
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Program 7.1. SAS procedure PROC MIXED for Model I, IIa, IIb, III

data dbb;

infile ’c:\book\RepeatedMeasure\BBlong.txt’ missover;

input no subject drug length treatment visit bdi;

if visit=0 then post=0; else post=1;

if visit=2 then w1=1; else w1=0;

if visit=3 then w2=1; else w2=0;

if visit=5 then w3=1; else w3=0;

if visit=8 then w4=1; else w4=0;

ods graphics on;

proc mixed data=dbb method=reml covtest

plots=studentpanel( conditional blup) ;

class subject visit /ref=first ;

model bdi = drug length treatment visit treatment*visit /s cl ddfm=sat ;

/* Model I */

random intercept / subject= subject g gcorr ;

/* Model IIa */

random intercept post / type=simple subject= subject g gcorr ;

/* Model IIb */

random intercept post / type=un subject= subject g gcorr ;

/* Model III */

random intercept w1 w2 w3 w4 / type=un subject= subject g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;� �
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Output 7.1. SAS procedure PROC MIXED for Model IIa

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept subject 75.3160 13.5585 5.55 <.0001

post subject 36.5600 10.1924 3.59 0.0002

visit subject 26.4381 2.7871 9.49 <.0001

Fit statistics

-2 Res Log Likelihood 2598.1

AIC (smaller is better) 2604.1

BIC (smaller is better) 2611.9

Solution for Fixed Effects

Effect visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 21.0883 1.9147 106 11.01 <.0001 0.05 17.2921 24.8845

drug 3.9216 2.0451 94.2 1.92 0.0582 0.05 -0.1389 7.9820

length 3.7543 1.9450 94.1 1.93 0.0566 0.05 -0.1075 7.6162

treatment -2.6895 2.1005 113 -1.28 0.2030 0.05 -6.8511 1.4721

visit 2 -4.4918 1.4065 158 -3.19 0.0017 0.05 -7.2698 -1.7137

visit 3 -6.1078 1.4919 181 -4.09 <.0001 0.05 -9.0515 -3.1641

visit 5 -7.6757 1.5731 204 -4.88 <.0001 0.05 -10.7773 -4.5740

visit 8 -10.4716 1.6317 219 -6.42 <.0001 0.05 -13.6875 -7.2557

visit 0 0 . . . . . . .

treatment*visit 2 -3.3352 1.9231 158 -1.73 0.0848 0.05 -7.1334 0.4631

treatment*visit 3 -3.0006 2.0717 187 -1.45 0.1492 0.05 -7.0874 1.0862

treatment*visit 5 -2.2943 2.1949 211 -1.05 0.2971 0.05 -6.6211 2.0324

treatment*visit 8 -0.2770 2.2566 222 -0.12 0.9024 0.05 -4.7241 4.1701

treatment*visit 0 0 . . . . .� �
In Model IIa, we have the following estimates on the variance components:

σ̂2
B0 = 75.3160, σ̂2

B1 = 36.5600, σ̂2
E = 26.4381.

The estimated treatment effect at months 2, 3, 5 and 8 after randomization are
−3.34(s.e. = 1.92),−3.00(2.07),−2.29(2.19), and −0.28(2.26), respectively.
Although the “Beat the Blues” program tends to decrease the value of the
BDI score as compared with the TAU (treatment as usual) program, all these
treatment effects are not statistically significant at a significance level of 5%.
The values of AIC and BIC are 2604.1 and 2611.9, respectively. The estimated
mean response profile by Model IIa is given by

ŷ+j = β̂0 + β̂1x1i + β̂2jx2ij + β̂3jx1ix2ij + ξ̂1drug + ξ̂2length

= 21.0883− 2.6895× treatment + visit[j]

+treatment*visit[j] + 3.9216× drug + 3.7543× length.

Figure 7.4 shows the estimated mean response profile of the BDI score by
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FIGURE 7.4
Estimated mean response profile (Model IIa) of the BDI score by treat-
ment group for the subjects with drug=0 (do not take antidepressant drugs),
length=1 (six months or more).

treatment group for the subjects with drug=0 (do not take antidepressant
drugs), length=1 (six months or more). Table 7.3 shows the treatment effect
at month 5 and month 8 for each of four models. According to AIC and
BIC, the best model is Model IIa. The panel of graphics of the studentized
conditional residuals of Model IIa is shown in Figure 7.5 which shows that
there seem to be two outlying residuals having about 4.0 but that there seems
to be no specific alarming patterns of residuals and the residuals have a mean
of zero.

Table 7.3 also includes the results of the unstructured covariance model
to check the closeness of the estimated treatment effects between Model III
and the unstructured covariance model. To fit the unstructured covariance
model, we have only to use the REPEATED statement with the option type=un

without using the RANDOM statement. In Section 4.2, the structure of the
covariance matrix of Model III is theoretically shown to be quite close to
”unstructured”(3.32). Model III produces σ̂2

E = 13.786 and Φ is estimated as
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TABLE 7.3
Estimated treatment effects β̂3j at month 5 and month 8. The asterisk (∗)
indicates the best model. The model “un” denotes the unstructured covariance
model.

Model Month 5 Month 8 AIC BIC
Two-tailed Two-tailed

β̂33 (s.e.) p-value β̂34 (s.e.) p-value

I -3.21 (2.09) 0.13 -1.13 (2.17) 0.61 2626 2632
IIa∗ -2.29 (2.19) 0.30 -0.28 (2.26) 0.90 2604 2612
IIb -2.24 (2.24) 0.32 -0.23 (2.29) 0.92 2604 2614
III -1.93 (2.29) 0.40 -0.70 (2.38) 0.77 2616 2657
“un” -1.93 (2.29) 0.40 -0.70 (2.38) 0.77 2614 2653

Φ̂ =


96.4041 −27.9861 −17.6562 −21.5175 −49.6971
−27.9861 60.2461 53.2449 55.7466 54.1286
−17.6562 53.2449 73.0758 63.5810 57.7124
−21.5175 55.7466 63.5810 73.3537 67.5982
−49.6971 54.1286 57.7124 67.5982 78.9813

 .

From (B.33), Σ = σ̂2
EI +ZΦ̂Zt is estimated as

Σ̂ =


110.1901 68.4180 78.7479 74.8866 46.7070
68.4180 114.4640 104.0067 102.6471 72.8495
78.7479 104.0067 147.9535 120.8114 86.7632
74.8866 102.6471 120.8114 140.5088 92.7877
46.7070 72.8495 86.7632 92.7877 89.7772

 ,

where the matrix Z is

Z =


1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

 .

The estimates Σ̂ are almost identical to that estimated by the unstructured
model (not shown here). Therefore, the estimated treatment effects are also
shown to be almost identical for the Beat the Blues Data.
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FIGURE 7.5
The panel of graphics of studentized conditional residuals of Model IIa con-
sisting of a plot of residuals versus predicted values, a histogram with normal
density overlaid, a Q-Q plot, and summary residual and fit statistics

7.5 Models for the average treatment effect

In Chapter 1 we introduced a new S:T repeated measures design both as an
extension of the 1:1 design or pre-post design, and as a formal confirmatory
trial design for randomized controlled trials. The primary interest in this de-
sign is to estimate the overall or average treatment effect during the evaluation
period. So, in the trial protocol, it is important to select the evaluation period
during which the treatment effect could be expected to be stable to a certain
extent. So, in this section, let us assume that the primary interest of the
Beat the Blues Trial with the 1:4 design is to estimate the average
treatment effect over eight months after randomization (evaluation
period) although many readers may not think it reasonable for the real situ-
ation of the Beat the Blues Trial. In this case, as already described in Section
1.2.2, we can introduce two models, a random intercept model and a random
intercept plus slope model.
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7.5.1 Model IV: Random intercept model

The random intercept model with a random intercept b0i is expressed as

E(yi0 | b0i) ∼
{
β0 + b0i +wt

iξ, i = 1, ..., n1 ( TAU group)
β0 + b0i + β1 +wt

iξ, i = n1 + 1, ..., N (BtheB group)

E(yij | b0i) ∼

 β0 + b0i + β2 +wt
iξ, i = 1, ..., n1 ( TAU group)

β0 + b0i + β1 + β2 + β3 +wt
iξ, i = n1 + 1, ..., N

(BtheB group)

j = 1, ..., 4,

which can be re-expressed as

yij | b0i = β0 + b0i + β1x1i + β2x2ij

+β3x1ix2ij +wt
iξ + εij (7.12)

i = 1, ..., N ; j = 0, 1, ..., 4

b0i ∼ N(0, σ2
B0), εij ∼ N(0, σ2

E),

where the b0i and εij are assumed to be independent of each other and the
meanings of the fixed-effects parameters are as follows:

1. β0 denotes the mean BDI score at the baseline period in the TAU group.

2. β0 +β1 denotes the mean BDI score at the baseline period in the BtheB
group.

3. β0 +β2 denotes the mean BDI score during the evaluation period in the
TAU group.

4. β0 + β1 + β2 + β3 denotes the mean BDI score during the evaluation
period in the BtheB group.

5. β2 denotes the mean change from the baseline period to the evaluation
period in the TAU group.

6. β2 + β3 denotes the same quantity in the BtheB group.

7. β3 denotes the difference in these two mean changes from the baseline
period to the evaluation period, i.e., or the effect for treatment-by-time
interaction. In other words, it denotes the average treatment effect
of the new treatment compared with the control.
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7.5.2 Model V: Random intercept plus slope model

The random intercept plus slope model with random slope b1i is expressed as

E(yi0 | b0i) ∼
{
β0 + b0i +wt

iξ, i = 1, ..., n1 ( TAU group)
β0 + b0i + β1 +wt

iξ, i = n1 + 1, ..., N (BtheB group)

E(yij | b0i, b1i) ∼

 β0 + b0i + b1i + β2 +wt
iξ, i = 1, ..., n1 ( TAU group)

β0 + b0i + b1i + β1 + β2 + β3 +wt
iξ, i = n1 + 1, ..., N

(BtheB group)

j = 1, ..., 4,

which is re-expressed as

yij | (b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij +wt
iξ + εij (7.13)

bi = (b0i, b1i) ∼ N(0,Φ), εij ∼ N(0, σ2
E)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
i = 1, ..., N ; j = 0, 1, ..., 4,

where the bi and εij are assumed to be independent of each other. Here also,
we shall call the Model V with ρB = 0 Model Va and the one with ρB 6= 0
Model Vb.

7.5.3 Analysis using SAS

Now, let us apply three Models IV, Va, and Vb to the Beat the Blues Data
using PROC MIXED. The following considerations are required for coding the
SAS program.

1. The fixed effects β2 can be expressed via the binary variable post (main
factor).

2. The fixed effects β3 can be expressed via the treatment * post inter-
action.

3. The RANDOM statement for Model IV is the same as that for Model I.

4. The RANDOM statements for Models Va and Vb are the same as those for
Model IIa and Model IIb.
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The respective sets of SAS programs and the results for Model Va (ρB = 0)
are shown in Program 7.2 and Output 7.2, respectively.� �

Program 7.2: SAS procedure PROC MIXED for Models IV, Va, Vb

proc mixed data=dbb method=reml covtest;

class subject visit/ ref=first ;

model bdi = drug length treatment post treatment*post /s cl ddfm=sat ;

/* Model IV */

random intercept / type=simple subject= subject g gcorr ;

/* Model Va */

random intercept post / type=simple subject= subject g gcorr ;

/* Model Vb */

random intercept post / type=un subject= subject g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;

run ;� �� �
Output 7.2: SAS procedure PROC MIXED for Models IV, Va, Vb

<A part of the results for Model Va>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept subject 74.8286 13.6362 5.49 <.0001

post subject 37.4802 10.5601 3.55 0.0002

visit subject 28.4974 2.9230 9.75 <.0001

Fit statistics

-2 Res Log Likelihood 2636.1

AIC (smaller is better) 2642.1

BIC (smaller is better) 2650.0

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 21.1860 1.9257 107 11.00 <.0001 0.05 17.3683 25.0036

drug 3.8048 2.0519 94.5 1.85 0.0668 0.05 -0.2690 7.8786

length 3.6322 1.9513 94.4 1.86 0.0658 0.05 -0.2418 7.5063

treatment -2.6587 2.1160 114 -1.26 0.2115 0.05 -6.8504 1.5330

post -6.3736 1.3114 114 -4.86 <.0001 0.05 -8.9716 -3.7756

treatment*post -2.5138 1.8017 116 -1.40 0.1656 0.05 -6.0824 1.0548� �
In Model Va, we have the following estimates of the variance components:

σ̂2
B0 = 74.8286, σ̂2

B1 = 37.4802, σ̂2
E = 28.4974,

which are quite similar to those of Model IIa. The average treatment effect
during the eight-month evaluation period is estimated as -2.51 (s.e. = 1.80)
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TABLE 7.4
Estimated treatment effect β̂3 for each of three models, IV, Va and Vb. The
asterisk (∗) indicates the best model.

Two-tailed

Model β̂3 s.e. 95%CI p-value AIC BIC

IV -2.88 1.49 (-5.82, 0.06) 0.05 2663.7 2669.0
Va∗ -2.51 1.80 (-6.08, 1.05) 0.17 2642.1 2650.0
Vb -2.47 1.86 (-6.16, 1.22) 0.19 2642.6 2653.1

with two-tailed p = 0.17 based on the Satterthwaite method. Table 7.4 shows
the treatment effect with 95% confidence interval for each of three models.
According to AIC and BIC, the best model is Model Va.

7.5.4 Heteroscedastic models

So far, we have considered the homoscedastic model (4.7)

Σi = σ2
EI +ZΦZt,

where it is assumed that

1. the residuals εij are independent and identically normally distributed
with mean 0 and variance σ2

E common to all the treatment groups and

2. the random effects bi are normally distributed with mean 0 and covari-
ance Φ common to all the treatment groups.

In this section, let us check these homoscedastic assumptions for Model Vb.
To do this in PROC MIXED, first, we have to define treatment as a numeric
factor as follows:

class subject visit treatment/ref=first ;

Then, change the RANDOM statements and/or the REPEATED statements shown
in Program 7.2 by adding the option group = treatment as follows (some of
them have already been introduced in Section 3.6):

1. For the model with the heteroscedastic covariance Φ:
random intercept post/ type=un subject= subject g gcorr

group=treatment ;
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TABLE 7.5
Estimated treatment effect β̂3 for each of five models.

Two-tailed

Model β̂3 95%CI p-value AIC BIC

Homoscedastic Σ -2.51 (-6.08, 1.05) 0.17 2642.1 2650.0
Heteroscedastic Φ -2.56 (-6.15, 1.04) 0.16 2645.4 2658.4
Heteroscedastic σ2

B1 -2.58 (-6.16, 1.01) 0.16 2643.8 2654.1
Heteroscedastic σ2

B0 -2.49 (-6.07, 1.09 ) 0.17 2643.8 2654.2
Heteroscedastic σ2

E -2.44 (-6.04, 1.16) 0.18 2642.0 2652.4

2. For the model with the heteroscedastic variance σ2
B0 and homoscedastic

σ2
B1:

random intercept/subject=subject g gcorr group=treatment;

random post /subject=subject g gcorr ;

3. For the model with the homoscedastic variance σ2
B0 and heteroscedastic

σ2
B1:

random intercept/subject=subject g gcorr;

random post/subject= subject g gcorr group=treatment ;

4. For the model with the heteroscedastic σ2
E :

repeated visit / type = simple subject = subject r rcorr

group=treatment ;

For example, the SAS program and the results for Model Va where the random
effects b1i have the heteroscedastic variance σ2

B1 are shown in Program and
Output 7.3. Model Va with heteroscedastic variance σ2

B1 has the following
estimates on the variance components:

σ̂2
B0 = 73.9, σ̂2

B1 = 30.7(for BtheB), 44.3(for TAU) σ̂2
E = 28.7,

Two estimates of the variance of the random slope are similar and both AIC
(= 2643.8) and BIC (= 2654.1) are larger than those of the model with the
homoscedastic variance. Table 7.5 shows the treatment effect with 95% con-
fidence interval for each of five models. According to AIC and BIC, the best
model is Model Va with the homoscedastic Σ.
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Program and Output 7.3: SAS procedure PROC MIXED for Model Va with heteroscedas-
tic σ2

B1

<SAS program>

proc mixed data=dbb method=reml covtest;

class subject visit treatment /ref=first ;

model bdi = drug length treatment post treatment*post / s cl ddfm=sat ;

random intercept / type=simple subject= subject g gcorr ;

random post / type=simple subject= subject g gcorr group=treatment ;

repeated visit / type = simple subject = subject r rcorr ;

run ;

<A part of the results >

Covariance Parameter Estimates

Cov Parm Subject Group Estimate S.E. Z value Pr > Z

Intercept subject 73.9000 13.5594 5.45 <.0001

post subject treatment 1 30.6573 13.3763 2.29 0.0110

post subject treatment 0 44.3149 16.1667 2.74 0.0031

visit subject 28.6760 2.9654 9.67 <.0001

Fit statistics

-2 Res Log Likelihood 2635.7

AIC (smaller is better) 2643.8

BIC (smaller is better) 2654.1

Solution for Fixed Effects

Effect treatment Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 21.2316 1.9174 106 11.07 <.0001 0.05 17.4303 25.0329

drug 3.8250 2.0402 93 1.87 0.0640 0.05 -0.2265 7.8765

length 3.5333 1.9410 93.2 1.82 0.0719 0.05 -0.3210 7.3876

treatment 1 -2.6665 2.1080 114 -1.26 0.2085 0.05 -6.8423 1.5092

treatment 0 0 . . . . . . .

post -6.3640 1.3706 54 -4.64 <.0001 0.05 -9.1118 -3.6161

post*treatment 1 -2.5755 1.8101 111 -1.42 0.1576 0.05 -6.1625 1.0115

post*treatment 0 0 . . . . . . .� �

7.6 Models for the treatment by linear time interaction

In the previous section, we focused on the mixed-effects models where we
are primarily interested in comparing the average treatment effect during the
evaluation period. In this section, we shall consider the situation where the
primary interest is testing the treatment by linear time interaction, i.e., testing
whether the differences between treatment groups are linearly increasing over
time (Hedeker and Gibbons, 2006; Bhumik et al., 2008). So, in this section,
let us assume that the primary interest of the Beat the Blues Trial
with the 1:4 design is to estimate the difference in average rates of
change or improvement of the BDI score over time. To do this, we
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shall consider the random intercept model and the random intercept plus slope
model.

7.6.1 Model VI: Random intercept model

The random intercept model with a random intercept b0i is expressed as

E(yi0 | b0i) ∼
{
β0 + b0i +wt

iξ, i = 1, ..., n1 ( TAU group)
β0 + b0i + β1 +wt

iξ, i = n1 + 1, ..., N (BtheB group)

E(yij | b0i) ∼

 β0 + b0i + β2tj +wt
iξ, i = 1, ..., n1 ( TAU group)

β0 + b0i + β1 + (β2 + β3)tj +wt
iξ, i = n1 + 1, ..., N
(BtheB group)

j = 1, ..., 4,

where:

1. tj denotes the jth measurement time, i.e., t0 = 0, t1 = 2, t2 = 3, t3 = 5
and t4 = 8.

2. β0 denotes the mean BDI score at the baseline period in the TAU group.

3. β0 + bi0 denotes the subject-specific mean BDI score at the baseline
period in the TAU group.

4. β1 denotes the difference in means of the BDI score between the two
treatment groups at the baseline period.

5. β2 denotes the average rate of change of the BDI score per month during
the evaluation period in the TAU group.

6. β2 + β3 denotes the average rate of change of the BDI score per month
during the evaluation period in the BtheB group.

7. β3 denotes the difference in average rates of change per month, i.e., the
effect size of the treatment by linear time interaction.

The above model can be re-expressed as

yij | b0i = β0 + b0i + β1x1i + (β2 + β3x1i)tj +wt
iξ + εij (7.14)

b0i ∼ N(0, σ2
B0), εij ∼ N(0, σ2

E)

i = 1, ..., N ; j = 0, 1, ..., 4,

where the b0i and εij are assumed to be independent of each other.
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7.6.2 Model VII: Random intercept plus slope model

The random intercept plus slope model with a random slope bi1 on the time
is expressed as

yij | bi = b0i + β0 + β1x1i + (β2 + β3x1i + b1i)tj +wt
iξ + εij (7.15)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
εij ∼ N(0, σ2

E)

i = 1, ..., N ; j = 0, 1, ..., 4,

where the bi and εij are assumed to be independent of each other. Here also,
we shall call the Model VII with ρB = 0, Model VIIa, and the one with ρB 6= 0,
Model VIIb.

7.6.3 Analysis using SAS

Now, let us apply three Models VI, VIIa and VIIb to the Beat the Blues Data
using PROC MIXED. The respective sets of SAS programs and the results for
Model VI are shown in Program and Output 7.4. In this program, we need to
create the continuous variable xvisit indicating tj in the DATA step and the
MODEL statement should be

model bdi = drug length treatment xvisit treatment*xvisit

/s cl ddfm=sat;

To fit Model VIIa, for example, you have to use the following RANDOM statement

random intercept xvisit /type=simple subject= subject g gcorr;

where xvisit denotes the random slope b1i.
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Program and Output 7.4: SAS procedure PROC MIXED for Model VI, VIIa, VIIb

<SAS program>

data dbb;

infile ’c:\book\RepeatedMeasure\BBlong.txt’ missover;

input no subject drug length treatment visit bdi;

if visit=0 then post=0; else post=1;

xvisit=visit;

proc mixed data=dbb method=reml covtest;

class subject visit/ref=first ;

model bdi = drug length treatment xvisit treatment*xvisit/s cl ddfm=sat ;

/* model VI */

random intercept / subject= subject g gcorr ;

/* model VIIa */

random intercept xvisit/ subject= subject g gcorr ;

/* model VIIb */

random intercept xvisit/ type=un subject= subject g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;

run ;

<A part of the results for Model VI>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept subject 80.3571 13.6537 5.89 <.0001

visit subject 40.2083 3.4278 11.73 <.0001

Fit statistics

-2 Res Log Likelihood 2676.7

AIC (smaller is better) 2680.7

BIC (smaller is better) 2685.9

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 20.7228 1.9343 107 10.71 <.0001 0.05 16.8882 24.5574

drug 2.0496 2.0457 92.3 1.00 0.3190 0.05 -2.0131 6.1123

length 3.4205 1.9461 92.4 1.76 0.0821 0.05 -0.4445 7.2855

treatment -3.8827 2.1338 117 -1.82 0.0714 0.05 -8.1086 0.3433

xvisit -1.3067 0.1947 290 -6.71 <.0001 0.05 -1.6898 -0.9235

treatment*xvisit -0.1587 0.2711 290 -0.59 0.5588 0.05 -0.6923 0.3749� �
In Model VIIa, we have the following estimates of the variance components:

σ̂2
B0 = 80.3571, σ̂2

E = 40.2083.

The difference in average rates of change per month is estimated as −0.1587
(s.e = 0.27) with two-tailed p = 0.56. The interpretation seems to be that
the average rate of improvement of the BDI score tends to be more rapid
for the BtheB group compared with the TAU group, but the difference is
not statistically significant. Table 7.6 shows the treatment effect with 95%
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TABLE 7.6
Estimated treatment effect β̂3 for each of the Models, IV, Va and Vb. The
asterisk (∗) indicates the best model.

Two-tailed

Model β̂3 s.e. 95%CI p-value AIC BIC

VI∗ -0.16 0.27 (-0.69, 0.37) 0.56 2680.7 2685.9
VIIa -0.15 0.30 (-0.74, 0.44) 0.61 2681.1 2688.9
VIIb -0.15 0.30 (-0.75, 0.44) 0.61 2683.1 2693.5

confidence interval for each of three models. According to AIC and BIC, the
best model is Model VI.

7.6.4 Checking the goodness-of-fit of linearity

However, we should be cautious about the goodness-of-fit of the models for
the treatment by linear time interaction because the linear trend model has
a very strong assumption on linearity. So, whenever the treatment by linear
time interaction is defined as the primary interest of the statistical analysis,
we should check the goodness-of-fit. To do this, we can apply the following
random intercept model and the random intercept plus slope model including
the treatment by quadratic time interaction.

Another important issue to remember here is that neither AIC nor BIC
based on the REML estimators can be used to compare models including non-
linear terms on time tj with the above three models including only a linear
term, as explained in Section 3.5. So, here we have to use AIC and BIC based
on the maximum likelihood estimators for such comparisons.

1. Model VIQ: Random intercept model

yij | b0i = β0 + b0i + β1x1i + (β2 + β3x1i)tj +

(β4 + β5x1i)t
2
j +wt

iξ + εij (7.16)

b0i ∼ N(0, σ2
B0) εij ∼ N(0, σ2

E)

i = 1, ..., N ; j = 0, 1, ..., 4,

where the b0i and εij are assumed to be independent of each other.
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2. Model VIIQ: Random intercept plus slope model

The random intercept plus slope model with a random intercept b0i, random
slopes b1i on the linear term, and b2i on the quadratic term is expressed by:

yij | b0i, b1i, b2i = β0 + b0i + β1x1i + (β2 + β3x1i + b1i)tj +

(β4 + β5x1i + b2i)t
2
j +wt

iξ + εij (7.17)

bi = (b0i, b1i, b2i) ∼ N(0,Φ)

Φ =

 σ2
B0 ρ01σB0σB1 ρ02σB0σB2

ρ01σB0σB1 σ2
B1 ρ12σB1σB2

ρ02σB0σB2 ρ12σB1σB2 σ2
B2


εij ∼ N(0, σ2

E)

i = 1, ..., N ; j = 0, 1, ..., 4,

where the bi and εij are assumed to be independent of each other. Now, let
us apply two Models VIQ and VIIQ to the Beat the Blues Data using PROC

MIXED. The respective sets of SAS programs and the results for Model VIIQ
are shown in Program and Output 7.5. In this program, we need to create
the continuous variable xvisit2 indicating the quadratic term (here we used
t2j/8) in the DATA step. Then, the MODEL statement should be

model bdi = drug length treatment xvisit xvisit2

treatment*xvisit treatment*xvisit2 /s cl ddfm=sat;

and the RANDOM statement for Model VIIQ should be

random intercept xvisit xvist2/type=un subject= subject g gcorr;
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Program and Output 7.5: SAS procedure PROC MIXED for Model VIIQ

<SAS program>

data dbb;

infile ’c:\book\RepeatedMeasure\BBlong.txt’ missover;

input no subject drug length treatment visit bdi;

if visit=0 then post=0; else post=1;

xvisit=visit;

xvisit2=visit*visit/8;

/* model VIIQ (quadratic trend ) */

proc mixed data=dbb method=reml covtest;

class subject visit/ref=first ;

model bdi = drug length treatment xvisit xvisit2 treatment*xvisit

treatment*xvisit2/s cl ddfm=sat ;

random intercept xvisit xvisit2/ type=un subject= subject g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;

run ;

<A part of the results >

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

UN(1,1) subject 78.5341 15.2934 5.14 <.0001

UN(2,1) subject -1.0748 5.2603 -0.20 0.8381

UN(2,2) subject 7.7681 2.8280 2.75 0.0030

UN(3,1) subject -2.5723 4.5870 -0.56 0.5750

UN(3,2) subject -5.5188 2.3684 -2.33 0.0198

UN(3,3) subject 3.9485 2.0907 1.89 0.0295

visit subject 27.1872 3.2589 8.34 <.0001

Fit statistics

-2 Res Log Likelihood 2618.3

AIC (smaller is better) 2632.3

BIC (smaller is better) 2650.6

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 20.5989 1.8683 103 11.03 <.0001 0.05 16.8936 24.3041

drug 3.9664 1.9069 79.1 2.08 0.0408 0.05 0.1710 7.7618

length 4.3919 1.8195 81.2 2.41 0.0180 0.05 0.7719 8.0119

treatment -3.0075 2.1087 98 -1.43 0.1570 0.05 -7.1921 1.1771

xvisit -2.3133 0.6379 92.7 -3.63 0.0005 0.05 -3.5802 -1.0464

xvisit2 1.0114 0.5489 90 1.84 0.0687 0.05 -0.07901 2.1019

treatment*xvisit -1.5184 0.8814 94.8 -1.72 0.0882 0.05 -3.2683 0.2315

treatment*xvisit2 1.4967 0.7577 91.7 1.98 0.0512 0.05 -0.00821 3.0016� �
In Model VIIQ, we have σ̂2

E = 27.1872 and

Φ̂ =

 74.8623 −0.8005 −2.7651
−0.8005 7.4067 −5.2246
−2.7651 −5.2246 3.6867

 .

According to AIC and BIC, Model VIIQ is better than Model VIQ (AIC =
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FIGURE 7.6
Estimated mean quadratic trend (Model VIIQ-1) of the BDI score by treat-
ment group for the subjects with drug=0 (do not take antidepressant drugs),
length=1 (six months or more).

2647.6, BIC = 2655.5). To compare Model VIIQ with Model VI, as explained
above, we have to use AIC and BIC based on the maximum likelihood estima-
tors. To do this using SAS, we have only to replace the option method=reml

with method=ml. The resultant values of (AIC, BIC) are (2701.0, 2721.8) for
Model VI and (2657.2, 2696.3) for Model VIIQ, indicating that Model VIIQ is
better than Model VI. The estimated mean quadratic trend by the treatment
group for the subject with drug=0 (no use of drug) and length=1 (six months
or more) is

ŷ(t) =

{
β̂0 + β̂2t+ β̂4t

2 +wt
i ξ̂, ( TAU group)

β̂0 + β̂1 + (β̂2 + β̂3)t+ (β̂4 + β̂5)t2 +wt
i ξ̂, (BtheB group)

=

{
24.99− 2.31t+ 1.01t2, ( TAU group)
22.44− 3.83t+ 2.51t2, (BtheB group).

These two quadratic lines are plotted in Figure 7.6, which seems to be quite
similar to the estimated mean response profile by treatment group via Model
IIa (Figure 7.4). These results suggest that the results derived by Model VI,
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the best model for the treatment by linear time interaction, may not be ac-
ceptable.

7.7 ANCOVA-type models adjusting for baseline mea-
surement

As described in Chapter 1, in many confirmatory trials in the later phases
of drug development, we need a simple and clinically meaningful effect size
of the new treatment. So, many RCTs tend to try to narrow the evaluation
period down to one time point (ex., the last T th measurement), leading to
the so-called the pre-post design or the 1:1 design. Some other RCTs define a
summary statistic such as the mean ȳi of repeated measures during the eval-
uation period (ex., mean of yi(T−1) and yiT ), which also leads to a 1:1 design.
In these simple 1:1 designs, traditional analysis of covariance (ANCOVA) has
been used to analyze data where the baseline measurement is used as a co-
variate. In Chapter 4, it is shown that the mixed-effects repeated measures
models (4.5) and (4.11) are shown to be more natural than the ANCOVA-type
models (4.16) within the framework of the S:T design.

In this section, we shall apply some ANCOVA-type models to the Beat the
Blues Data with 1:4 repeated measures design and compare the results with
those of the corresponding repeated measures models.

7.7.1 Model VIII: Random intercept model for the treat-
ment effect at each visit

Let us consider here the following two models: Model VIIIa and Model VIIIb.

Model VIIIa: A random slope constant over time

Consider first the compound symmetry model where the random intercept
bi(Ancova) is assumed to be constant during the evaluation period:

E(yij | bi(Ancova)) =

 bi(Ancova) + β0 + β2j + θyi0 +wt
iξ, (TAU group)

bi(Ancova) + β0 + β1 + β2j + β3j + θyi0 +wt
iξ,

(BtheB group)

j = 1, ..., 4,

where:
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1. β0 denotes the mean BDI score at the 1st visit in the TAU group.

2. bi(Ancova) + β0 denotes the subject-specific mean BDI score at the 1st
visit in the TAU group.

3. β0 +β1 denotes the mean BDI score at the 1st visit in the BtheB group.

4. bi(Ancova) + β0 + β1 denotes the subject-specific mean BDI score at the
1st visit in the BtheB group.

5. β1 denotes the difference in means of the BDI score at the 1st visit
between the two treatment groups.

6. θ denotes the coefficient for the baseline measurement yi0.

7. β0 +β2j denotes the mean BDI score at the jth visit in the TAU group.

8. β0 + β1 + β2j + β3j denotes the mean BDI score at the jth visit in the
BtheB group.

9. β1 + β3j denotes the difference in means of the BDI score at the jth
visit or the effect for the treatment-by-time interaction at the jth visit.
In other words, it means the treatment effect of BtheB compared with
TAU at jth visit.

This model is re-expressed as follows:

yij | bi(Ancova) = β0 + bi(Ancova) + θyi0 + β1x1i + β2j

+β3jx1i +wt
iξ + εij (7.18)

i = 1, ..., N, j = 1, 2, 3, 4; β21 = 0, β31 = 0

bi(Ancova) ∼ N(0, σ2
B(Ancova)), εij ∼ N(0, σ2

E),

where the bi(Ancova) and εij are assumed to be independent of each other.

Model VIIIb: Random slopes varying over time

Second, let us consider here the random intercept model where the random
slopes bij(Ancova) may change over time, and let

bi(Ancova) = (bi1(Ancova), ..., bi4(Ancova)).

In this case, the model is expressed by
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yij | bi(Ancova) = β0 + bij(Ancova) + θyi0 + β1x1i + β2j

+β3jx1i +wt
iξ + εij (7.19)

i = 1, ..., N, j = 1, 2, 3, 4; β21 = 0, β31 = 0

bi(Ancova) = (bi1(Ancova), ..., bi4(Ancova)) ∼ N(0,Φ),

εij ∼ N(0, σ2
E),

where the bi(Ancova) and εij are assumed to be independent of each other.
In the above two models, the treatment effect at time j can be expressed

via some linear contrast (see (3.39) and (3.40)). For example, the treatment
effect at month 8 (j = 4) can be expressed as

τ
(4)
21 = β1 + β34

= (1)β1 + (0, 0, 0, 1)(β31, β32, β33, β34)t. (7.20)

7.7.2 Model IX: Random intercept model for the average
treatment effect

In this section, we shall consider Model IX in which the treatment effect is
assumed to be constant during the evaluation period.

yij | bi(Ancova) = β0 + bi(Ancova) + θyi0 + β3x1i +wt
iξ + εij (7.21)

i = 1, ..., N, j = 1, 2, 3, 4

bi(Ancova) ∼ N(0, σ2
B(Ancova))

εij ∼ N(0, σ2
E),

where β3 denotes the average treatment effect during the evaluation period
and bi(Ancova) and εij are assumed to be independent of each other.

7.7.3 Analysis using SAS

Now, let us apply Models VIIIa, VIIIb, and IX to the Beat the Blues Data
using PROC MIXED. But, as is shown in Table 3.7, the first step for the analysis
is to rearrange the data structure from the long format shown in Table 7.2
into another long format shown in Table 7.7 where the baseline records were
deleted and the new variable bdi0 indicating baseline data was created.

The respective sets of SAS programs are shown in Program 7.7. Here also,
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TABLE 7.7
A part of the long format Beat the Blues Data set for the ANCOVA-type
model. The variable bdi0 indicates the baseline measurement. (Data for the
first three patients are shown.)� �

No. Subject drug length treatment visit bdi bdi0

1 1 0 1 0 2 2 29

2 1 0 1 0 3 2 29

3 1 0 1 0 5 NA 29

4 1 0 1 0 8 NA 29

5 2 1 1 1 2 16 32

6 2 1 1 1 3 24 32

7 2 1 1 1 5 17 32

8 2 1 1 1 8 20 32

9 3 1 0 0 2 20 25

10 3 1 0 0 3 NA 25

11 3 1 0 0 5 NA 25

12 3 1 0 0 8 NA 25� �
due to the option /ref=first used in the CLASS statement, the coefficients
of the linear contrast for the treatment*visit interaction needs the order
change (e.g., see Sections 3.5 and 5.3). For example, according to the equation
(7.20), the linear contrast for the treatment effect at month 8 (j = 4) can be
expressed in SAS as

estimate ’CFB: 8m’ treatment 1 treatment*visit 0 0 0 1

However, due to the option /ref=first, the following change should be made
for the treatment*visit interaction:

estimate ’CFB: 8m’ treatment 1 treatment*visit 0 0 1 0

Furthermore, the fixed effects β3 in Model IX can be expressed by the variable
treatment and the MODEL statement and the RANDOM statement should be

model bdi = drug length bdi0 treatment / s cl ddfm=sat ;

random intercept / subject= subject g gcorr ;
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Program 7.7: SAS procedure PROC MIXED for Models VIIIa, VIIIb and IX

data dbb2;

infile ’c:\book\RepeatedMeasure\BBlongAncova.txt’ missover;

input no subject drug length treatment visit bdi bdi0;

if visit=3 then w2=1; else w2=0;

if visit=5 then w3=1; else w3=0;

if visit=8 then w4=1; else w4=0;

proc mixed data=dbb2 method=reml covtest;

class subject visit /ref=first ;

model bdi = drug length bdi0 visit treatment treatment*visit

/ s cl ddfm=sat ;

<Model VIIIa>

random intercept / subject= subject g gcorr ;

<Model VIIIb>

random intercept w2 w3 w4/ subject= subject g gcorr ;

repeated visit/ type =simple subject = subject r rcorr ;

estimate ’CFB: 2m ’

treatment 1 treatment*visit 0 0 0 1/ divisor=1 cl alpha=0.05;

estimate ’CFB: 3m ’

treatment 1 treatment*visit 1 0 0 0 / divisor=1 cl alpha=0.05;

estimate ’CFB: 5m ’

treatment 1 treatment*visit 0 1 0 0 / divisor=1 cl alpha=0.05;

estimate ’CFB: 8m ’

treatment 1 treatment*visit 0 0 1 0 / divisor=1 cl alpha=0.05;

<Model IX>

proc mixed data=dbb2 method=reml covtest;

class subject visit ;

model bdi = drug length bdi0 treatment / s cl ddfm=sat ;

random intercept / subject= subject g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;� �
The results of Model Vllla are shown in Output 7.7 and those of Model IV
are shown in Output 7.8. The results of Model VIIIb are omitted here.
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Output 7.7: SAS procedure PROC MIXED for Model VIIIa

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept subject 52.3498 9.3601 5.59 <.0001

visit subject 25.3580 2.6804 9.46 <.0001

Fit statistics

-2 Res Log Likelihood 1848.5

AIC (smaller is better) 1852.5

BIC (smaller is better) 1857.7

Solution for Fixed Effects

Effect visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 4.7949 2.3116 103 2.07 0.0405 0.05 0.2104 9.3793

drug -2.7681 1.7795 92.3 -1.56 0.1232 0.05 -6.3023 0.7660

length 0.2545 1.6891 94.4 0.15 0.8805 0.05 -3.0991 3.6082

bdi0 0.6397 0.0802 97.7 7.98 <.0001 0.05 0.4806 0.7989

visit 3 -1.5905 1.1684 188 -1.36 0.1751 0.05 -3.8953 0.7144

visit 5 -3.1347 1.2668 190 -2.47 0.0142 0.05 -5.6335 -0.6358

visit 8 -5.9190 1.3358 191 -4.43 <.0001 0.05 -8.5539 -3.2842

visit 2 0 . . . . . . .

treatment -3.0325 1.8849 131 -1.61 0.1101 0.05 -6.7613 0.6963

treatment*visit 3 0.3239 1.6342 191 0.20 0.8431 0.05 -2.8995 3.5473

treatment*visit 5 0.9724 1.7817 193 0.55 0.5859 0.05 -2.5418 4.4866

treatment*visit 8 2.9925 1.8539 193 1.61 0.1081 0.05 -0.6641 6.6491

treatment*visit 2 0 . .

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

CFB: 2m -3.0325 1.8849 131 -1.61 0.1101 0.05 -6.7613 0.6963

CFB: 3m -2.7085 2.0299 159 -1.33 0.1840 0.05 -6.7176 1.3005

CFB: 5m -2.0601 2.1482 183 -0.96 0.3388 0.05 -6.2983 2.1782

CFB: 8m -0.03996 2.2085 196 -0.02 0.9856 0.05 -4.3955 4.3155� �
In Section 4.4, we compared the estimates β̂3j with the estimates β̂3j,Ancova in

the 1:1 design and concluded that (1) β̂3j is unbiased and β̂3j,Ancova is biased

and (2) β̂3j,Ancova is more precise than β̂3j . However, the gain in efficiency by

using β̂3j,Ancova seems to be small in many cases. So, here, it will be interesting
to compare the estimates of treatment effect obtained from the ANCOVA-type
models VIIIa (IX) with those from the repeated measures models VIIa (Va),
which are shown in Table 7.8. In the Beat the Blues Data, both Model VIIa
(Va) and Model VIIIa (IX) gave similar estimates, but the repeated measures
models tend to give smaller p-values although all estimates are statistically
non-significant at 5% significance level.
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TABLE 7.8
Comparison of estimated treatment effects between repeated measures models
and ANCOVA-type models.

Repeated measures models ANCOVA-type models
Treatment Models IIa, Va Models VIIIa, IX
effect Two- Two-

tailed tailed
Estimate (s.e.) p-value Estimate (s.e.) p-value

Model IIa vs. Model VIIIa

β̂31: month 2 -3.3352 (1.9231) 0.0848 -3.0325 (1.8849) 0.1101

β̂32: month 3 -3.0006 (2.0717) 0.1492 -2.7085 (2.0299) 0.1840

β̂33: month 5 -2.2943 (2.1949) 0.2971 -2.0601 (2.1482) 0.3388

β̂34: month 8 -0.2770 (2.2566) 0.9024 -0.0400 (2.2085) 0.9856

Model Va vs. Model IX

β̂3: Average -2.5138 (1.8017) 0.1656 -2.1827 (1.7623) 0.2187

� �
Output 7.8: SAS procedure PROC MIXED for Model IX

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E. Z value Pr > Z

Intercept subject 54.4812 9.7725 5.57 <.0001

visit subject 27.5797 2.8643 9.63 <.0001

Fit statistics

-2 Res Log Likelihood 1886.8

AIC (smaller is better) 1890.8

BIC (smaller is better) 1896.1

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 3.0264 2.2985 91.8 1.32 0.1912 0.05 -1.5387 7.5916

drug -3.0083 1.8216 92.8 -1.65 0.1020 0.05 -6.6258 0.6092

length -0.09467 1.7274 94.6 -0.05 0.9564 0.05 -3.5242 3.3349

bdi0 0.6473 0.08215 98.3 7.88 <.0001 0.05 0.4843 0.8104

treatment -2.1827 1.7623 91.9 -1.24 0.2187 0.05 -5.6829 1.3174� �
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7.8 Sample size

In this chapter, various mixed-effects models were illustrated with the Beat
the Blues Data which has 1:4 repeated measures design. In this section, we
shall consider the sample size determination. The sample size determinations
for longitudinal data analysis in the literature (for example, see Diggle et al.,
2002; Hedeker and Gibbons, 2006; Fitzmaurice, Laird and Ware, 2011) are
based on the basic 1:T design where the baseline data is used as a covariate.
In other words, this design is essentially the 0:T design. In this section, we shall
consider the sample size (number of subjects) needed for the S:T design with
S > 0, which is different from what appears in the literature. For technical
details of derivation of sample size formula, see Appendix A (Tango, 2016a,
2016b).

7.8.1 Sample size for the average treatment effect

We first consider a typical situation where investigators are interested in es-
timating the average treatment effect during the evaluation period. To do
this, let us consider Model V or the random intercept plus slope model (12.13)
within the framework of S:T design. Namely, the model is expressed as

yij | (b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij + εij (7.22)

εij ∼ N(0, σ2
E)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
i = 1, ..., n1 (the control group);

= n1 + 1, ..., n1 + n2 = N (the new treatment group)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

7.8.1.1 Sample size assuming no missing data

When there is no missing data, given the covariance matrix Σ,

Σ = σ2
EI +ZΦZt, (I denotes the identity matrix) (7.23)
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the maximum likelihood estimator β̂ = (β̂0, β̂1, β̂2, β̂3)t for Model V is ex-
pressed by the general form

β̂ =

(
N∑
i=1

Xt
iΣ
−1Xi

)−1 N∑
i=1

Xt
iΣ
−1yi (7.24)

and its covariance matrix is given by

Var(β̂) =

(
N∑
i=1

Xt
iΣ
−1Xi

)−1
(7.25)

where

Xi =



1 x1i x2i(1−S) x1ix2i(1−S)
...

...
...

...
1 x1i x2i0 x1ix2i0
1 x1i x2i1 x1ix2i1
...

...
...

...
1 x1i x2iT x1ix2iT


=



1 x1i 0 0
...

...
...

...
1 x1i 0 0
1 x1i 1 x1i
...

...
...

...
1 x1i 1 x1i


(7.26)

Z =



1 x2i(1−S)
...

...
1 x2i0
1 x2i1
...

...
1 x2iT


=



1 0
...

...
1 0
1 1
...

...
1 1


(7.27)

and the unknown variance components (Φ, σ2
E) of covariance matrix Σ is es-

timated by the restricted maximum likelihood method (B.38). Especially, the

maximum likelihood estimator β̂3 is given by the difference in means of change
from baseline, i.e.,

β̂3 =
1

n2

N∑
i=1

di(S, T )x1i −
1

n1

N∑
i=1

di(S, T )(1− x1i) (7.28)

where
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di(S, T ) = ȳi+(post) − ȳi+(pre) (7.29)

ȳi+(post) =
1

T

T∑
j=1

yij , (7.30)

ȳi+(pre) =
1

S

0∑
j=−S+1

yij (7.31)

and its variance is given by

Var(β̂3) =
n1 + n2
n1n2

{
σ2
B1 +

(
S + T

ST

)
σ2
E

}
. (7.32)

As the parameter β3 denotes the treatment effect (average here) of the new
treatment compared with the control treatment, the null and alternative hy-
potheses of interest will be one of the following three sets of hypotheses as
discussed in Section 1.3:

1. Test for superiority: If a negative β3 indicates benefits as in the BDI
example, the superiority hypotheses are given by

H0 : β3 ≥ 0, versus H1 : β3 < 0. (7.33)

If a positive β3 indicates benefits, then they are

H0 : β3 ≤ 0, versus H1 : β3 > 0. (7.34)

2. Test for non-inferiority : If a negative β3 indicates benefits as in the BDI
example, the non-inferiority hypotheses are given by

H0 : β3 ≥ ∆, versus H1 : β3 < ∆. (7.35)

where ∆(> 0) denotes the non-inferiority margin. If a positive β3 indi-
cates benefits, then they are

H0 : β3 ≤ −∆, versus H1 : β3 > −∆. (7.36)

3. Test for substantial superiority: If a negative β3 indicates benefits as in
the BDI example, the substantial superiority hypotheses are given by

H0 : β3 ≥ −∆, versus H1 : β3 < −∆. (7.37)

where ∆(> 0) denotes the substantial superiority margin. If a positive
β3 indicates benefits, then they are

H0 : β3 ≤ ∆, versus H1 : β3 > ∆. (7.38)
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Then, the sample size (number of subjects) formula with two equally sized
groups (n1 = n2 = n) with an effect size β3 for the superiority test under
the random intercept plus slope model with two-sided significance level α and
power 100(1− φ)% for the 1:1 design is given by

nS=1,T=1 = 2(Zα/2 + Zφ)2 × σ2
B1 + 2σ2

E

β2
3

, (7.39)

where Zγ denotes the upper 100γ% percentile of the standard normal distri-
bution. Then, we have the following sample size nS,T for the superiority test
under the S:T design:

nS,T = 2(Zα/2 + Zφ)2 ×
σ2
B1 +

(
S+T
ST

)
σ2
E

β2
3

. (7.40)

Namely, compared with the 1:1 design, the reduction percent rS,T in sample
size is given by

rS,T = 1− nS,T
nS=1,T=1

=

(
2− S+T

ST

)
σ2
E

σ2
B1 + 2σ2

E

. (7.41)

The corresponding sample size formula n
(NI)
S,T for the non-inferiority test (7.35)

or (7.36) is given by

n
(NI)
S,T = 2(Zα/2 + Zφ)2 ×

σ2
B1 +

(
S+T
ST

)
σ2
E

(β3 + ∆sign(β3))2
, (7.42)

where

sign(x) =

{
1, x > 0
−1, x < 0.

Furthermore, the corresponding sample size formula n
(SS)
S,T for the substantial

superiority test (7.37) or (7.38) is given by

n
(SS)
S,T = 2(Zα/2 + Zφ)2 ×

σ2
B1 +

(
S+T
ST

)
σ2
E

(β3 −∆sign(β3))2
. (7.43)

It should be noted that the sample size formulas for the superiority test in
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longitudinal data analysis described in the literature (Diggle et al., 2002; Fitz-
maurice, Laird and Ware, 2011) are different from those above and are based
on the following repeated measures model for the 0:T design where the base-
line data is usually used as a covariate:

yij | b2i = β0 + b2i + β∗3x1i + εij , j = 1, ..., T

b2i = b0i + b1i ∼ N(0, σ2
B2), σ2

B2 = σ2
B0 + σ2

B1 + 2ρBσB0σB1

εij ∼ N(0, σ2
E),

where β∗3 denote the difference in means of average treatment effect during
the evaluation period, which is expected to be equal to β3 in RCT, i.e.,

β̂∗3 =
1

n2

N∑
i=1

ȳi+(post)x1i −
1

n1

N∑
i=1

ȳi+(post)(1− x1i)

and

Var(β̂∗3) =
n1 + n2
n1n2

(
σ2
B0 + σ2

B1 + 2ρBσB0σB1 +
1

T
σ2
E

)
.

Namely, the sample size formula is

nT = 2(Zα/2 + Zβ)2 × σ2
B2 + σ2

E/T

β2
3

=
2(Zα/2 + Zβ)2σ2

β2
3

· 1 + (T − 1)ρ

T
, (7.44)

where σ2 = Var(yij) = σ2
B2+σ2

E and covariance Cov(yij , yij′ ) has a compound
symmetry with a correlation coefficient ρ given by

ρ =
σ2
B2

σ2
B2 + σ2

E

=
σ2
B0 + σ2

B1 + 2ρBσB0σB1

σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

. (7.45)

Example:

In the random intercept plus slope model (Model Va), when applied to the
Beat the Blues Data, the variances of random effects (b0i, b1i) are estimated
as nearly σ̂2

B1 = 40, σ̂2
E = 30. Using these variance estimates, let us calculate
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TABLE 7.9
Reduction percent rS,T in the sample size of the S:T design compared with
the 1:1 design under the random intercept plus slope normal regression model
for the case of σ̂2

B1 = 40, σ̂2
E = 30.

S T
1 2 3 4 5

1 . 0.150 0.200 0.225 0.240
2 0.150 0.300 0.350 0.375 0.390
3 0.200 0.350 0.400 0.425 0.440
4 0.225 0.375 0.425 0.450 0.465
5 0.240 0.390 0.440 0.465 0.480

the sample size (7.40) for the superiority test (7.33) or (7.34) needed to detect
an effect size of β3 = 2.5 (BDI score), an estimate from the model, with 80%
power at α = 0.05. For example, for the 1:4 design, the sample size (equal
number of subjects per group) is calculated to be

nS=1,T=4 = 2× (1.96 + 0.84)2 ×
(

40 +
1 + 4

1× 4
× 30

)
/(2.52) = 194.4.

Thus, we need 195 subjects per group and need to enroll 390 subjects in total.
However, if we plan 2:4 design, the sample size is

nS=2,T=4 = 2× (1.96 + 0.84)2 ×
(

40 +
2 + 4

2× 4
× 30

)
/(2.52) = 156.8.

Thus, we need a total of 157×2 = 314 subjects, which is a reduction of 19.5%
compared with the 1:4 design. Furthermore, if we plan 3:4 design, we need a
total of 290 subjects, indicating a reduction of 25.6% compared with the 1:4
design.

Using estimates σ̂2
B1 = 40, σ̂2

E = 30, the reduction percent rS,T (7.41) of
the sample size required for the S:T design compared with that of the 1:1
design is shown for several combination of values of (S, T ) in Table 7.9.

7.8.1.2 Sample size allowing for missing data

In longitudinal repeated measures studies, missing data are said to be the
rule, not the exception (Fitzmaurice et al., 2011). Consequently, it is often
recommended to calculate the sample size conservatively to adjust for the
potential loss of power due to the occurrence of missing data.
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The sample size calculations for longitudinal data analysis in the literature
(for example, Diggle et al., 2002; Hedeker and Gibbons, 2006; Fitzmaurice,
Laird and Ware, 2011) consider formulas for sample size estimation and as-
sessment of statistical power allowing for subject attrition and a variety of
covariance structures for the repeated measurements. However, it seems that
they do not consider the baseline data in their longitudinal design and con-
sider the 0:T design in the comparison of two groups across all time points
including the first time point.

Much of the literature on the modeling of missing data has been restricted
to dropout or attrition, that is, to the missing patterns in which missing data
are always only followed by missing data (for example, see Verbeke and Molen-
berghs, 2001; Diggle et al., 2002). The main reason for this is that it is easier
to formulate models for patterns with dropouts than those with intermittent
missing data because the latter includes a wider variety of patterns that are
more difficult to handle. In such a modeling approach, however, there occurs
inevitable difficulty because the same pattern of dropout might have differ-
ent meanings and/or reasons depending on the subject, i.e., one might be
informative but another non-informative.

In this section, we do not undertake any complex modeling approach but
only assume that any patterns of missing data occur as MAR (missing at ran-
dom) or as MCAR (missing completely at random) according to the Rubin’s
definition (1976). Then, under at least the MAR assumption, we shall calcu-
late the power of the sample size nS,T and modify the sample size formula
(7.40) for the superiority test to allow for the distribution of the number of
missing data to be expected at the stage of statistical analysis (Tango, 2017).

A. Number of subjects eligible and missing distribution

Let us assume here that, at the design stage, the sample size nS,T (= n1 = n2)
is determined by formula (7.40) with a two-sided significance level α and power
100(1−φ)%. At the stage of statistical analysis of data, let si(= 0, 1, ..., S−1)
and ti(= 0, 1, ..., T ) denote the number of missing data for the ith subject dur-
ing the baseline period and during the evaluation period, respectively. Needless
to say, the number of missing data during the baseline period could be zero
in a well-controlled clinical trial, but here we shall consider the possibility of
”missing” due to some inevitable reasons which are obviously missing com-
pletely at random (MCAR). Assume further here that the ith subject with
ti = T (all data are missing during the evaluation period) is defined as ineligi-
ble and is excluded from the statistical analysis. Let π denote the probability
of being ineligible and
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x3ij =

{
0, if the jth measurement is missing for the ith subject
1, otherwise

(7.46)

δa,b =

{
0, if a = b
1, otherwise.

(7.47)

Then, the number of subjects eligible for the statistical analysis, m1 for the
control group and m2 for the new treatment group, are given by

m1 =

n1∑
i=1

δT,ti , m2 =

n1+n2∑
i=n1+1

δT,ti . (7.48)

Let m1kl and m2kl denote the frequency distribution of subjects eligible for
statistical analysis that have k(≤ S − 1) missing data during the baseline
period and l(≤ T −1) missing data during the evaluation period in the control
group and the new treatment group, respectively. Letting p1kl = m1kl/m1 and
p2kl = m2kl/m2, i.e., we have

S−1∑
k=0

T−1∑
l=0

p1kl =

S−1∑
k=0

T−1∑
l=0

p2kl = 1. (7.49)

We shall call p1kl and p2kl the missing distribution among eligible subjects in
the control group and the new treatment group, respectively.

B. Maximum likelihood estimator allowing for missing data

Let y
(kl)
i denote the (S+T − k− l)× 1 vector of the observed data rearranged

to the origin in yi. To illustrate this, let us consider several examples for the
case of S = 2, T = 3 where ymiss denotes the missing data:

yi = (yi(−1), yi0, yi1, ymiss, ymiss) ⇒ y
(02)
i = (yi(−1), yi0, yi1)

yi = (yi(−1), yi0, yi1, ymiss, yi3) ⇒ y
(01)
i = (yi(−1), yi0, yi1, y

∗
i2)

with y∗i2 = yi3

yi = (yi(−1), ymiss, ymiss, yi2, yi3) ⇒ y
(11)
i = (y∗i0, y

∗
i1, y

∗
i2) with

y∗i0 = yi(−1), y
∗
i1 = yi2, y

∗
i2 = yi3

Needless to say, we have y
(00)
i = yi. Then let
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s1kl =

n1∑
i=1

y
(kl)
i , s2kl =

n1+n2∑
i=n1+1

y
(kl)
i . (7.50)

Furthermore, we shall define three types of matrices. Let W1kl and W2kl

denote the (S + T − k − l) × 4 segment of the (S + T ) × 4 matrix Xi with
x1i = 0 (for the control group) and x1i = 1 (for the new treatment group),
respectively, i.e.,

W1kl =



1 0 0 0
...

...
...

...
1 0 0 0

1 0 1 0
...

...
...

...
1 0 1 0


S − k

T − l

(7.51)

W2kl =



1 1 0 0
...

...
...

...
1 1 0 0

1 1 1 1
...

...
...

...
1 1 1 1


S − k

T − l.

(7.52)

Let Ψkl denote the (S + T − k − l)× (S + T − k − l) matrix such that

S − k T − l

Ψkl = C ×



ρ2 ρ1 · · · ρ1 ρ3 ρ3 · · · ρ3
ρ1 ρ2 · · · ρ1 ρ3 ρ3 · · · ρ3
...

...
. . .

...
...

...
...

...
ρ1 ρ1 · · · ρ2 ρ3 ρ3 · · · ρ3
ρ3 ρ3 · · · ρ3 1 ρ4 · · · ρ4
ρ3 ρ3 · · · ρ3 ρ4 1 · · · ρ4
...

...
...

...
...

...
. . .

...
ρ3 ρ3 · · · ρ3 ρ4 ρ4 · · · 1



S − k

T − l

(7.53)

where
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C = σ2
B0 + 2ρBσB0σB1 + σ2

B1 + σ2
E

ρ1 =
σ2
B0

σ2
B0 + 2ρBσB0σB1 + σ2

B1 + σ2
E

ρ2 =
σ2
B0 + σ2

E

σ2
B0 + 2ρBσB0σB1 + σ2

B1 + σ2
E

ρ3 =
σ2
B0 + ρBσB0σB1

σ2
B0 + 2ρBσB0σB1 + σ2

B1 + σ2
E

ρ4 =
σ2
B0 + 2ρBσB0σB1 + σ2

B1

σ2
B0 + 2ρBσB0σB1 + σ2

B1 + σ2
E

.

Then the maximum likelihood estimator for β ignoring the missing data, say
β̂(m), can be expressed by the following special form

β̂(m) =

(
S−1∑
k=0

T−1∑
l=0

(m1p1klW
t
1klΨ

−1
kl W1kl +m2p2klW

t
2klΨ

−1
kl W2kl)

)−1

·
S−1∑
k=0

T−1∑
l=0

(m1p1klW
t
1klΨ

−1
kl s1kl +m2p2klW

t
2klΨ

−1
kl s2kl) (7.54)

and its covariance matrix is given by

Var(β̂(m)) =

(
S−1∑
k=0

T−1∑
l=0

(m1p1klW
t
1klΨ

−1
kl W1kl +m2p2klW

t
2klΨ

−1
kl W2kl)

)−1
= V1. (7.55)

It should be noted that when there is no missing data, the variance of β̂3 (7.32)
does not depend on the value of variance σ2

B0, but when there are missing
data, the variance (7.55) does depend on σ2

B0. Its dependency, however, is
quite small and could be negligible as shown later in examples.

C. Sample size formula allowing for missing data

Then the power 100(1−φ′)% of the sample size nS,T (the number of actually
randomized patients) that has (i) 2nS,T −m1−m2 ineligible subjects and (ii)
the missing distributions among eligible subjects, which could be expected in
the design stage, is given by asymptotically
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1− φ
′

= Pr

{
β̂3√

(V1)44
> Zα/2 | H1

}

= Pr

{
β̂3 − β3√

(V1)44
> Zα/2 −

β3√
(V1)44

| H1

}

= G

(Zα/2 + Zφ)

√
2

nS,T
{σ2

B1 +
(
S+T
ST

)
σ2
E}

(V1)44
− Zα/2

 ,(7.56)

where G(.) denotes the cumulative distribution function of the standard nor-
mal distribution and (V1)44 is the (4,4) element of the covariance matrix V1.
When m1 = m2 = nS,T , i.e., all subjects are eligible, the above power is

1− φ
′

= G

(Zα/2 + Zφ)

√
2{σ2

B1 +
(
S+T
ST

)
σ2
E}

(V2)44
− Zα/2

 , (7.57)

where V2 is given by

V2 =

(
S−1∑
k=0

T−1∑
l=0

(p1klW
t
1klΨ

−1
kl W1kl + p2klW

t
2klΨ

−1
kl W2kl)

)−1
. (7.58)

Needless to say, when there are no missing data, i.e., m1 = m2 = nS,T , p100 =

1, p200 = 1, we have 1− φ′ = 1− φ. Furthermore, the sample size formula to
allow for (a) the proportion π (its estimate will be (2nS,T −m1 −m2)/2nS,T
assuming to be equal for both groups) of the number of subjects with no data
during the evaluation period and (b) the missing distribution among eligible
subjects which could be expected in the design stage can be

n
(mis)
S,T =

(Zα/2 + Zφ)2

(1− π)β2
3

× (V2)44, (7.59)

where the number of eligible subjects are assumed to be equal for both treat-
ment groups, i.e., m1 = m2.

D. Examples

To illustrate use of the formulas (7.40), (7.56) and (7.59), we shall use the
Beat the Blues Data where we assume that the evaluation period is the first
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eight months after treatment began. So the repeated measures design will be
a 1:4 design.

Using the SAS procedure PROC MIXED, we applied Model V (7.22) to the
Beat the Blues Data without missing data (n1 = 25 and n2 = 27) and to the
full dataset with missing data. For the latter dataset, we used the likelihood-
based ignorable analysis by ignoring missing data under the MAR assumption.
Judging from the value of AIC, Model V with ρB = 0 fit better than that
with ρB 6= 0 for the full dataset. For the complete case analysis, we have the
following estimates (s.e.)

β̂3 = −4.86(2.4), σ̂2
B0 = 33.5(10.8), σ̂2

B1 = 39.8(13.4), σ̂2
E = 29.6(3.4)

and the corresponding estimates for the full dataset are

β̂3 = −2.51(1.8), σ̂2
B0 = 74.8(13.6), σ̂2

B1 = 37.5(10.6), σ̂2
E = 28.5(2.9).

These estimates tell us that the true effect size β3 could be between 2.5 and
5.0 and the variance components (σ2

B1, σ
2
E) are estimated as nearly σ̂2

B1 =
40, σ̂2

E = 30 with and without missing data. Furthermore, the full dataset
tells us that the number of missing data at baseline is zero and the number
of ineligible (all data are missing during evaluation period) is 3 only for the
TAU group, leading to m1 = 45,m2 = 52. The frequency distributions of the
missing data are (m100,m101,m102,m103) = (25, 4, 7, 9) for the TAU group
and (m200,m201,m202,m203) = (27, 2, 8, 15) for the BtheB group. Then the
missing distributions are

TAU group: p1 = (p100, p101, p102, p103) = (0.55, 0.09, 0.16, 0.20)

BtheB group: p2 = (p200, p201, p202, p203) = (0.52, 0.04, 0.15, 0.29).

Needless to say, these missing data are assumed to be missing at random here
for illustration.

To examine the power 1− φ′ of the sample size nS,T calculated to detect
an effect size β3 with 80% power at α = 0.05 assuming no missing data

and the sample size n
(mis)
S,T to allow for ineligible percent π and the missing

distributions {(p1kl, p2kl), k = 0, ..., (S − 1); l = 0, ..., (T − 1)}, we considered
the following settings:

1. The true effect size is considered to be β3 = 3.0.

2. Regarding the covariance of random effects, we considered σ2
B0 =

70, σ2
B1 = 40, ρB = 0, σ2

E = 30 similar to those of the ”Beat the Blues”
RCT. However, to examine the dependency of the covariances V1 or V2

on σ2
B0, we shall consider the two other values, i.e., σ2

B0 = 20, 150.
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3. Regarding the probability of being ineligible, two cases π = 0.00 and
π = 0.05 are considered.

4. Two repeated measures designs, the 1:4 design and the 2:4 design, are
considered.

5. For the 1:4 design, ”no missing data at baseline” is assumed (because
subjects with no baseline data cannot be randomized) and three types
of missing distributions during the evaluation period are considered, i.e.,

(1-1) No missing data, i.e., p100 = p200 = 1.0.

(1-2) Type A: similar to the missing distribution of the ”Beat the Blues”
RCT:

TAU group: p1 = (0.5, 0.1, 0.2, 0.2)

BtheB group: p2 = (0.5, 0.05, 0.15, 0.3)

(1-3) Type B: Shift all the subjects’ number of missing data in type A
to the largest three, a bit extreme, to examine the effect on power
and sample size.

TAU group: p1 = (0.5, 0.0, 0.0, 0.5)

BtheB group: p2 = (0.5, 0.0, 0.0, 0.5)

6. For the 2:4 design, we considered six types of missing distributions, i.e.,

(2-1) No missing data at all, i.e., p100 = p200 = 1.

(2-2) No missing data during the baseline period and the type A missing
distribution during the evaluation period:

TAU group: p1 =

(
p100 p101 p102 p103
p110 p111 p112 p113

)
=

(
0.5 0.1 0.2 0.2
0.0 0.0 0.0 0.0

)
BtheB group: p2 =

(
p200 p201 p202 p203
p210 p211 p212 p213

)
=

(
0.5 0.05 0.15 0.3
0.0 0.00 0.00 0.0

)
.
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(2-3) No missing data during the baseline period and the type B missing
distribution during the evaluation period:

TAU group: p1 =

(
0.5 0.0 0.0 0.5
0.0 0.0 0.0 0.0

)
BtheB group: p2 =

(
0.5 0.0 0.0 0.5
0.0 0.0 0.0 0.0

)
.

(3-1) 10% missing during the baseline period and no missing data during
the evaluation period, i.e., p100 = p200 = 0.9, p110 = p210 = 0.1.

(3-2) 10% missing during the baseline period and the type A missing
distribution during the evaluation period:

TAU group: p1 =

(
0.45 0.09 0.18 0.18
0.05 0.01 0.02 0.02

)
BtheB group: p2 =

(
0.45 0.04 0.13 0.27
0.05 0.01 0.02 0.03

)
.

(3-3) 10% missing during the baseline period and the type B missing
distribution during the evaluation period:

TAU group: p1 =

(
0.45 0.0 0.0 0.45
0.05 0.0 0.0 0.05

)
BtheB group: p2 =

(
0.45 0.0 0.0 0.45
0.05 0.0 0.0 0.05

)
.

Results are shown in Table 7.10. For example, the sample size nS,T assum-
ing no ineligible subjects and no missing data is calculated as 135.2 for the 1:4
design and 109.0 for the 2:4 design, respectively, indicating that the 2:4 design
has a 19.4% reduction in sample size compared with the 1:4 design. It should
be noted that the sample size nS,T (indicated in bold numbers in Table 7.10)
does not depend on σ2

B0. For the 1:4 design with π = 5%, no missing data
at baseline, and the type A missing distribution during the evaluation period,
the power decreases to 75.1% and the required sample size m1,4 increases to
153.5. On the other hand, for the 2:4 design with π = 5%, no missing data
during the baseline period, and the missing type B during the evaluation pe-
riod, the power decreases to 72.1% and the required sample size m2,4 increases
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TABLE 7.10
Power 1 − φ

′
of sample size nS,T to detect an effect size β3 = 3.0 (σ2

B1 =

40, σ2
E = 30) with 80% power at α = 0.05 and sample size n

(mis)
S,T with 80%

power at α = 0.05 to allow for missing data for various combinations of
repeated measures designs, probability of being ineligible π, value of σ2

B0,
missing distribution during baseline and evaluation period {(p1kl, p2kl), k =

0, ..., (S − 1); l = 0, ..., (T − 1)}. Bold numbers indicate n
(mis)
S,T = nS,T .

π Missing Power of nS,T n
(mis)
S,T

distribution
Value of σ2

B0 Value of σ2
B0

20 70 150 20 70 150

(1) 1 : 4 design with no missing data at baseline

0.00 None 0.800 0.800 0.800 135.2 135.2 135.2
Type A 0.770 0.770 0.769 145.6 145.8 145.9
Type B 0.753 0.752 0.752 151.7 152.0 152.2

0.05 None 0.782 0.782 0.782 142.3 142.3 142.3
Type A 0.751 0.751 0.751 153.3 153.5 153.6
Type B 0.734 0.733 0.733 159.7 160.0 160.2

(2) 2 : 4 design with no missing data during the baseline period

0.00 None 0.800 0.800 0.800 109.0 109.0 109.0
Type A 0.764 0.763 0.763 119.3 119.5 119.5
Type B 0.743 0.742 0.742 125.4 125.5 125.5

0.05 None 0.780 0.780 0.780 114.7 114.7 114.7
Type A 0.742 0.742 0.742 125.6 125.7 125.8
Type B 0.721 0.721 0.720 132.0 132.1 132.2

(3) 2 : 4 design with 10% missing data during the baseline period

0.00 None 0.790 0.790 0.789 111.9 111.9 112.0
Type A 0.757 0.756 0.755 121.2 121.6 121.7
Type B 0.737 0.736 0.735 127.2 127.6 127.7

0.05 None 0.753 0.752 0.752 117.8 117.8 117.9
Type A 0.735 0.734 0.734 127.6 128.0 128.1
Type B 0.715 0.714 0.713 133.9 134.3 134.4

Regarding missing distribution during evaluation period,

#:None means that p1+0 = p2+0 = 1.

#:Type A: Close to the missing distributions during the evaluation period of the BDI

example.

#:Type B: p1+0 = p1+3 = p2+0 = p2+3 = 0.5 for both treatment groups.
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to 132.1, which is close to n1,4 = 135.2. For all the combinations examined

here, the effects of the value of variance σ2
B0 on the power 1 − φ′ and n

(mis)
S,T

are shown to be negligible.

7.8.2 Sample size for the treatment by linear time interac-
tion

In this section, we shall consider the situation where the primary interest
is testing the treatment by linear time interaction, i.e., testing whether the
differences between treatment groups are linearly increasing over time as dis-
cussed in Section 7.6. In other words, the treatment effect can be expressed
in terms of the difference in slopes of linear trend or rates of improvement. To
do this, we shall consider Model VII or the random intercept plus slope model
within the framework of S:T design. Namely, the model is expressed as

yij | bi = b0i + β0 + β1x1i + (β2 + β3x1i + b1i)tj + εij (7.60)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
i = 1, ..., n1 (the control group);

= n1 + 1, ..., n1 + n2 = N (the new treatment group)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where the bi and εij are assumed to be independent of each other and tj
denotes the jth measurement time but all the measurement times during the
baseline period are set to be the same time as t0, which is usually set to be
zero, i.e.,

t−S+1 = t−S+2 = · · · = t0 = 0. (7.61)

Here also, the parameter β3 denotes the treatment effect. Then, the null and
alternative hypotheses of interest will be one of the three sets of hypotheses
(7.33)–(7.38). The maximum likelihood estimator β̂3 is given by the following
closed form

β̂3 =
1

n2

n1+n2∑
i=n1+1

γ̂i(S, T )− 1

n1

n1∑
i=1

γ̂i(S, T ), (7.62)

where γ̂i(S, T ) is the estimate for the ith subject’s slope γi = β2 + b1i+β3x1i,
i.e.,
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γ̂i(S, T ) =

∑T
j=1−S(tj − t̄∗)(yij − ȳi+)∑T

j=1−S(tj − t̄∗)2
(7.63)

t̄∗ =
(S − 1)t0 + (T + 1)t̄

S + T
(7.64)

t̄ =

∑t
j=0 tj

T + 1
, (7.65)

and its variance is given by

Var(β̂3) =
n1 + n2
n1n2

σ2
B1 + σ2

E

 T∑
j=1−S

(tj − t̄∗)2
−1


=

n1 + n2
n1n2

(σ2
B1 + σ2

E Q(S, T )−1), (7.66)

where

Q(S, T ) =

T∑
j=0

(tj − t̄)2 +
(S − 1)(T + 1)

S + T
(t0 − t̄)2. (7.67)

Then, the sample size (number of subjects) formula (Tango 2016b) with two
equal sized groups (n1 = n2 = n) to detect an effect size β3 for the superiority
test (7.33) or (7.34) with two-sided significance level α and power 100(1−φ)%
is given by

nS,T = 2
(Zα/2 + Zφ)2

β2
3

(σ2
B1 + σ2

E Q(S, T )−1) (7.68)

which is an extension of the sample size formula n1,T described in the literature
(for example, see Fitzmaurice, Laird, and Ware (2011), Chapter 20). As an
important fact, sample size nS,T is smaller than n1,T and the reduction percent
rS,T in sample size is given by

rS,T = 1− nS,T
n1,T

= σ2
E ×

(
∑T
j=0(tj − t̄)2)−1 −Q(S, T )−1

σ2
B1 + σ2

E(
∑T
j=0(tj − t̄)2)−1

. (7.69)

The corresponding sample size formula n
(NI)
S,T for the non-inferiority test (7.35)

or (7.36) is given by
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n
(NI)
S,T = 2

(Zα/2 + Zφ)2

(β3 + ∆sign(β3))2
(σ2
B1 + σ2

E Q(S, T )−1) (7.70)

Furthermore, the corresponding sample size formula n
(SS)
S,T for the substantial

superiority test (7.37) or (7.38) is given by

n
(SS)
S,T = 2

(Zα/2 + Zφ)2

(β3 −∆sign(β3))2
(σ2
B1 + σ2

E Q(S, T )−1) (7.71)

However, the impact of the missing data on the sample size required for a
test of treatment by linear time interaction strongly depends on the patterns
of missing data and so it is not so easy to derive the general formula of the
sample size allowing for missing data.

Example:

To illustrate use of the sample size formula (7.68) and the reduction per-
cent (7.69), let us consider the same example as that used by Fitzmaurice,
Laird and Ware (2011). Suppose that investigators are interested in establish-
ing whether the new treatment is superior (a superiority test) to the control
treatment regarding the rate of improvement, in other words, the difference
in slopes, β3. The response variable is continuous and assumed to have an
approximate normal distribution. The investigators plan to (1) set the length
of the study as two years, (2) randomize an equal number of subjects to re-
ceive either of the two treatments, and (3) take five repeated measurements of
the response, one during the baseline period, and the remainder at 6-month
intervals until the completion of the study. Namely, they plan the 1:4 design
with five measurement times (t0, t1, t2, t3, t4) = (0, 0.5, 1.0, 1.5, 2.0).

Suppose further that the investigators want to detect a minimum treat-
ment effect of β3 = 1.2, that is, a difference in the annual rates of change
in the new treatment and control groups of no less than 1.2. Based on the
historical data from similar populations, the investigators posit that σ2

B1 = 2
and σ2

E = 7. Then, the sample size per group n1,4 with 90% power at α = 0.05
is calculated to be

n1,4 = 2
(1.96 + 1.28)2

1.22
× (2 + 7/2.5) = 70.0,

where t̄ = 1,
∑T
j=0(tj − t̄)2 = 2.5. If the investigators plan two (S = 2)

measurements during the baseline period, the sample size would be
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TABLE 7.11
Sample size nS,T and the reduction percent rS,T (in brackets) of the S:T design
for the superiority tests of the random intercept plus slope model (7.60) with
σ2
B1 = 7, σ2

E = 2 and an effect size β3 = 1.2 with 90% power at α = 0.05
where T measurement times after randomization are assumed to be equally
spaced throughout the two-year duration of the study.

S T
2 3 4 5 6

1 80.3 75.2 70.0 65.7 62.0
2 66.3 (17.4) 63.0 (16.2) 60.0 (14.3) 57.1 (13.0) 54.8 (11.6)
3 61.1 (23.9) 57.9 (22.9) 55.2 (21.2) 52.9 (19.3) 51.1 (17.6)
4 58.4 (27.3) 55.1 (26.6) 52.5 (25.0) 50.5 (23.1) 48.8 (21.3)
5 56.7 (29.4) 53.4 (29.0) 50.8 (27.5) 48.8 (25.6) 47.2 (23.8)

n2,4 = 2
(1.96 + 1.28)2

1.22

×

{
2 + 7×

(
2.5 +

(2− 1)× (4 + 1)

2 + 4
× (0− 1)2

)−1}
= 60.0.

which leads to 14.3% reduction. Furthermore, if they plan three (S = 3) or
four (S = 4) measurements during the baseline period, the sample size would
be reduced to 55.1 (21.2% reduction) or 52.5 (25.0% reduction), respectively.
Within the framework of a two-year study period, the sample size nS,T and
the reduction percent rS,T to detect β3 = 1.2 with 90% power at α = 0.05
is shown in Table 7.11 for several combinations of values of (S, T ) where T
measurement times after randomization are assumed to be equally spaced
throughout the two-year duration of the study.

7.9 Discussion

In this chapter, several mixed-effects models are introduced and are illustrated
with real data from a randomized controlled trial called Beat the Blues Data
with 1:4 design. Needless to say, selection of the appropriate model depends
on the purpose of the trial and an appropriate model should be examined
cautiously using data from the previous trials.
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Especially, we would like to stress that the set of models for the aver-
age treatment effect within the framework of S:T repeated measures design
should be considered as a practical and important trial design, which is a
better extension of the ordinary 1:1 design combined with ANCOVA in terms
of sample size reduction and easier handling of missing data. Section 7.7.3
compared the estimates of treatment effect obtained from the ANCOVA-type
models VIIIa (IX) with those from the repeated measures models VIIa (Va)
and both Model VIIa (Va) and Model VIIIa (IX) gave similar estimates but
the repeated measures models tend to give smaller p-values, although all es-
timates are statistically non-significant at 5% significance level.

However, the repeated measures models can be more natural for the S:T
repeated measures design with S > 1 than the ordinary ANCOVA because
the latter model must additionally consider how to deal with repeated mea-
surements made before randomization.
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Mixed-effects logistic regression models

In this chapter, we shall introduce the following three practical and important
types of statistical analysis plans or statistical models that you frequently
encounter in many randomized controlled trials:

♦ models for the treatment effect at each scheduled visit,
♦ models for the average treatment effect, and
♦ models for the treatment by linear time interaction,

which are illustrated with real data from a randomized controlled trial called
Respiratory Data. It should be noted that the problem of which model should
be used in our trial largely depends on the purpose of the trial. Furthermore,
to contrast the traditional ANCOVA-type analysis frequently used in the pre-
post design (1:1 design) where the baseline measurement is used as a covariate,
we shall introduce

♦ANCOVA-type models adjusting for baseline measurement

for the 1:T design. Finally, sample size calculations needed for some models
with S:T repeated measures design are presented and illustrated with real
data.

8.1 Example 1: The Respiratory Data with 1:4 design

The first data used in this chapter comes from a randomized controlled trial
conducted in two centres to compare two treatments for a respiratory illness
(see Davis 1991 for details), which are introduced and analyzed in Everitt
and Hothorn (2010). The respiratory status (categorized “poor” or “good”)
was determined prior to randomization and at each of four monthly visits
after randomization (S = 1, T = 4). There are three covariates, centre (1, 2),
age, and gender (male, female). The trial recruited N = 111 patients in total
(n1 = 57 in the placebo group, n2 = N − n1 = 54 in the active treatment
group) and there were no missing data. A part of the Respiratory Data in

149
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TABLE 8.1
Respiratory Data: Data set with long format from a randomized placebo-
controlled trial for patients suffering from respiratory illness. Data for the
first fifteen patients are shown.� �
No. centre subject visit treatment status gender age

1 1 1 0 placebo poor female 46

2 1 1 1 placebo poor female 46

3 1 1 2 placebo poor female 46

4 1 1 3 placebo poor female 46

5 1 1 4 placebo poor female 46

6 1 2 0 placebo poor female 28

7 1 2 1 placebo poor female 28

8 1 2 2 placebo poor female 28

9 1 2 3 placebo poor female 28

10 1 2 4 placebo poor female 28

11 1 3 0 treatment good female 23

12 1 3 1 treatment good female 23

13 1 3 2 treatment good female 23

14 1 3 3 treatment good female 23

15 1 3 4 treatment good female 23� �
the long format is shown in Table 8.1 1 which includes the following eight
variables:

1. no: serial number for each record within the data set.

2. centre: a numeric factor for the study center (1, 2).

3. subject: a numeric factor indicating the subject ID.

4. visit: a numeric factor indicating the month of visit to the center during
the treatment period, which has 0 (baseline), 1, 2, 3, 4.

5. treatment: a binary variable for the treatment group (the new treat-
ment = 1, placebo = 0).

6. status: a binary variable for the respiratory status at each visit (poor
= 0, good = 1)

7. gender: a binary variable for gender (female = 0, male = 1).

1This data set is available as the data frame respiratory in the R system for statistical
computing using the following code: data(“respiratory”, package=“HSAUR2”)
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TABLE 8.2
Frequency distribution of the respiratory status by treatment group and visit.� �
Treatment group

0 1 2 3 4 months

good 24 37 38 39 34

poor 30 17 16 15 20

Placebo group

0 1 2 3 4 months

good 26 28 22 26 25

poor 31 29 35 31 32� �
8. age: a continuous variable for age.

8.2 Odds ratio

In Table 8.2, the frequency distribution of the respiratory status by treatment
group and visit is shown, which seems to have some information regarding
the efficacy of the new treatment compared with the placebo. In the placebo
group, the proportion or probability of the respiratory status being “good”
is p0 = 26/57 = 45.6% at baseline and does not change a lot all through
the period. On the other hand, in the new treatment group, the probability
is p0 = 24/54 = 44.4% at baseline but improved to p1 = 37/54 = 68.5% at
month 1 and, after that, the probability is estimated to have ranged between
63% (at month 4) and 72% (at month 3).

One typical way of illustrating this situation is to use the odds and the
odds ratio among the population in each treatment group at each visit. The
odds of being “good” is defined as the ratio of the probability of being “good”
to the probability of being “poor.” For example, the odds of being “good”
is estimated as p0/(1 − p0) = 26/31 at baseline and p1/(1 − p1) = 28/29 at
month 1 for the placebo group. The odds ratio of being “good” at the jth
visit to the baseline is calculated as the odds of being “good” at the jth visit
divided by the odds at baseline. This gives

OR10 = p1/(1− p1)÷ p0/(1− p0) = (28/29)÷ (26/31) = 1.15
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as an estimate of the odds ratio at month 1 to the baseline for the placebo
group. Similarly, we have

OR20 = (22/35)÷ (26/31) = 0.749

OR30 = (26/31)÷ (26/31) = 1.00

OR40 = (25/32)÷ (26/31) = 0.931.

In this case, these odds and odds ratios among the population are assumed
to be the same for all the subjects. So, these odds and odds ratios are called
marginal or population-averaged odds and odds ratios. Figure 8.1 shows the
change of the population-averaged odds ratio over time by treatment group.
It should be noted that these odds ratios do not take into account the hetero-
geneity of the subject-specific transition of the respiratory status from time
to time. In other words, these odds ratios can be estimated from the usual
fixed-effects logistic regression models as is shown in the next section. On the
other hand, the mixed-effects logistic regression model to be introduced in
this chapter does take the heterogeneity of the subject-specific transition of
the respiratory status into account and gives the subject-specific odds ratios.

8.3 Logistic regression models

Let yij denote the respiratory status of the ith subject at the jth visit and
yij = 1 if subject i’s respiratory status is “good” and yij = 0 if the status
is “poor.” In this binary response variable, the linear (normal) regression
model assuming yij to be distributed with a normal distribution would not
be suitable. Rather, it would be quite natural to apply the logistic regression
model which models the logarithm of odds of being “good.” Let p denote the
probability of being “good” in general. As the logarithm of odds of being “good”
is simply the logit transformation of p, i.e., a fixed-effects logistic regression
model with covariates (x1, ..., xq) is defined as

logit p = log
p

1− p
= β0 + β1x1 + · · ·+ βqxq. (8.1)

For example, consider the following fixed-effects logistic model to the Respi-
ratory Data:

logit pij = log
pij

1− pij
= βPA0 + βPA1 x2ij (8.2)
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FIGURE 8.1
The response profile by treatment group based on the population-averaged
odds ratio of being “good” at each visit versus the baseline.

where yij follows the Bernoulli distribution

yij ∼ Bernoulli(pij) (8.3)

pij = Pr(yij = 1) = E(yij) (8.4)

and the probability function of the Bernoulli distribution is expressed as

f(y | p) = py(1− p)1−y (8.5)

and

x2ij =

{
1, for j ≥ 1
0, for j = 0.

(8.6)

For the purpose of illustration, it is assumed here that all the subjects received
the same new treatment. Then the probability of the respiratory status being
“good” at baseline and during the treatment period is
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pi0 =
eβ

PA
0

1 + eβ
PA
0

, (8.7)

pij =
eβ

PA
0 +βPA1

1 + eβ
PA
0 +βPA1

(for j ≥ 1), (8.8)

respectively. This means that the probability of being “good” is the same for
all the subjects at each visit, in other words, the fixed-effects logistic model
does not take into account the heterogeneity or variability of the underlying
probability or propensity of being “good” at baseline. Therefore, the odds
ratio ORj0 comparing the probability of being “good” at the jth visit versus
at the baseline is given by

ORj0 = pij/(1− pij)÷ pi0/(1− pi0) = eβ
PA
1 . (8.9)

In other words, this odds ratio (8.9) denotes the ratio of the odds of an average
subject with “good” respiratory status at month j to the odds of an average
subject with “good” status at baseline.

Next, let us consider the logistic regression model where subjects in the
populations may differ with respect to their propensity of being “good” at
baseline. To do this, we shall introduce the unobserved random intercept b0i
reflecting the heterogeneity or inter-subject variability at baseline and consider
the following mixed-effects logistic regression model:

logit Pr(yij = 1 | b0i) = βSS0 + b0i + βSS1 x2ij (8.10)

where, conditional on the random intercept b0i, each yij independently follows
the Bernoulli distribution

yij | b0i ∼ Bernoulli(pij), (8.11)

where pij is the conditional expected value of yij , i.e.,

pij = Pr(yij = 1 | b0i) = E(yij | b01). (8.12)

Then, from the mixed-effects model (8.10), we have
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Pr(yi0 = 1 | b0i) =
eβ

SS
0 +b0i

1 + eβ
SS
0 +b0i

, (8.13)

Pr(yij = 1 | b0i) =
eβ

SS
0 +b0i+β

SS
1

1 + eβ
SS
0 +b0i+βSS1

(for j ≥ 1), (8.14)

which shows clearly the subject-specific probability of being “good” at baseline
and during the treatment period. Then, the subject-specific odds ratio is given
by

ORj0 =
Pr(yij = 1 | b0i)

1− Pr(yij = 1 | b0i)
÷ Pr(yi0 = 1 | b0i)

1− Pr(yi0 = 1 | b0i)

= eβ
SS
1 . (8.15)

The odds ratio (8.15) denotes the ratio of the odds of a given subject with
“good” respiratory status at month j to the odds of the same subject with
“good” status at baseline. That’s why the mixed-effects logistic regression
model is called the subject-specific model or SS model, and the fixed-effects
model is called the population-averaged model or PA model.

8.4 Models for the treatment effect at each scheduled
visit

In exploratory trials in the early phases of drug development, statistical anal-
yses of interest will be mainly to estimate the time-dependent mean
profile for each treatment group and to test whether there is any treatment-
by-time interaction. So, we shall here introduce two mixed-effects models to
estimate the treatment effect at each scheduled visit, i.e., (1) a random inter-
cept model and (2) a random intercept plus slope model with constant slope.
during the evaluation period.

8.4.1 Model I: Random intercept model

First, a random intercept model with random intercept b0i reflecting the inter-
subject variability at month 0 (baseline) can be given as
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logit Pr(yi0 = 1 | b0i) =

{
β0 + b0i +wt

iξ, (Placebo)
β0 + b0i + β1 +wt

iξ, (New treatment)

logit Pr(yij = 1 | b0i) =

 β0 + b0i + β2j +wt
iξ, (Placebo)

β0 + b0i + β1 + β2j + β3j +wt
iξ,

(New treatment)

j = 1, ..., 4,

where:

1. β0 denotes the mean subject-specific log-odds of being “good” in the
placebo group at baseline.

2. eβ0+bi0 denotes the subject-specific odds of being “good” in the placebo
group at baseline.

3. eβ1 denotes the subject-specific odds ratio comparing the odds of be-
ing “good” in the new treatment group versus in the placebo group at
baseline.

4. eβ2j denotes the subject-specific odds ratio comparing the odds of being
“good” at the jth visit versus at baseline in the placebo group.

5. eβ2j+β3j denotes the same quantity in the new treatment group.

6. β3j denotes the effect for the treatment-by-time interaction at the jth
visit or eβ3j denotes a ratio of these two subject-specific odds ratios or
the subject-specific odds ratio ratio (ORR). In other words, eβ3j means
the subject-specific treatment effect of the new treatment compared with
placebo at the jth visit in terms of the ORR.

7. wt
i = (w1i, ..., wqi) is a vector of covariates.

8. ξt = (ξ1, ..., ξq) is a vector of coefficients for covariates.

Needless to say, we should add the phrase “adjusted for covariates” to the
interpretations of fixed-effects parameters β, but we omit the phrase in what
follows. As in Section 7.4.1, by introducing the two dummy variables x1i, x2ij ,
the above model can be re-expressed as

logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i + β2jx2ij + β3jx1ix2ij +wt
iξ

(8.16)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

b0i ∼ N(0, σ2
B0),
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where the random intercepts b0i are assumed to be normally distributed with
zero mean and variance σ2

B0 and

x1i =

{
1, if the ith subject is assigned to the new treatment
0, if the ith subject is assigned to the control

(8.17)

x2ij =

{
1, for j ≥ 1 (evaluation period)
0, for j ≤ 0 (baseline period).

(8.18)

It should be noted here also that an important assumption is, given the random
intercept b0i, the subject-specific repeated measures (yi0, ..., yi4) are mutually
independent.

8.4.2 Model II: Random intercept plus slope model

As the second model, consider a random intercept plus slope model by simply
adding the random slope b1i taking account of the inter-subject variability of
the response to the treatment assumed to be constant during the treatment
period, which is given by

logit Pr(yi0 = 1 | b0i) =

{
β0 + b0i +wt

iξ, (Placebo)
β0 + b0i + β1 +wt

iξ, (New treatment)

logit Pr(yij = 1 | b0i, b1i) =

 β0 + b0i + b1i + β2j +wt
iξ, (Placebo)

β0 + b0i + b1i + β1 + β2j + β3j +wt
iξ,

(New treatment)

j = 1, ..., 4.

Namely, we have

logit Pr(yij = 1 | b0i, b1i) = β0 + b0i + b1ix2ij + β1x1i + β2jx2ij

+β3jx1ix2ij +wt
iξ (8.19)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB0

ρBσB0σB1 σ2
B1

)
.

We shall call the model II with ρB = 0 Model IIa and the one with ρB 6= 0
Model IIb. It should be noted that the random slope introduced in the above
model does not mean the slope on the time or a linear time trend, which will
be considered in Section 8.6.
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8.4.3 Analysis using SAS

Now, let us apply Models I, IIa and IIb to the Respiratory Data using PROC

GRIMMIX. The following considerations are required for coding SAS programs
(some of them have already been described in Sections 3.5 and 7.4.4):

1. A binary variable treatment indicates x1i.

2. Create a new binary variable post indicating x2ij in the DATA step as

if visit=0 then post=0; else post=1;

3. The fixed effects β2j can be expressed via the variable visit (main
factor), which must be specified as a numeric factor by the CLASS state-
ment.

4. The fixed effects β3j can be expressed via the treatment * visit in-
teraction.

5. As already explained in Section 3.5, the CLASS statement needs the op-
tion /ref=first to specify that first category is the reference category.

6. The option method=quad specifies the adaptive Gauss–Hermite quadra-
ture method for evaluating integrals involved in the calculation of the
log-likelihood. For details on the reason why the adaptive Gauss-Hermite
quadrature method is used, see Section B.3 in Appendix B.

7. The option (qpoints=15) specifies the number of nodes used for eval-
uating integrals for the likelihood. For the details to select the number
of nodes, see Section B.3.3.2 in Appendix B.

8. The logistic regression model is specified as

model status (event="1") =

because the status =1 for “good.”

9. When you would like to fit the random intercept and slope model with
ρB = 0, you have to use the following RANDOM statement:

random intercept post /type=simple subject=id g gcorr ;

When you would like to fit the model with ρB 6= 0, you have to use the
option type=un

random intercept post /type=un subject=id g gcorr ;
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10. As in the case of the normal linear regression models, let us perform the
same diagnostic based on studentized conditional residuals, which is use-
ful to examine whether the subject-specific model is adequate, although
PROC GLIMMIX provides several kinds of panels of residual diagnostics.
Each panel consists of a plot of residuals versus predicted values, a his-
togram with normal density overlaid, a Q-Q plot, and the box plots of
residuals. We can do this in the same manner as explained in Section
7.4.4.

The respective sets of SAS programs are shown in Program 8.1 and the results
for Model I are shown in Output 8.1.

� �
Program 8.1. SAS procedure PROC GRIMMIX for Models I, IIa, IIb

data resplong ;

infile ’c:\book\RepeatedMeasure\longresp.txt’ missover;

input no centre subject visit treatment status gender age;

if visit=0 then post=0; else post=1;

ods graphics on;

proc glimmix data=resplong method=quad (qpoints=15)

plots=studentpanel( conditional blup) ;

class subject centre visit/ref=first ;

model status (event="1") = centre gender age treatment

visit treatment*visit

/ d=bin link=logit s cl ;

/* Model I */

random intercept / subject= subject g gcorr ;

/* Model IIa */

random intercept post / type=simple subject= subject g gcorr ;

/* Model IIb */

random intercept post / type=un subject= subject g gcorr ;� �



160 Repeated Measures Design with GLMM for RCT� �
Output 8.1. SAS procedure PROC GRIMMIX for Models I

Fit statistics

-2 Res Log Likelihood 565.95

AIC (smaller is better) 593.95

BIC (smaller is better) 631.88

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 5.9674 1.6638

Solution for Fixed Effects

Effect center visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -0.2810 0.8603 106 -0.33 0.7446 0.05 -1.9866 1.4246

centre 2 2.0290 0.5908 436 3.43 0.0007 0.05 0.8677 3.1902

centre 1 0 . . . . . . .

gender -0.4151 0.7397 436 -0.56 0.5750 0.05 -1.8689 1.0388

age -0.0302 0.0219 436 -1.38 0.1684 0.05 -0.0733 0.01284

treatment -0.1789 0.7363 436 -0.24 0.8081 0.05 -1.6260 1.2681

visit 1 0.2779 0.5278 436 0.53 0.5988 0.05 -0.7595 1.3153

visit 2 -0.5593 0.5317 436 -1.05 0.2934 0.05 -1.6042 0.4856

visit 3 2.2E-6 0.5269 436 0.00 1.0000 0.05 -1.0356 1.0356

visit 4 -0.1389 0.5273 436 -0.26 0.7923 0.05 -1.1752 0.8974

visit 0 0 . . . . . . .

treatment*visit 1 1.7181 0.7918 436 2.17 0.0306 0.05 0.1619 3.2742

treatment*visit 2 2.7284 0.8082 436 3.38 0.0008 0.05 1.1401 4.3168

treatment*visit 3 2.3477 0.8080 436 2.91 0.0039 0.05 0.7596 3.9358

treatment*visit 4 1.6411 0.7781 436 2.11 0.0355 0.05 0.1119 3.1703

treatment*visit 0 0 . . . . . .� �
In Model I, the estimated variance of the random intercept is σ̂2

B0 =
5.97 (s.e. = 1.66). In Figure 8.2, the response profile over time based on the

estimated subject-specific odds ratio, eβ̂2j (for the placebo group) or eβ̂2j+β̂3j

(for the new treatment group), is shown by group. The ratio of odds ratios,
i.e., the subject-specific effect size of the new treatment at each of four visits
after randomization eβ3j , is estimated as

e1.72 = 5.57, e2.73 = 15.31, e2.35 = 10.46, e1.64 = 5.16,

respectively, and all are statistically significant at 5% level. Some readers may
find that the absolute value of the subject-specific log odds ratios are larger
than the absolute value of the population-averaged log odds ratios shown in
Figure 8.1. Indeed, for example, the ratios of the former to the latter in the
placebo group are as follows:

• At month 1: 0.2779/ log(1.15) = 1.99

• At month 2: | −0.5593 | / | log(0.749) |= 1.94

• At month 4: | −0.1389 | / | log(0.931) |= 1.94
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FIGURE 8.2
The response profile by treatment group based on the estimated subject-
specific odds ratios (via Model I) of being “good” at each visit versus the
baseline.

Namely, these ratios are almost constant and falling around 1.95. Theoreti-
cally, the relationship between these two kinds of fixed parameters is given
by

Pr{yij = 1} =

∫ ∞
−∞

Pr{yij = 1 | b0i}φ(b0i)db0i, (8.20)

where φ(.) denotes the probability density function of the random intercept
b0i. We will show the computation of the population-averaged odds ratios by
visit in more detail below.
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Examples of calculation of the population-averaged odds ratios

+++++++++++++++++++++++

Month 1

+++++++++++++++++++++++

New drug group Fig 8.1

month

Model I (fixed-effects only)

0 1

good 24 37 ORn = 37*30/(24*17) = 2.72

poor 30 17 ORn/ORp = 2.36

log(ORn/ORp) = 0.86 = beta_3j

Placebo group

month

0 1

good 26 28 ORp = 28*31/(26*29) = 1.15

poor 31 29 log(ORp) = 0.14 = beta_2j

+++++++++++++++++++++++

Month 2

+++++++++++++++++++++++

New drug group

month

0 2

good 24 38 ORn = 38*30/(24*16) = 2.97

poor 30 16 ORn/ORp = 3.96

log(ORn/ORp) = 1.38 = beta_3j

Placebo group

month

0 2

good 26 22 ORp = 22*31/(26*35) = 0.75

poor 31 35 log(ORp) = -0.29 = beta_2j

+++++++++++++++++++++++

Month 3

+++++++++++++++++++++++

New drug group

month

0 3

good 24 39 ORn = 39*30/(24*15) = 3.25

poor 30 15 ORn/ORp = 3.25

log(ORn/ORp) = 1.18 = beta_3j

Placebo group

month

0 3

good 26 26 ORp = 26*31/(26*31) = 1.00

poor 31 31 log(ORp) = 0.00 = beta_2j� �
As a matter of fact, these estimates of population-averaged odds ratios can be
obtained by applying Model I using the SAS procedure PROC GRIMMIX, where
the RANDOM statement is deleted as shown in Program and Output 8.2.
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Program and Output 8.2. SAS procedure PROC GRIMMIX for Model I (fixed-effects only)
— deleting RANDOM statement —

<SAS program>

proc glimmix data=resplong method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = treatment visit treatment*visit

/ d=bin link=logit s cl ;

<A part of the results>

Fit statistics

-2 Res Log Likelihood 732.44

AIC (smaller is better) 752.44

BIC (smaller is better) 795.63

Solution for Fixed Effects

Effect visit Estimate S.E. DF t Value Pr>|t|

Intercept -0.1759 0.2659 545 -0.66 0.5086

treatment -0.04725 0.3817 545 -0.12 0.9015

visit 1 0.1408 0.3754 545 0.38 0.7077

visit 2 -0.2884 0.3805 545 -0.76 0.4487

visit 3 -687E-17 0.3761 545 -0.00 1.0000

visit 4 -0.07097 0.3768 545 -0.19 0.8507

visit 0 0 . . . .

treatment*visit 1 0.8600 0.5493 545 1.57 0.1180

treatment*visit 2 1.3766 0.5555 545 2.48 0.0135

treatment*visit 3 1.1787 0.5556 545 2.12 0.0344

treatment*visit 4 0.8247 0.5444 545 1.51 0.1304

treatment*visit 0 0 . . . .� �
The fitted model assumes independence between visits. Judging from AIC
(752 vs. 593) and BIC (796 vs. 632), the goodness-of-fit of this independence
model is quite worse than Model I.

On the other hand, the subject-specific model considers the subject-specific
transition of a respiratory status over time. To simplify the problem, let us
consider the 1:1 repeated measures design and the transition from the baseline
respiratory status to the status at visit j = 1. Table 8.3 shows the frequency
distribution of the transition in general, i.e., the matched-pair, 2 × 2 contin-
gency table. In this case, we have only to consider the case of yi+ = yi0+yi1 = 1
because the case that yi+ = 0 or yi+ = 2 does not contribute to the conditional
likelihood for (β21, β31). (Why conditional likelihood? Please see Appendix A.)
Then, the conditional likelihood given yi+ = 1 is

LC(β21, β31 | t = 1) =
∏

i:yi+=1

exp{yi1(β21 + β31x1i)}
1 + exp{β21 + β31x1i}

. (8.21)

Then, the conditional maximum likelihood estimators of (β21, β31) are given
by
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TABLE 8.3
Matched-pair 2-by-2 contingency table for change of respiratory status from
baseline period to post randomization by treatment group.

Before randomization (j = 0) Post randomization (j = 1) Total
Good Poor

New treatment (2)

good y
(2)
gp

poor y
(2)
pg

total n2
Control treatment (1)

good y
(1)
gp

poor y
(1)
pg

total n1

β̂21C = log

(
y
(1)
pg

y
(1)
gp

)
(8.22)

β̂31C = log

{(
y
(2)
pg

y
(2)
gp

)
/

(
y
(1)
pg

y
(1)
gp

)}
= log

(
y
(2)
pg y

(1)
gp

y
(2)
gp y

(1)
pg

)
, (8.23)

where y
(k)
pg and y

(k)
gp denote the number of subjects whose respiratory status im-

proved (“poor” → “good”) and got worse (“good” → “poor”) from baseline
to month 1 in the treatment group k, respectively. Interpretations of these

estimates will be that conditional maximum likelihood estimator eβ̂21C im-
plies the matched-pair odds ratio of improvement (“poor” → “good”) in the

control group and the the conditional maximum likelihood estimator eβ̂31C

of treatment effect implies the ratio of the improvement odds ratio in the
new treatment group to the improvement odds ratio in the control treatment
group. For more details, see Appendix A.

Concrete calculations of the subject-specific odds ratio are shown below.
These conditional maximum likelihood estimates (β̂2jC , β̂3jC), j = 1, 2, 3 are
shown to be close (not the same) to those of Model I where the full maximum
likelihood estimates are obtained.
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Calculations of the subject-specific odds ratios

+++++++++++++++++++++++

Month 1: Matched-pair Odds ratio

+++++++++++++++++++++++

New drug group Model I

month 1

good poor

good 24 0 ORn =13.5/0.5 = 27

poor 13 17 ORn/ORp = 21

log(ORn/ORp)= 3.04 (se=1.53), beta_3j =1.72 (se=0.79)

Placebo group

month 1

good poor

good 19 7 ORp = 9/7 = 1.29

poor 9 22 log(ORp) = 0.25 (se=0.53), beta_2j =0.28 (se=0.53)

++++++++++++++++++++++

Month 2: Matched-pair Odds ratio

+++++++++++++++++++++++

New drug group

month 2

good poor

good 21 3 ORn = 17/3 = 5.67

poor 17 13 ORn/ORp = 8.90

log(ORn/ORp)= 2.19 (se=0.79), beta_3j =2.73 (se=0.80)

Placebo group

month 2

good poor

good 15 11 ORp = 7/11 = 0.63

poor 7 24 log(ORp) = -0.45(se=0.48), beta_2j = -0.56 (se=0.53)

+++++++++++++++++++++++

Month 3: Matched-pair Odds ratio

+++++++++++++++++++++++

New drug group

month 3

good poor

good 23 1 ORn = 16/1 = 16

poor 16 14 ORn/ORp = 16

log(ORn/ORp)= 2.77 (se=1.15), beta_3j = 2.35 (se=0.80)

Placebo group

month 3

good poor

good 18 8 ORp = 8/8 = 1.00

poor 8 23 log(ORp) = 0.00 (se=0.50), beta_2j = 0.00 (se=0.53)� �
In Table 8.4, we have shown the estimated treatment effect β̂3j at each of four
visits for Model I and Model IIa (ρB = 0). Although the estimates of Model
IIb are omitted, its AIC and BIC are 596.6 and 639.9, respectively. Therefore,
based on these information criteria, Model I fits better than Model IIa and
Model IIb. The panel of graphics of the studentized conditional residuals of
Model I is shown in Figure 8.3. Especially, a plot of residuals versus predicted
values looks significantly different from the usual patterns seen in these kinds
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FIGURE 8.3
The panel of graphics of studentized conditional residuals of Model I consisting
of a plot of residuals versus predicted values, a histogram with normal density
overlaid, a Q-Q plot, and a box plot.

of plots, such as those in the case of normal regression models shown in Figure
7.5. However, since the response variable is binary, these observed patterns

of studentized conditional residuals r
(student)
ij,con (7.11) are logically imaginable

enough by taking the following simple setting into account:

For yij = 1: r
(student)
ij,con =

1− p̂ij√
p̂ij(1− p̂ij)

=

√
1− p̂ij
p̂ij

(8.24)

For yij = 0: r
(student)
ij,con =

0− p̂ij√
p̂ij(1− p̂ij)

= −

√
p̂ij

1− p̂ij
, (8.25)

where p̂ij is the predicted value. Namely, the pattern (8.24) corresponds to
the curve for the positive residuals and the pattern (8.25) corresponds to the
curve for the negative residuals. As a whole, there seems to be no alarming
patterns of residuals.
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TABLE 8.4
Estimated subject-specific treatment effect eβ̂3j (in terms of ORR, odds ratio
ratio) at each of four visits for Model I and Model IIa (ρB = 0).

Model I Model IIa (ρB = 0)
AIC=594.0, BIC=631.9 AIC=594.7, BIC=635.3

Two- Two-
Months Estimate (95%CI) tailed p Estimate (95%CI) tailed p

1 5.57 ( 1.18, 26.42) 0.0306 6.09 ( 1.15, 32.14) 0.0334
2 15.31 ( 3.12, 74.95) 0.0008 17.63 ( 3.19, 97.43) 0.0011
3 10.46 ( 2.13, 51.20) 0.0039 11.78 ( 2.15, 64.59) 0.0046
4 5.16 ( 1.12, 23.81) 0.0355 5.63 ( 1.09, 38.02) 0.0388

8.5 Models for the average treatment effect

In Chapter 1 we introduced a new S:T repeated measures design both as an
extension of the 1:1 design or pre-post design and as a formal confirmatory
trial design for randomized controlled trials. The primary interest in this de-
sign is to estimate the overall or average treatment effect during the evaluation
period. So, in the trial protocol, it is important to select the evaluation period
during which the treatment effect could be expected to be stable to a cer-
tain extent. So, in this section, let us assume that the primary interest of
the Respiratory Trial with the 1:4 design is to estimate the average
treatment effect over four months after randomization (evaluation
period), although many readers may not think it reasonable for the real sit-
uation of the Respiratory Trial. In this case, as already described in Sections
1.2.2 and 7.5, we can introduce two models, a random intercept model and a
random intercept plus slope model.

8.5.1 Model IV: Random intercept model

The random intercept model with random intercept b0i is expressed as

logit Pr(yi0 = 1 | b0i) =

{
β0 + b0i +wt

iξ, (Placebo)
β0 + b0i + β1 +wt

iξ, (New treatment)

logit Pr(yij = 1 | b0i) =

 β0 + b0i + β2 +wt
iξ, (Placebo)

β0 + b0i + β1 + β2 + β3 +wt
iξ,

(New treatment)

j = 1, ..., 4,
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which can be re-expressed as

logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i + β2x2ij

+β3x1ix2ij +wt
iξ (8.26)

b0i ∼ N(0, σ2
B0),

where the interpretations of the parameters that are different from Model I
are as follows:

1. eβ0+bi0 denotes the subject-specific odds of being “good” in the placebo
group at baseline.

2. eβ0+bi0+β1 denotes the subject-specific odds of being “good” in the new
treatment group at baseline.

3. eβ0+bi0+β2 denotes the subject-specific odds of being “good” in the
placebo group in the evaluation period.

4. eβ0+bi0+β1+β2+β3 denotes the subject-specific odds of being “good” in
the new treatment group in the evaluation period.

5. eβ2 denotes the subject-specific odds ratio comparing the odds of being
“good” in the evaluation period versus baseline period in the placebo
group.

6. eβ2+β3 denotes the same quantity in the new treatment group.

7. eβ3 denotes the ratio of these two odds ratios, i.e., the subject-specific
average treatment effect of the new treatment compared with placebo
in terms of ORR, the odds ratio ratio.

8.5.2 Model V: Random intercept plus slope model

The random intercept plus slope model with random slope b1i is expressed as

logit Pr(yi0 = 1 | b0i) =

{
β0 + b0i +wt

iξ, (Placebo )
β0 + b0i + β1 +wt

iξ, (New treatment)

logit Pr(yij = 1 | b0i, b1i) =

 β0 + b0i + b1i + β2 +wt
iξ, (Placebo)

β0 + b0i + b1i + β1 + β2 + β3 +wt
iξ,

(New treatment)

j = 1, ..., 4.

Namely, it is re-expressed as
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logit Pr(yij = 1 | b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij +wt
iξ (8.27)

bi = (b0i, b1i) ∼ N(0,Φ),

We shall call Model V with ρB = 0, Model Va, and the model with ρB 6= 0,
Model Vb.

8.5.3 Analysis using SAS

Now, let us apply Models IV, Va, and Vb to the Respiratory Data using the
SAS procedure PROC GLIMMIX. The following considerations are required for
coding the SAS program.

1. The fixed effects β2 can be expressed via the binary variable post (main
factor).

2. The fixed effects β3 can be expressed via the treatment * post inter-
action.

3. Model IV (the random intercept model) is specified by the following
RANDOM statement

random intercept / subject=id, g, gcorr;

where intercept denotes the inter-subject variability at baseline b0i.

4. The random slope b1i can be expressed by the binary variable post

indicating x2ij . So, to fit Model Va (the random intercept plus slope
model with ρB = 0), you have to use the following RANDOM statement

random intercept post /type=simple subject=id g gcorr ;

where the option type=simple can be omitted. To fit Model Vb (the
model with ρB 6= 0), then you use the option type=un:

random intercept post /type=un subject=id g gcorr ;

The respective sets of SAS programs and the results for Model Va (ρB = 0)
are shown in Program and Output 8.3.
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TABLE 8.5
Estimated subject-specific average treatment effect eβ̂3 (in terms of ORR,
odds ratio ratio) for each of the Models, IV, Va, and Vb. The model with the
asterisk (∗) indicates the best model based on AIC and BIC.

Model Estimate (95%CI) Two-sided p AIC BIC

IV∗ 7.94 (2.32, 27.19) 0.0010 586.89 608.57
Va (ρB = 0) 8.72 (2.28, 33.32) 0.0016 587.82 612.21
Vb (ρB 6= 0) 8.63 (2.42, 30.77) 0.0009 589.75 616.84

� �
Program and Ouptut 8.3. SAS procedure PROC GRIMMIX for Model IV, Va, Vb

<SAS program>

proc glimmix data=resplong method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = centre gender age treatment

post treatment*post / d=bin link=logit s cl ;

/* Model IV */

random intercept / subject= subject g gcorr ;

/* Model Va */

random intercept post / type=simple subject= subject g gcorr ;

/* Model Vb*/

random intercept post / type=un subject= subject g gcorr ;

<Partial results for Model IV>

Fit statistics

-2 Res Log Likelihood 570.89

AIC (smaller is better) 586.89

BIC (smaller is better) 608.57

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 5.7453 1.5994

Solution for Fixed Effects

Effect center visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -0.2755 0.8472 106 -0.33 0.7457 0.05 -1.9551 1.4042

centre 2 1.9959 0.5805 442 3.44 0.0006 0.05 0.8550 3.1368

centre 1 0 . . . . . . .

gender -0.4082 0.7273 442 -0.56 0.5749 0.05 -1.8377 1.0213

age -0.0298 0.0216 442 -1.38 0.1680 0.05 -0.0721 0.01259

treatment -0.1756 0.7270 442 -0.24 0.8093 0.05 -1.6044 1.2533

post -0.1030 0.4141 442 -0.25 0.8036 0.05 -0.9168 0.7108

treatment*post 2.0719 0.6263 442 3.31 0.0010 0.05 0.8409 3.3029� �
In Model IV, the variance of the random intercept is estimated as σ̂2

B0 =
5.7453 (s.e. = 1.5994), which is not so different from the variance estimate
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5.9674 (s.e. = 1.6638) of Model I. The values of AIC and BIC are 586.89 and
608.57, respectively. The subject-specific average treatment effect is estimated
in terms of the ratio of the odds ratios, exp(2.0719) = 7.94 and the 95%
confidence interval is (2.32, 27.19). On the other hand, the values of AIC and
BIC for Model IIa are 587.82 and 612.21, respectively. The values of AIC and
BIC for Model IIb are larger than those for Model Ia, respectively, as is shown
in Table 8.5. Then, the best model is selected to be Model IV.

8.6 Models for the treatment by linear time interaction

In the previous section, we focused on the mixed-effects models where we
are primarily interested in comparing the average treatment effect during the
evaluation period. In this section, we shall consider the situation where the
primary interest is testing the treatment by linear time interaction (Hedeker
and Gibbons, 2006; Bhaumik et al., 2008). So let us assume here that the
primary interest of the Respiratory Trial with the 1:4 design is to
estimate the difference in average rates of change or improvement
of respiratory status over time. To do this, we shall consider the random
intercept model and the random intercept plus slope model.

8.6.1 Model VI: Random intercept model

The random intercept model with random intercept b0i is expressed as

logit Pr(yi0 = 1 | b0i) =

{
β0 + b0i +wt

iξ, (Placebo)
β0 + b0i + β1 +wt

iξ, (New treatment)

logit Pr(yij = 1 | b0i) =

 β0 + b0i + β2tj +wt
iξ, (Placebo)

β0 + b0i + β1 + (β2 + β3)tj +wt
iξ,

(New treatment)

j = 1, ..., 4,

where:

1. tj denotes the jth measurement time, i.e., t0 = 0, t1 = 1, t2 = 2, t3 = 3
and t4 = 4.

2. β2 denotes the subject-specific change of the log odds of being “good”
for an increase of one unit in tj in the placebo group, in other words, the
subject-specific rate of change of the log odds of being “good” per month
in the placebo group. Therefore, eβ2 denotes the subject-specific odds
ratio of being “good” per month in the placebo group.



172 Repeated Measures Design with GLMM for RCT

3. eβ2+β3 denotes the subject-specific odds ratio of being “good” per month
in the new treatment group.

4. eβ3 denotes the ratio of these two subject-specific odds ratios per month,
i.e., the subject-specific effect size of the treatment by linear time inter-
action in terms of the odds ratio ratio (ORR).

The above model can be re-expressed as

logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i

+(β2 + β3x1i)tj +wt
iξ (8.28)

b0i ∼ N(0, σ2
B0),

j = 0, 1, ..., 4.

8.6.2 Model VII: Random intercept plus slope model

The random intercept plus slope model is expressed as

logit Pr(yij = 1 | bi) = b0i + β0 + β1x1i

+(β2 + β3x1i + b1i)tj +wt
iξ (8.29)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
j = 0, 1, ..., 4,

We shall call the model Model VII with ρB = 0, Model VIIa, and the model
with ρB 6= 0, Model VIIb.

8.6.3 Analysis using SAS

Now, let us apply Models VI, VIIa, and VIIb to the Respiratory Data using
the SAS procedure PROC GLIMMIX. The respective sets of SAS programs are
shown in Program 8.4 and the results for Model VI are shown in Output 8.4.
In these programs, we need to create a continuous variable xvisit indicating
tj in the DATA step and the MODEL statement should be

model status (event="1") = centre gender age

treatment xvisit treatment*xvisit /d=bin link=logit s cl ;

To fit Model VIIa, for example, you have to use the following RANDOM statement

random intercept xvisit / subject= subject g gcorr ;
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where xvisit denotes the random slope b1i.� �
Program 8.4: SAS procedure PROC GLIMMIX for Model VI

data resplong ;

infile ’c:\book\RepeatedMeasure\longresp.txt’ missover;

input no centre subject visit treatment status gender age;

if visit=0 then post=0; else post=1;

xvisit=visit;

proc glimmix data=resplong method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = centre gender age

treatment xvisit treatment*xvisit/d=bin link=logit s cl ;

/* model VI */

random intercept / subject= subject g gcorr ;

/* model VIIa */

random intercept xvisit/ subject= subject g gcorr ;

/* model VIIb */

random intercept xvisit/ type=un subject= subject g gcorr ;

run;� �� �
Output 8.4: SAS procedure PROC GLIMMIX for Model VI

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 5.2135 1.4418

Fit statistics

-2 Res Log Likelihood 583.39

AIC (smaller is better) 599.39

BIC (smaller is better) 621.07

Solution for Fixed Effects

Effect centre Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -0.2118 0.7814 106 -0.27 0.7868 0.05 -1.7610 1.3373

centre 2 1.9101 0.5544 442 3.45 0.0006 0.05 0.8206 2.9996

centre 1 0 . . . . . . .

gender -0.3912 0.6964 442 -0.56 0.5745 0.05 -1.7598 0.9774

age -0.0293 0.0206 442 -1.42 0.1564 0.05 -0.06985 0.01126

treatment 0.6290 0.6280 442 1.00 0.3171 0.05 -0.6052 1.8631

xvisit -0.0539 0.1162 442 -0.46 0.6430 0.05 -0.2822 0.1744

treatment*xvisit 0.3877 0.1727 442 2.24 0.0253 0.05 0.04824 0.7272� �
In Model VI, the variance of the random intercept is estimated as σ̂2

B0 =
5.21 (s.e. = 1.44). The subject-specific rate of change of the log odds of

being “good” per month is estimated as β̂2 = −0.054 (s.e. = 0.12) in the

placebo group and β̂2 + β̂3 = −0.054 + 0.388 = 0.334 in the new treatment
group, respectively. The difference in these two changes is estimated as β̂3 =
0.388 (s.e. = 0.17), p = 0.025. Namely, the estimated subject-specific odds
ratio per month is e−0.054 = 0.947 in the placebo group and e0.334 = 1.37 in
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TABLE 8.6
Estimated subject-specific treatment effect eβ̂3 (in terms of ORR, the odds
ratio ratio) for Models, VI, VIIa and VIIb. The model with the asterisk (∗)
indicates the best model.

Two-tailed

Model eβ̂3 95%CI p-value AIC BIC

VI∗ 1.47 (1.04, 2.06) 0.025 599.39 621.07
VIIa 1.66 (1.05, 2.62) 0.029 598.02 622.41
VIIb 1.70 (1.07, 2.72) 0.026 599.86 626.96

the new treatment group, respectively. These results indicate that for every
increase of one month, the chance of being “good” increases 0.947 times in the
placebo group and 1.37 times in the new treatment group in terms of odds
ratio. Therefore, the subject-specific treatment effect of the new treatment
compared with placebo is expressed as the ratio of these two odds ratios,

i.e., eβ̂3 = e0.388 = 1.37/0.947 = 1.47 in terms of ORR, the odds ratio ratio,
indicating that the speed of improvement of the respiratory status in the new
treatment group is 1.37 times faster than that in the placebo group.

Table 8.6 shows the subject-specific treatment effect with 95% confidence
interval for each of three models. According to the values of AIC and BIC,
the best model will be Model VI.

8.6.4 Checking the goodness-of-fit of linearity

However, as discussed and illustrated in Section 7.6.4, we should be cautious
about the goodness-of-fit of the models for treatment by linear time interac-
tion because the linear trend model has very strong assumptions concerning
linearity. So, whenever the treatment by linear time interaction is defined as
the primary interest of the statistical analysis, we should check the goodness-
of-fit. To do this, we can apply the following random intercept model and the
random intercept plus slope model including the treatment by quadratic time
interaction.

1. Model VIQ: Random intercept model
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logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i + (β2 + β3x1i)tj +

(β4 + β5x1i)t
2
j +wt

iξ (8.30)

b0i ∼ N(0, σ2
B0)

i = 1, ..., N ; j = 0, 1, ..., 4

2. Model VIIQ: Random intercept plus slope model

The random intercept plus slope model with a random intercept b0i, random
slopes b1i on the linear term, and b2i on the quadratic term is expressed by

logit Pr(yij = 1 | b0i, b1i, b2i) = β0 + b0i + β1x1i + (β2 + β3x1i + b1i)tj +

(β4 + β5x1i + b2i)t
2
j +wt

iξ (8.31)

bi = (b0i, b1i, b2i) ∼ N(0,Φ)

Φ =

 σ2
B0 ρ01σB0σB1 ρ02σB0σB2

ρ01σB0σB1 σ2
B1 ρ12σB1σB2

ρ02σB0σB2 ρ12σB1σB2 σ2
B2

 .

i = 1, ..., N ; j = 0, 1, ..., 4

However, the number of random effects bi in this model is 3, which seems
to be the maximum number (depending on the models) in the sense that
the adaptive Gauss-Hermite quadrature method with a reasonable number of
nodes (around 13 or more) can successfully converge to the true value (see
Appendix B, Section B.3.3.3). Unfortunately, the above model faced the con-
vergence problem with a reasonable number of nodes 15. So, we shall consider
the following three covariance structures less complex than Model VIIQ with
“full” covariance structures:

• Model VIIQ-1:

Φ =

 σ2
B0 0 0
0 σ2

B1 0
0 0 0


• Model VIIQ-2:

Φ =

 σ2
B0 ρ01σB0σB1 0

ρ01σB0σB1 σ2
B1 0

0 0 0


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• Model VIIQ-3:

Φ =

 σ2
B0 0 0
0 σ2

B1 0
0 0 σ2

B2


Now, let us apply four Models VIQ, VIIQ-1, VIIQ-2, and VIIQ-3 to the Res-
piratory Data using the SAS procedure PROC GLIMMIX. The respective sets
of SAS programs are shown in Program 8.5. In these programs, we need to
create a continuous variable xvisit2 indicating the quadratic term t2j in the
DATA step. Then, the MODEL statement should be

model status (event="1") = centre gender age treatment

xvisit xvisit2 treatment*xvisit treatment*xvisit2/s cl ddfm=sat;

and the RANDOM statement for Model VIIQ-2, for example, should be

random intercept xvisit/ type=un subject= subject g gcorr ;� �
Program 8.5: SAS procedure PROC GLIMMIX for Models VIQ, VIQ-1 and VIQ-2

<SAS program>

data resplong ;

infile ’c:\book\RepeatedMeasure\longresp.txt’ missover;

input no centre subject visit treatment status gender age;

xvisit=visit;

xvisit2=xvisit*xvisit;

proc glimmix data=resplong method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = centre gender age treatment

xvisit xvisit2 treatment*xvisit treatment*xvisit2

/ d=bin link=logit s cl ;

/* model VIQ */

random intercept / subject= subject g gcorr ;

/* model VIIQ-1 */

random intercept xvisit / type=simple subject= subject g gcorr ;

/* model VIIQ-2 */

random intercept xvisit / type=un subject= subject g gcorr ;

/* model VIIQ-3 */

random intercept xvisit xvisit2 / type=simple subject= subject g gcorr ;

run ;� �
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Output 8.5: SAS procedure PROC GLIMMIX for Models VIQ

<A part of the results for Model VIQ >

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 5.8189 1.6200

Fit statistics

-2 Res Log Likelihood 569.29

AIC (smaller is better) 589.29

BIC (smaller is better) 616.38

Solution for Fixed Effects

Effect centre Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -0.1705 0.8420 106 -0.20 0.8400 0.05 -1.8398 1.4989

centre 2 2.0071 0.5839 440 3.44 0.0006 0.05 0.8595 3.1546

centre 1 0 . . . . . . .

gender -0.4083 0.7314 440 -0.56 0.5769 0.05 -1.8457 1.0291

age -0.0300 0.0217 440 -1.38 0.1674 0.05 -0.07256 0.01262

treatment -0.1819 0.7090 440 -0.26 0.7977 0.05 -1.5754 1.2117

xvisit -0.2123 0.4140 440 -0.51 0.6083 0.05 -1.0260 0.6014

xvisit2 0.0393 0.0992 440 0.40 0.6921 0.05 -0.1557 0.2343

treatment*xvisit 2.1757 0.6373 440 3.41 0.0007 0.05 0.9232 3.4283

treatment*xvisit2 -0.4461 0.1516 440 -2.94 0.0034 0.05 -0.7440 -0.1483� �
The results for Model VIQ are shown in Output 8.5, where we have the vari-
ance estimates σ̂2

B0 = 5.8189 (s.e. = 1.620) and AIC = 589.29 and BIC =
616.38. In Model VIIQ-1, we have the variance estimates σ̂2

B0 = 6.0638 (s.e. =
1.8856), σ̂2

B1 = 0.2202 (s.e. = 0.1887), and AIC = 588.76 and BIC =
618.56. Model VIIQ-2 has the covariance estimates σ̂2

B0 = 6.1765 (s.e. =
2.9335), σ̂2

B1 = 0.2222 (s.e. = 0.1922), ρ̂01 = −0.02433, and AIC = 590.75
and BIC = 623.27. Unfortunately, Model VIIQ-3 did not converge. However,
AIC and BIC seem to select Model VIQ with the simplest covariance structure
as the best model. Furthermore, Model VIQ seems to fit better than Model
VI (AIC = 599.39, BIC = 621.07), the best model for the treatment by linear
time interaction, indicating that Model VIQ is better than Model VI. The
estimated mean quadratic trend (via Model VIQ) of the odds ratio by the
treatment group is

ÔR(t) =

{
eβ̂2t+β̂4t

2

, (Placebo)

e(β̂2+β̂3)t+(β̂4+β̂5)t
2

, (New treatment)

=

{
e−0.2123t+0.03932t2 , (Placebo)

e(−0.2123+2.1757)t+(0.03932−0.4461)t2 , (New treatment).

These two quadratic lines are plotted in Figure 8.4, which seems to be
similar to the estimated subject-specific odds ratio (via Model I) by treat-
ment group shown in Figure 8.2. In this case, the estimated treatment effect
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FIGURE 8.4
Estimated changes from baseline by treatment group based on the estimated
odds ratios (via Model VIQ ) of being “good” at each visit versus at baseline.

eβ̂3 = 1.47(95%CI : 1.04, 2.06), assuming the treatment by linear time inter-
action may not be acceptable.

8.7 ANCOVA-type models adjusting for baseline mea-
surement

As described in Chapter 1 and Section 7.7, many RCTs tend to try to narrow
the evaluation period down to one time point (ex., the last T th measurement),
leading to the pre-post design or the 1:1 design. In these simple 1:1 designs,
traditional analysis of covariance (ANCOVA) has been used to analyze data
where the baseline measurement is used as a covariate.

So, in this section, we shall apply some ANCOVA-type models to the
Respiratory Data with 1:4 repeated measures design where the baseline mea-
surement is used as a covariate and compare the results with those of the
corresponding repeated measures models.
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8.7.1 Model VIII: Random intercept model for the treat-
ment effect at each visit

Let us consider here the following random intercept model where the random
intercept bi(Ancova) is assumed to be constant during the evaluation period.

logit Pr(yij = 1 | bi(Ancova)) =


bi(Ancova) + β0 + β2j + θyi0 +wt

iξ,
(Placebo)

bi(Ancova) + β0 + β1 + β2j + β3j + θyi0
+wt

iξ (New treatment)

j = 1, ..., 4, β21 = β31 = 0

where:

1. β0 denotes the mean subject-specific log-odds of being “good” in the
placebo group at the 1st visit.

2. ebi(Anova)+β0 denotes the subject-specific odds of being “good” in the
placebo group at the 1st visit.

3. β0 + β1 denotes the mean subject-specific log-odds of being “good” in
the new treatment group at the 1st visit.

4. ebi(Anova)+β0+β1 denotes the subject-specific odds of being “good” in the
new treatment group at the 1st visit.

5. eβ1 denotes the subject-specific odds ratio comparing the odds of being
“good” in the new treatment group versus in the placebo group at the
1st visit.

6. θ denotes the coefficient for the baseline measurement yi0.

7. eβ0+β2j denotes the subject-specific odds of being “good” in the placebo
group at the jth visit.

8. eβ0+β1+β2j+β3j denotes the subject-specific odds of being “good” in the
new treatment group at the jth visit.

9. eβ1+β3j denotes the subject-specific odds ratio comparing the odds of
being “good” in the new treatment group versus in the placebo group
at the jth visit, i.e., the treatment effect of the new treatment compared
with placebo at the jth visit in terms of the odds ratio (OR).

This model is re-expressed as
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logit Pr(yij = 1 | bi(Ancova)) = β0 + bi(Ancova) + θyi0 + β1x1i + β2j

+β3jx1i +wt
iξ (8.32)

i = 1, ..., N ; j = 1, 2, 3, 4; β21 = 0, β31 = 0

bi(Ancova) ∼ N(0, σ2
B(Ancova)).

In the ANCOVA-type model, the treatment effect at time j can be expressed
via some linear contrast. For example, the treatment effect at month 4 (j = 4)
can be expressed as

β1 + β34 = (1)β1 + (0, 0, 0, 1)(β31, β32, β33, β34)t. (8.33)

8.7.2 Model IX: Random intercept model for the average
treatment effect

In this section, we shall consider Model IX, in which the treatment effect is
assumed to be constant during the evaluation period.

logit Pr(yij = 1 | bi(Ancova)) = β0 + bi(Ancova) + θyi0 + β3x1i +wt
iξ

(8.34)

i = 1, ..., N ; j = 1, 2, 3, 4;

bi(Ancova) ∼ N(0, σ2
B(Ancova)),

where eβ3 denotes the subject-specific odds ratio comparing the odds of being
“good” in the new treatment group versus in the placebo group during the
evaluation period, i.e., the treatment effect of the new treatment assumed to
be constant during the evaluation period in terms of the odds ratio (OR).

8.7.3 Analysis using SAS

Now, let us apply two Models VIII and IX to the Respiratory Data using the
SAS procedure PROC GLIMMIX. But the first step for the analysis is to rear-
range the data structure from the long format shown in Table 8.1 into another
long format shown in Table 8.7, where the baseline records were deleted and
the new variable base indicating baseline data was created. The respective
sets of SAS programs are shown in Program 8.6. Here also, due to the option
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TABLE 8.7
A part of the long format Respiratory Data set for the ANCOVA-type model.
The variable base indi cates the baseline measurement. (Data for the first
three patients are shown).� �

No. centre subject visit treatment status gender age base

1 1 1 1 placebo poor female 46 poor

2 1 1 2 placebo poor female 46 poor

3 1 1 3 placebo poor female 46 poor

4 1 1 4 placebo poor female 46 poor

5 1 2 1 placebo poor female 28 poor

6 1 2 2 placebo poor female 28 poor

7 1 2 3 placebo poor female 28 poor

8 1 2 4 placebo poor female 28 poor

9 1 3 1 treatment good female 23 good

10 1 3 2 treatment good female 23 good

11 1 3 3 treatment good female 23 good

12 1 3 4 treatment good female 23 good� �
/ref=first used in the CLASS statement, the coefficients of the linear contrast
for the treatment*visit interaction needs the order change (e.g., see Section
7.7.3). For example, according to the equation (8.33), the linear contrast for
the treatment effect at month 4 (j = 4) can be expressed in SAS as:

estimate ’treatment at 4m’ treatment 1 treatment*visit 0 0 0 1

However, due to the option /ref=first, the following change should be made
for the treatment*visit interaction:

estimate ’treatment at 4m’ treatment 1 treatment*visit 0 0 1 0

Furthermore, the fixed effects β3 in Model IX can be expressed by the variable
treatment and the MODEL statement and the RANDOM statement should be:

model status (event="1") = centre gender age base treatment

/ s cl ddfm=sat ;

random intercept / subject= subject g gcorr ;

The results of these two programs are shown in Output 8.6.
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Program 8.6: SAS procedure PROC GLIMMIX for Models VIII and IX

data resplong2 ;

infile ’c:\book\RepeatedMeasure\longrespbase.txt’ missover;

input no centre subject visit treatment status gender age base;

<Model VIII>

proc glimmix data=resplong2 method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = centre gender age base

treatment visit treatment*visit

/ d=bin link=logit s cl ;

random intercept / subject= subject g gcorr ;

estimate ’treatment at 1m’

treatment 1 treatment*visit 0 0 0 1/divisor=1 cl alpha=0.05;

estimate ’treatment at 2m’

treatment 1 treatment*visit 1 0 0 0/divisor=1 cl alpha=0.05;

estimate ’treatment at 3m’

treatment 1 treatment*visit 0 1 0 0/divisor=1 cl alpha=0.05;

estimate ’treatment at 4m’

treatment 1 treatment*visit 0 0 1 0/divisor=1 cl alpha=0.05;

<Model IX>

proc glimmix data=resplong2 method=quad (qpoints=15);

class subject centre visit/ref=first ;

model status (event="1") = centre gender age base treatment

/ d=bin link=logit s ;

random intercept / subject= subject g gcorr ;� �
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Output 8.6: SAS procedure PROC GLIMMIX for Models VIII and IX

/* Model VIII */

Fit statistics 421.12

-2 Res Log Likelihood

AIC (smaller is better) 447.12

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 4.3658 1.4458

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

treatment at 1m 1.7681 0.7502 327 2.36 0.0190 0.05 0.2923 3.2439

treatment at 2m 2.8309 0.7788 327 3.63 0.0003 0.05 1.2988 4.3630

treatment at 3m 2.4227 0.7716 327 3.14 0.0018 0.05 0.9048 3.9407

treatment at 4m 1.6972 0.7398 327 2.29 0.0224 0.05 0.2418 3.1525

/* Model IX */

Fit statistics

-2 Res Log Likelihood 426.27

AIC (smaller is better) 440.27

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 4.1214 1.3641

Solution for Fixed Effects

Effect centre Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -1.6207 0.7975 105 -2.03 0.0447 0.05 -3.2021 -0.03937

centre 2 1.0396 0.5585 333 1.86 0.0635 0.05 -0.05896 2.1381

centre 1 0 . . . . . . .

gender 0.1974 0.6868 333 0.29 0.7739 0.05 -1.1535 1.5484

age -0.02507 0.02064 333 -1.21 0.2254 0.05 -0.06566 0.01553

base 3.0276 0.5995 333 5.05 <.0001 0.05 1.8483 4.2069

treatment 2.1280 0.5615 333 3.79 0.0002 0.05 1.0235 3.2324� �
For example, the average treatment effect from Model IX is estimated as
e2.128 = 8.40 with 95% confidence interval (e1.0235 = 2.78, e3.2324 = 25.34)
and two-tailed p = 0.0002.

Here also, it will be interesting to compare the estimates of the treatment
effect obtained from the ANCOVA-type Models VIII and IX with those from
the repeated measures models, Models I and IV, which are shown in Table 8.8.
It should be noted that the treatment effect is estimated in terms of the odds
ratio for the ANOVA-type models, while the treatment effect is estimated in
terms of the odds ratio ratio for the repeated measures models. In the Beat the
Blues Data, the repeated measures models tend to give smaller p-values than
the ANCOVA-type models, although all the estimates are not statistically
significant (see Table 7.8). In the Respiratory Data, on the other hand, the
ANCOVA-type models tend to give a little bit smaller p-values than repeated
measures models, although all the estimates are statistically significant.
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TABLE 8.8
Comparison of estimated treatment effects between repeated measurements
models (Models I and IV, in terms of the ORR) and the ANCOVA-type models
(Models VIII, IX, in terms of the OR).

Repeated measures models ANCOVA-type models
Treatment Models I, IV Models VIII, IX

Two- Two-
effect tailed tailed

Estimate (95%CI) p-value Estimate (95%CI) p-value

Model I vs. Model VIII

β̂31: month 1 5.57 (1.18, 26.42) 0.0306 5.86 (1.34, 25.63) 0.0190

β̂32: month 2 15.31 (3.12, 74.95) 0.0008 16.96 (3.66, 78.49) 0.0003

β̂33: month 3 10.46 (2.13, 51.20) 0.0039 11.28 (2.47, 51.45) 0.0018

β̂34: month 4 5.16 (1.12, 23.81) 0.0355 5.46 (1.27, 23.39) 0.0224

Model IV vs. Model IX

β̂3: Average 7.94 (2.32, 27.19) 0.0010 8.40 (2.78, 25.34) 0.0002

8.8 Example 2: The daily symptom data with 7:7 design

The second example used in this chapter comes from a randomized, double-
blind, placebo-controlled parallel-group clinical trial (two-armed) in an area
of gastrointestinal disease where the week before randomization (day: -6, -5,
-4, -3, -2, -1, and 0) is defined as the baseline week and the 4th week after
randomization (day: 22, 23, 24, 25, 26, 27 and 28) is defined as the evaluation
week (Takada and Tango, 2014). This trial has a 7 : 7 repeated measures
design. Patients are instructed to keep a daily record of their symptom scores
in their diary from the baseline week to the evaluation week. The presence
or elimination of symptoms for patient i at day j is denoted by yij (presence
of symptoms = 0, elimination of symptoms = 1), where the day number in
the evaluation week is renumbered as 1,2,3, ... ,7. The primary endpoint of
this trial is to evaluate the average treatment effect of eliminating symptoms
based on the patient’s daily symptoms.

Table 8.9 shows a set of hypothetical daily records of patient symptoms
from the baseline week before randomization to the evaluation week after
randomization from a gastroenterology clinical trial consisting of N = 40
patients. The first n1 = 20 patients are assigned to the placebo group and the
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last n2 = 20 patients are assigned to the new treatment group. Unfortunately,
the real data is not available at present.

Before analyzing these data using the SAS procedure PROC GLIMMIX, we
have to rearrange the data structure from the wide format (Table 8.9) into the
long format structure in which separate repeated measurements and associated
covariate values appear as separate rows in the data set. The rearranged data
set is omitted here and includes the following five variables:

1. no: serial number for each record within the data set.

2. subject: categorical variable indicating the subject ID.

3. visit: categorical variable indicating the day of visit to the center: -6,
-5, ... , 0, 1, 2, .... , 7.

4. treatment: binary variable for the treatment group (the new treatment
= 1, placebo = 0).

5. symptom: binary variable for the respiratory status at each visit (elimi-
nation = 1, with symptoms = 0)

8.8.1 Models for the average treatment effect

To this 7:7 repeated measures design, it is quite natural to apply Models IV,
Va, and Vb introduced in Section 8.5 to estimate eβ3 , the average treatment
effect over the evaluation week, in terms of the ratio of odds ratios, i.e., odds
ratio ratio (ORR). It should be noted that we find it not so simple to apply the
ANCOVA-type model introduced in Section 8.7 to these repeated measure-
ments since there is no natural way of dealing with repeated measurements
made before randomization.

Model IV : logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i + β2x2ij

+β3x1ix2ij (8.35)

b0i ∼ N(0, σ2
B0)

Model V : logit Pr(yij = 1 | b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij (8.36)

bi = (b0i, b1i) ∼ N(0,Φ)

where i = 1, ..., 40; j = −6,−5, ..., 0, 1, ..., 7 and the interpretations of the
fixed-effects parameters are as follows:

1. eβ2 denotes the odds ratio comparing the odds of the symptom being
“eliminated” at the evaluation week versus at the baseline week in the
placebo group.
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TABLE 8.9
A hypothetical data. Daily record of patient symptom (elimination = 1; with
symptoms = 0) during the baseline week (day: -6,-5, ... , 0) before random-
ization and the evaluation week (day: 22, 23, ... , 28) after randomization in
a gastroenterology clinical trial. The placebo group consists of the first 20
patients and the new treatment group has the last 20 patients.� �

id -6 -5 -4 -3 -2 -1 0 22 23 24 25 26 27 28 (day)

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 ( j )

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 1 0 1 0 0

3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 0 0 1 0 0 1

5 0 0 0 1 0 0 1 0 0 0 1 0 0 0

6 0 0 0 0 0 0 0 0 0 0 0 1 1 1

7 0 0 0 0 0 0 0 0 0 0 0 0 0 0

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0

9 0 0 0 0 0 1 0 0 1 0 0 0 0 1

10 0 0 0 0 0 0 0 0 0 0 1 0 0 1

11 0 0 0 0 0 0 0 0 0 0 0 0 0 0

12 0 0 0 0 0 0 0 0 0 0 0 0 0 0

13 0 0 1 0 1 0 0 0 1 0 1 1 0 0

14 0 0 0 1 0 0 0 0 1 1 1 1 0 0

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0

16 0 0 0 0 0 0 0 1 1 1 1 1 1 1

17 0 0 0 0 0 0 0 0 0 0 0 0 1 0

18 0 0 0 0 0 0 0 0 0 0 0 0 0 0

19 0 0 0 0 0 0 0 0 0 0 0 0 0 0

20 0 0 0 0 0 0 0 0 0 0 0 1 0 0

21 0 0 0 0 0 0 0 0 0 0 0 0 0 0

22 0 0 0 0 0 0 0 0 0 0 1 0 0 0

23 0 0 0 0 0 0 0 0 1 1 1 1 1 1

24 0 0 0 0 0 0 0 1 1 1 1 1 1 1

25 0 0 0 0 0 0 0 1 1 1 1 1 1 1

26 0 1 0 0 1 0 0 1 0 1 1 0 1 0

27 0 0 0 1 0 0 0 0 0 0 0 1 0 1

28 0 0 0 0 0 0 0 0 0 0 0 0 0 0

29 0 0 0 0 0 0 0 1 1 1 1 1 1 1

30 0 0 0 0 0 0 0 1 1 0 0 1 0 1

31 0 0 0 0 0 0 0 1 1 1 1 1 1 1

32 0 0 0 0 0 0 0 1 1 1 1 1 1 1

33 0 1 0 0 1 0 0 1 0 1 0 1 0 1

34 0 1 1 1 0 0 0 0 0 1 0 0 1 0

35 0 0 0 0 0 1 0 0 1 1 1 1 1 1

36 0 1 0 0 0 0 0 1 0 1 1 1 1 1

37 0 0 1 0 0 0 0 1 0 1 1 0 1 0

38 0 0 0 0 0 0 0 0 0 1 1 1 1 1

39 0 0 0 0 0 0 0 0 1 0 1 0 0 1

40 0 0 0 0 0 0 0 1 1 1 1 1 1 1� �
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2. eβ2+β3 denotes the same quantity in the new treatment group.

3. eβ3 denotes the ratio of these two odds ratios. In other words, the ratio
means the average treatment effect of the new treatment compared with
placebo in terms of the odds ratio ratio.

8.8.2 Analysis using SAS

Now, let us apply Models IV, Va, and Vb to the Respiratory Data using PROC

GLIMMIX. The respective sets of SAS programs and the results for Model Va
(ρB = 0) are shown in Program and Output 8.7.

� �
Program and Output 8.7. SAS procedure PROC GRIMMIX for Models IV, Va, Vb

data resplong ;

infile ’c:\book\RepeatedMeasure\longgastro.txt’ missover;

input no subject treatment visit status ;

if visit<=0 then post=0; else post=1;

run;

proc glimmix data=resplong method=quad (qpoints=15);

class subject visit / ref=first ;

model status (event="1") = treatment post treatment*post

/d=bin link=logit s cl ;

/* IV */

random intercept / subject= subject g gcorr ;

/* Va */

random intercept post /subject= subject g gcorr ;

/* Vb */

random intercept post /type=un subject= subject g gcorr ;

run ;

<A part of the results for Model Va >

Fit statistics

-2 Res Log Likelihood 395.33

AIC (smaller is better) 407.33

BIC (smaller is better) 417.46

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.6456 0.6534

post subject 4.1401 1.9713

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -3.4085 0.5527 38 -6.17 <.0001 0.05 -4.5275 -2.2895

treatment 0.7045 0.6074 480 1.16 0.2467 0.05 -0.4890 1.8980

post 1.1435 0.7649 38 1.49 0.1432 0.05 -0.4049 2.6919

treatment*post 2.4944 0.9924 480 2.51 0.0123 0.05 0.5445 4.4443� �
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TABLE 8.10
Estimated average treatment effect eβ̂3 for Models, IV, Va, and Vb. The model
with the asterisk (∗) indicates the best model based on AIC and BIC.

Model Estimate (95%CI) Two-tailed AIC BIC
p-value

IV 4.96 (1.39, 17.7) 0.0138 425.95 434.40
Va∗ (ρB = 0) 12.11 (1.72, 85.1) 0.0123 407.33 417.46
Vb (ρB 6= 0) 11.02 (1.29, 94.0) 0.0283 407.68 419.51

In Model Va, the variances of the random intercept and random slope are
estimated as σ̂2

B0 = 0.6456 (s.e. = 0.6534) and σ̂2
B1 = 4.1401 (s.e. = 1.9713),

respectively. The values of AIC and BIC are 407.33 and 417.46, respectively.
The average treatment effect is estimated as exp(2.4944) = 12.11 in terms
of the odds ratios ratio and the 95% confidence interval is (1.72, 85.1). The
results of other models are summarized in Table 8.10. Model Va is selected as
the best model based on AIC and BIC.

8.9 Sample size

In this chapter, various mixed-effects models were illustrated with the Respira-
tory Data, which has a 1:4 repeated measures design. In this section, we shall
consider the sample size determination. The sample size determinations for
longitudinal data analysis in the literature (Diggle et al., 2002; Hedeker and
Gibbons, 1999 Fitzmaurice, Laird and Ware, 2011) are based on the basic 1:T
design where the baseline data is usually used as a covariate. In other words,
this design is essentially the 0:T design. In this section, we shall consider the
sample size (the number of subjects) needed for the S:T design with S > 0,
which is different from what appears in the literature. For technical details of
the derivation of sample size formula, see Appendix A (Tango, 2016a).

8.9.1 Sample size for the average treatment effect

We shall consider here a typical situation where investigators are interested
in estimating the average treatment effect during the evaluation period. To
do this, let us consider the sample size for Model V, which includes Model IV
as a special case within the framework of the S:T design, where the sample
size formula with closed form is not available but we can easily obtain sample
sizes via Monte Carlo simulations.
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Model V within the framework of the S:T design is expressed as

logit Pr(yij = 1 | b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij (8.37)

bi = (b0i, b1i) ∼ N(0,Φ)

i = 1, ..., n1 (control);

= n1 + 1, ..., n1 + n2 = N (new treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where it is assumed that all observation periods have an equal length and the
parameter β3 denotes the average treatment effect of the new treatment com-
pared with placebo treatment. Therefore, the null and alternative hypotheses
of interest will be one of the following three sets of hypotheses as discussed in
Section 1.3:

1. Test for superiority: If a negative β3 indicates benefits, the superiority
hypotheses are given by

H0 : β3 ≥ 0, versus H1 : β3 < 0. (8.38)

If a positive β3 indicates benefits as in the Respiratory example, then
they are

H0 : β3 ≤ 0, versus H1 : β3 > 0. (8.39)

2. Test for non-inferiority: If a negative β3 indicates benefits, the non-
inferiority hypotheses are given by

H0 : eβ3 ≥ 1 + ∆, versus H1 : eβ3 < 1 + ∆. (8.40)

where ∆(> 0) denotes the non-inferiority margin in terms of the odds
ratio ratio. If a positive β3 indicates benefits as in the Respiratory ex-
ample, then they are

H0 : eβ3 ≤ 1−∆, versus H1 : eβ3 > 1−∆. (8.41)

3. Test for substantial superiority: If a negative β3 indicates benefits, the
substantial superiority hypotheses are given by

H0 : eβ3 ≥ 1−∆, versus H1 : eβ3 < 1−∆. (8.42)

where ∆(> 0) denotes the substantial superiority margin in terms of the
odds ratio ratio. If a positive β3 indicates benefits as in the Respiratory
example, then they are

H0 : eβ3 ≤ 1 + ∆, versus H1 : eβ3 > 1 + ∆. (8.43)
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For the non-inferiority test and the substantial superiority test, we have to
replace β3 with

β3 =⇒ β3 − log{1−∆sign(β3)} (8.44)

in the basic simulation process described below.
The basic process to obtain Monte Carlo simulated sample size n(= n1 =

n2) for the S:T repeated measures design discussed here assumes

1. no difference in the odds of being “good” between two treatment groups
at the baseline period due to randomization, i.e., β1 = 0 and

2. no change in the odds of being “good” before and after randomization
in the placebo group, i.e., β2 = 0.

and consists of the following steps:

Step 0 Set the values of (S, T ).

Step 1 Set the sample size n← m1.

Step 2 Set the number of repetitions Nrep (for example, Nrep = 1000, 10000) of
the simulation.

Step 3 Simulate one data set {yij : i = 1, ..., 2n; j = −(S − 1), ..., T} indepen-
dently under the assumed model shown below:

� �
yij | b0i, b1i ∼ Bernoulli(pij)

pij =
1

1 + exp{−(β0 + b0i + b1ix2ij + β3x1ix2ij)}
i = 1, ..., n (Control), n+ 1, ..., 2n (New treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρ01σB0σB1

ρ01σB0σB1 σ2
B1

)
� �
where the values of β0, β3, σ

2
B0, σ

2
B1, ρ01 must be determined based on

similar randomized controlled trials done in the past.

Step 4 Repeat Step 3 Nrep times.
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FIGURE 8.5
Simulated power (the effect size eβ3 = 8) for the 1:1 design of Model IV versus
common sample size n for four different values of variance σ2

B0 (indicated by
“VB0” in the figure).

Step 5 Calculate the Monte Carlo simulated power as the number of results
with significant treatment effect at significance level α, k1, divided by
the number of repetitions, i.e., power1 = k1/Nrep.

Step 6 Repeat Step 1 to Step 5 using different sample sizes, m2,m3, ... and ob-
tain the simulated power, power2, power3, .... Then, plot the simulated
powers against the sample sizes used and obtain a simulated power curve
by drawing a curve connecting these points. Finally, we can estimate a
simulated sample size that attains the pre-specified power 100(1− φ)%
based on the simulated power curve.

Example: Respiratory Data

Let us consider here the simulated sample sizes for the superiority test based
on the estimates from Model IV applied to the Respiratory Data shown in
Output 8.3 and Table 8.5 where we have

β̂3 = 2.07(eβ̂3=7.94), σ̂2
B0 = 5.53.

Because the observed proportion of respiratory status “good” at baseline was
50/111 = 0.45, let us set β0 as log(0.45/(1−0.45)) here. So, based on the results
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FIGURE 8.6
Simulated power (the effect size eβ3 = 8) of Model IV versus common sample
size n for four different repeated measures designs with variance σ2

B0 = 5.53
estimated in the Respiratory Data (1:4 design).

from the Respiratory Data, let us set the values of the necessary parameters
as

β0 = log(0.45/(1− 0.45)), β3 = 2.08 (eβ3 = 8.0), σ2
B0 = 5.50, σ2

B1 = 0

and consider the 1:1 design, 1:4 design, and 4:4 design. Figure 8.5 shows the
simulated power (Nrep = 1000 repetitions) for the 1:1 design as a function
of a common sample size n and the value of intercept variance σ2

B0. Different
from normal linear regression models and Poisson regression models described
later, the power of the random intercept logistic regression model depends on
the value of variance σ2

B0 of the random intercept. The simulated sample size
n with 80% power at α = 0.05 is close to 61 for σ2

B0 = 5.53.
Next, we shall conduct a Monte Carlo simulation to compare the sample

size (80% power at α = 0.05) needed for each of several designs compared
with that of the simplest 1:1 design where the same value of intercept variance
σ2
B0 = 5.53 is assumed. Figure 8.6 shows the simulated power of Model IV with
σ2
B0 = 5.53 versus common sample size n(= 20, 30, ..., 70) for four different

repeated measures designs, 1:1 design, 1:2 design, 1:4 design, and 2,4 design.
The sample sizes needed for each of these designs are 61, 45, 36, and 23,
respectively. In other words, compared with the sample size of the 1:1 design,



Mixed-effects logistic regression models 193

the 1:2 design has a 26.2% reduction, the 1:4 design has a 41.0% reduction,
and the 2:2 design has a 62.3% reduction.

8.9.2 Sample size for the treatment by linear time interac-
tion

In this section, we shall consider the situation where the primary interest
is estimating the treatment by linear time interaction. In other words, the
treatment effect can be expressed in terms of the difference in the slopes of
linear trend or rates of improvement. To do this, we shall consider Model
VII or the random intercept plus slope model within the framework of the
S:T design. Needless to say, Model VII includes Model VI as a special case.
Namely, the model is expressed as

logit Pr(yij = 1 | b0i, b1i) = b0i + β0 + β1x1i + (β2 + β3x1i + b1i)tj

(8.45)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρ01σB0σB1

ρ01σB0σB1 σ2
B1

)
i = 1, ..., n1 (control);

= n1 + 1, ..., n1 + n2 (new treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where tj denotes the jth measurement time but all the measurement times
during the baseline period are set to be the same time as t0, which is usually
set to be zero, i.e.,

t−S+1 = t−S+2 = · · · = t0 = 0. (8.46)

Here also, the parameter β3 denotes the treatment effect. Then, the null and
alternative hypotheses of interest will be one of the three sets of hypotheses
described in (8.38)–(8.43). In other words, investigators are interested in estab-
lishing whether the new treatment is superior, non-inferior, or substantially
superior to the placebo regarding the rate of improvement.

As in the case of the sample size determination for Model V, the sample size
formula with closed form is not available for Model VII. So, let us consider the
sample size determination via Monte Carlo simulations. The basic process to
obtain Monte Carlo simulated sample size n(= n1 = n2) for the S:T repeated
measures design is exactly the same as that for Model V (Section 8.9.1) and
assumes
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1. no difference in the odds of being “good” between two treatment groups
at baseline period due to randomization, i.e., β1 = 0, and

2. no temporal trend in the log odds of being “good” in the placebo group,
i.e., β2 = 0

and you have only to replace Step 3 in Model V with that arranged for Model
VII:

Step 3 Simulate one data set {yij : i = 1, ..., 2n; j = −(S − 1), ..., T} indepen-
dently under the assumed model shown below:

� �
yij | b0i ∼ Bernoulli(pij)

pij =
1

1 + exp{−(β0 + b0i + (β3x1i + b1i)tj)}
i = 1, ..., n (Control), n+ 1, ..., 2n (New treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρ01σB0σB1

ρ01σB0σB1 σ2
B1

)
� �
where the values of β0, β3, σ

2
B0, σ

2
B1, ρ01 must be determined based on

similar randomized controlled trials done in the past.

Here also, for the non-inferiority test and the substantial superiority test, we
have to replace β3 with

β3 =⇒ β3 − log{1−∆sign(β3)}

in the basic process described above.

8.10 Discussion

In this chapter, several mixed-effects logistic regression models are introduced
and are illustrated with real data from a randomized controlled trial, called
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Respiratory Data, with the 1:4 design. Needless to say, selection of the appro-
priate model depends on the purpose of the trial and an appropriate model
should be examined cautiously using data from the previous trials.

Especially, we would like to stress that the set of models for the aver-
age treatment effect within the framework of S:T repeated measures design
should be considered as a practical and important trial design that is a better
extension of the ordinary 1:1 design combined with an ANCOVA-type logis-
tic regression model in terms of sample size reduction and easier handling of
missing data. Section 8.7.3 compared the estimates of the treatment effect
obtained from the ANCOVA-type models VIII and IX with those from the
repeated measures models, Models I and IV, which are shown in Table 8.8. In
the Respiratory Data, the ANCOVA-type models are shown to give a little bit
smaller p-values than repeated measures models, although all the estimates
are statistically significant.

However, the repeated measures models can be more natural for the S:T
repeated measures design with S > 1 than the ordinary ANCOVA-type logistic
regression model because we find it difficult to apply the ANCOVA-type model
to these repeated measurements since there is no natural way of dealing with
repeated measurements made before randomization, as is shown in the daily
symptom data with 7:7 design in Section 8.8.
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Mixed-effects Poisson regression models

In this chapter, we shall introduce the following three practical and important
types of statistical analysis plans or statistical models that you frequently
encounter in many randomized controlled trials:

♦ models for the treatment effect at each scheduled visit,
♦ models for the average treatment effect, and
♦ models for the treatment by linear time interaction,

which are illustrated with real data from a randomized controlled trial called
Epilepsy Data. It should be noted that the problem of which model should
be used in our trial largely depends on the purpose of the trial. Further-
more, to contrast the traditional ANCOVA-type analysis frequently used in
the pre-post design (1:1 design), where the baseline measurement is used as a
covariate, we shall introduce

♦ANCOVA-type models adjusting for baseline measurement

for the 1:T design. Finally, sample size calculations needed for some models
with S:T repeated measures design are presented and illustrated with real
data.

9.1 Example: The Epilepsy Data with 1:4 design

In this chapter, we shall illustrate the mixed-effects Poisson regression models
with data from a clinical trial for patients suffering from epilepsy which was
designed to investigate whether an anti-epileptic drug called progabide reduces
the rate of seizures when compared with placebo (Leppik et al., 1987). This
data set, called here the Epilepsy Data, is very famous in the sense that it
has been analyzed by many authors including Thall and Vail (1990), Diggle
et al. (2002), Cook and Wei (2002, 2003), Everitt and Hothorn (2010) and
Fitzmaurice et al. (2011). The full data set is provided in Thall and Vail
(1990) and Diggle et al. (2002). N = 59 epileptic patients enrolled in this
study were randomized to either progabide (n2 = 31) or a placebo (n1 = 28)
in addition to a standard anti-epileptic chemotherapy. Prior to randomization,
age and the number of epileptic seizures during the baseline period of eight

197
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TABLE 9.1
Epilepsy Data: Data set with long format from a randomized placebo-
controlled clinical trial to investigate whether an anti-epileptic drug called
progabide reduces the rate of seizures when compared with placebo. Data of
the first three patients are shown here.� �

No. subject treatment visit seizure age

1 1 placebo 0 11 31

2 1 placebo 1 5 31

3 1 placebo 2 3 31

4 1 placebo 3 3 31

5 1 placebo 4 3 31

6 2 placebo 0 11 30

7 2 placebo 1 3 30

8 2 placebo 2 5 30

9 2 placebo 3 3 30

10 2 placebo 4 3 30

11 3 placebo 0 6 25

12 3 placebo 1 2 25

13 3 placebo 2 4 25

14 3 placebo 3 0 25

15 3 placebo 4 5 25� �
weeks were recorded. After randomization, patients were assessed biweekly
for eight weeks and the number of seizures was recorded in four consecutive
two-week intervals. The original trial design seems to be the 4:4 design with
two weeks as a unit interval, but they took the total number of seizures during
eight weeks as the baseline count data.1 Many authors considered the overall
or average treatment effect during the eight-week treatment period.

A part of the Epilepsy Data in the long format is shown in Table 8.1 which
includes the following five variables:

1. subject: a numeric factor indicating the subject ID.

2. treatment: a binary variable for the treatment group (progabide = 1,
placebo = 0).

3. visit: a numeric factor indicating the period of observation, 0 = baseline
(eight weeks), 1, 2, 3, 4 (for each of four two-week periods).

4. seizure: a continuous variable for the number of seizures observed in
each of five observation periods.

5. age: a continuous variable for age.

1This data set is available as the data frame epilepsy in the R system for statistical
computing using the following code: data(“epilepsy”, package=“HSAUR2”)
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FIGURE 9.1
Subject-specific response profiles by treatment group based on (a) the rate of
seizures (per two weeks) and (b) the logarithm of the rate of seizures (per two
weeks).



200 Repeated Measures Design with GLMM for RCT

Weeks

R
at

io
 o

f c
ou

nt
s 

of
 e

pi
le

pt
ic

 s
ei

zu
re

s 
re

la
tiv

e 
to

 th
e 

ba
se

lin
e 

pe
rio

d

0 2 4 6 8

-3
-2

-1
0

1
2

3 Progabide

Weeks

R
at

io
 o

f c
ou

nt
s 

of
 e

pi
le

pt
ic

 s
ei

zu
re

s 
re

la
tiv

e 
to

 th
e 

ba
se

lin
e 

pe
rio

d

0 2 4 6 8

-3
-2

-1
0

1
2

3 placebo

FIGURE 9.2
Subject-specific changes from baseline in terms of the rate ratio of seizures by
treatment group.

Figure 9.1(a) shows the subject-specific response profiles over time by
treatment group based on the number of seizures (per two weeks) and Figure
9.1(b) shows the similar profiles based on the log of the rate of seizures (per
two weeks). Figure 9.2 shows the subject-specific changes from baseline in
terms of the rate ratio of seizures by treatment group.

9.2 Rate ratio

In Figure 9.3(a), the mean response profiles based on the mean rates of seizures
(per two weeks) are shown by treatment group. For example, the mean rates
of seizures at the jth observation period, R1j for the placebo group and R2j

for the progabide group, are calculated as follows:

1. At baseline for the placebo group:

R10 =
1

4n1

n1+n2∑
i=1

yi0(1− x1i) = 7.70,
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FIGURE 9.3
(a) Mean response profiles by treatment group based on the mean rate of
seizures (per two weeks). (b) Mean changes from baseline by treatment group
in terms of the rate ratio of seizures.
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2. At baseline for the progabide group:

R20 =
1

4n2

n1+n2∑
i=1

yi0x1i = 7.90.

3. At the 4th observation period for the placebo group:

R14 =
1

n1

n1+n2∑
i=1

yi4(1− x1i) = 7.96.

4. At the 4th observation period for the progabide group:

R24 =
1

n2

n1+n2∑
i=1

yi4x1i = 6.71.

where

x1i =

{
1, if the ith subject is assigned to progabide
0, if the ith subject is assigned to placebo.

(9.1)

Then, to assess the mean changes from baseline of the mean rates of seizures,
it will be natural to calculate the rate ratio of seizures RR1j for the placebo
group and RR2j for the progabide group, comparing the jth observation pe-
riod to the baseline period. For example, at the 4th observation period, we
have

RR14 = R14/R10 = 7.96/7.70 = 1.03 (increased by about 3%) (9.2)

RR24 = R24/R20 = 6.71/7.90 = 0.849 (reduced by about 15%). (9.3)

Figure 9.3(b) shows the mean changes from baseline in terms of these rate
ratios by treatment group. Then, one way to estimate the treatment effect of
progabide compared with placebo at each observation period is to calculate
the Ratio of the two Rate Ratios or RRR (rate ratio ratio) such that

RRR4 = RR24/RR14 = 0.849/1.03 = 0.824, (9.4)

which means that, for the progabide group compared with the placebo group,
the rate ratio of seizures is relatively reduced by about 17.6% at the 4th
observation period.
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9.3 Poisson regression models

The number of epileptic seizures is so-called count data. Although we can
apply a linear regression approach to the count data, there are two problems.
The response variable that is a count can take only positive values and the
variable is unlikely to follow a normal distribution symmetric about the mean.
Instead, the Poisson distribution has a long history as a model for count data.
Let yij denote the number of seizures of the ith subject at the jth observation
period. Then, we can formulate the Poisson model as

yij ∼ Poisson(λij) = Poisson(eµij ) (9.5)

p(yij) =
(eµij )yij

yij !
exp(−eµij ), (9.6)

where λij = eµij (> 0) is the expected number of seizures for the ith subject
at the jth observation period. Then, a fixed-effects Poisson regression model
with covariates (x1, ..., xq) is defined as

log λ = β0 + β1x1 + · · ·+ βqxq. (9.7)

However, the Poisson distribution has a very strong assumption that the vari-
ance is equal to the expected value, i.e.,

Var(yij) = E(yij) = λij = eµij (> 0).

In many medical and biological applications, this relationship is rarely satis-
fied, and usually the variance exceeds the expected value, i.e.,

Var(yij) = φeµij > eµij , (φ > 1). (9.8)

This is usually called “over-dispersion” and φ is called a over-dispersion pa-
rameter. This over-dispersion can be explained by an inter-subject variability
of the expected value λij = eµij . Namely, we can deal with this situation by
introducing the random-effects b0i reflecting inter-subject variability such that

1. Conditional on the subject-specific expected value eb0ieµij = eb0i+µij ,
the response variable yij has a Poisson distribution.

2. The random effects b0i are independent realizations from some distribu-
tion. We assume here a normal distribution with mean 0 and variance
σ2
B0.
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In other words, we have

E(yij | b0i) = λije
b0i = eb0i+µij (9.9)

yij | b0i ∼ Poisson(eb0i+µij ) (9.10)

p(yij | b0i) =
(eb0i+µij )yij

yij !
exp(−eb0i+µij ). (9.11)

Namely, a mixed-effects Poisson regression model can be expressed as

logE(yij | b0i) = log eb0i+µij = b0i + β0 + β1x1i + · · ·+ βqxqi. (9.12)

9.4 Models for the treatment effect at each scheduled
visit

As in the case of the logistic regression model in Section 8.4, we shall apply
two types of mixed-effects models: (1) a random intercept model and (2) a
random intercept plus slope model with slope constant during the evaluation
period.

9.4.1 Model I: Random intercept model

In the Poisson model, it is quite natural to consider the following multiplica-
tive model at first, rather than the usual additive model. The random intercept
model with random intercept b0i reflecting the inter-subject variability of the
rate of seizures at baseline can be given as

E(yi0 | b0i) =

{
eb0ieβ0ew

t
iξLi0, (placebo)

eb0ieβ0eβ1ew
t
iξLi0, (progabide)

E(yij | b0i) =

{
eb0ieβ0eβ2jew

t
iξLij , (placebo)

eb0ieβ0eβ1eβ2jeβ3jew
t
iξLij , (progabide)

j = 1, ..., 4,

where:
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1. Lij denotes the length of the observation period (= 4 for j = 0; = 1
for j = 1, 2, 3, 4) in the unit of “two weeks.” In the Poisson regression
models described below, the log(Lij) is set as an offset.

2. eβ0 denotes the mean subject-specific rate of seizures (per two weeks)
for the placebo group at baseline.

3. eb0ieβ0 denotes the subject-specific rate of seizures for the placebo group
at baseline.

4. eβ1 denotes the subject-specific rate ratio of seizures, comparing the
progabide group to the placebo group at baseline.

5. eβ2j denotes the subject-specific rate ratio of seizures, comparing the jth
observation period to the baseline period for the placebo group.

6. eβ2jeβ3j denotes the subject-specific rate ratio of seizures, comparing the
jth observation period to the baseline period for the progabide group.

7. β3j denotes the effect of the treatment-by-time interaction at the jth
visit or eβ3j denotes the ratio of these two rate ratios or the RRR, rate
ratio ratio. In other words, eβ3j means the subject-specific treatment
effect of the new treatment compared with the control treatment at the
jth visit in terms of RRR.

8. wt
i = (w1i, ..., wqi) is a vector of covariates.

9. ξt = (ξ1, ..., ξq) is a vector of coefficients for covariates.

Needless to say, we should add the phrase “adjusted for covariates” to the
interpretations of fixed-effects parameters β, but we omit the phrase in what
follows. In terms of the generalized linear model discussed in Chapter 1, the
canonical link function for the Poisson model is the log transformation. So the
most common Poisson model is the log-linear model. Then the above random
intercept model is expressed by the following log-linear model:

logE(yi0 | b0i) =

{
b0i + β0 +wt

iξ + logLi0, (placebo)
b0i + β0 + β1 +wt

iξ + logLi0, (progabide)

logE(yij | b0i) =

{
b0i + β0 + β2j +wt

iξ + logLij , (placebo)
b0i + β0 + β1 + β2j + β3j +wt

iξ + logLij , (progabide)

j = 1, ..., 4.

Then, as in Section 7.4.1, by introducing the two dummy variables x1i, x2ij ,
the above model can be re-expressed as
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logE(yij | b0i) = logLij + β0 + b0i + β1x1i + β2kjx2ij

+β3jx1ix2ij +wt
iξ (9.13)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

b0i ∼ N(0, σ2
B0),

where

x2ij =

{
1, for j ≥ 1 (evaluation period)
0, for j ≤ 0 (baseline period).

(9.14)

It should be noted here also that an important assumption is, given the random
intercept b0i, the subject-specific repeated measures (yi0, ..., yi4) are mutually
independent.

9.4.2 Model II: Random intercept plus slope model

As the second model, consider a random intercept plus slope model by simply
adding the random effects b1i taking account of the inter-subject variability
of the response assumed to be constant during the treatment period, which is
given by

logE(yi0 | b0i) =

{
β0 + b0i +wt

iξ + logLi0, (placebo)
β0 + b0i + β1 +wt

iξ + logLi0, (progabide)

logE(yij | b0i, b1i) =

 β0 + b0i + b1i + β2j +wt
iξ + logLij , (placebo)

β0 + b0i + b1i + β1 + β2j + β3j +wt
iξ + logLij ,

(progabide)

j = 1, ..., 4,

which is re-expressed as

logE(yij | b0i, b1i) = logLij + β0 + b0i + b1ix2ij + β1x1i + β2jx2ij

+β3jx1ix2ij +wt
iξ (9.15)

i = 1, ..., N ; j = 0, 1, 2, 3, 4; β20 = 0, β30 = 0

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
.
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We shall call Model II with ρB = 0, Model IIa, and the one with ρB 6= 0,
Model IIb. It should be noted that the random slope introduced in the above
model does not mean the slope on the time or a linear time trend, which will
be considered in Section 9.6.

9.4.3 Analysis using SAS

Now, let us apply these three models to the Epilepsy Data using the SAS
procedure PROC GRIMMIX. The respective sets of SAS programs are shown in
Program 9.1. The following considerations are required for coding the SAS
programs (some of them have already been described in Sections 3.5, 7.4.4
and 8.4.3):

1. A binary variable treatment indicates x1i.

2. Create a new binary variable post indicating x2ij in the DATA step as

if visit=0 then post=0; else post=1;

3. The fixed effects β2j can be expressed via the variable visit (main
factor), which must be specified as a numeric factor by the CLASS state-
ment.

4. The fixed effects β3j can be expressed via the treatment * visit in-
teraction.

5. As already explained in Section 3.5, the CLASS statement needs the
option /ref=first to specify the first category be the reference category.

6. The option method=quad specifies the adaptive Gauss-Hermite quadra-
ture method for evaluating integrals involved in the calculation of the
log-likelihood. For details, see Section B.3 in Appendix B.

7. The option (qpoints=7) specifies the number of nodes used for evaluat-
ing integrals. For the details to select the number of nodes, see Section
B.3.3.2 in Appendix B.

8. The Poisson regression model specifies the MODEL statement with option

/ d=poi link=log offset=logt s cl ;

where the offset variable logt indicating log(Lij) must be created as
follows:

if visit=0 then logt=log(4); else logt=log(1);
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9. When you want to fit the random intercept and slope model with ρB = 0,
you have to use the following RANDOM statement:

random intercept post /type=simple subject=id g gcorr ;

When you want to fit the model with ρB 6= 0, then

random intercept post /type=un subject=id g gcorr ;

10. In this example, we want to obtain the confidence interval of the estimate
β24 + β34, which denotes the log of rate ratio of seizures, comparing the
4th observation period to the baseline period for the progabide group.
To do this, we use the following linear contrast

β24 + β34 = (β24 − β20) + (β34 − β30)

= (−1, 0, 0, 0, 1)(β20, β21, β22, β23, β24)t

+(−1, 0, 0, 0, 1)(β30, β31, β32, β33, β34)t.

However, due to the option /ref=first used, the coefficients of the
linear contrast in SAS programs needs the following change (for example,
see Section 3.5)

(−1, 0, 0, 0, 1)→ (0, 0, 0, 1,−1),

and then the ESTIMATE statement should be:

estimate ’progabide at 8w ’ visit 0 0 0 1 -1

treatment*visit 0 0 0 1 -1 /divisor=1 cl alpha=0.05;

11. As in the case of the normal linear regression models, let us perform the
same diagnostic based on studentized conditional residuals, which is use-
ful to examine whether the subject-specific model is adequate, although
PROC GLIMMIX provides several kinds of panels of residual diagnostics.
Each panel consists of a plot of residuals versus predicted values, a his-
togram with normal density overlaid, a Q-Q plot, and the box plots of
residuals. We can do this in the same manner as explained in Section
7.4.4.
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Program 9.1. SAS procedure PROC GLIMMIX for Models I, IIa, IIb

data epilong ;

infile ’c:\book\RepeatedMeasure\epilepsy_long.txt’ missover;

input no subject treatment visit seizure age;

if visit=0 then post=0; else post=1;

if visit=0 then logt=log(4); else logt=log(1);

ods graphics on;

proc glimmix data=epilong method=quad (qpoints=7)

plots=studentpanel( conditional blup) ;

class subject visit/ref=first ;

model seizure = age treatment visit treatment*visit

/ d=poi link=log offset=logt s cl ;

/* Model I */

random intercept / subject= subject g gcorr ;

/* Model IIa */

random intercept post / subject= subject g gcorr ;

/* Model IIb*/

random intercept post / type=un subject= subject g gcorr ;

estimate ’progabide at 8w’ visit 0 0 0 1 -1

treatment*visit 0 0 0 1 -1

/divisor=1 cl alpha=0.05;

run;� �
The results of Model I are shown in Output 9.1. The estimated variance of

the random intercept is σ̂2
B0 = 0.5999 (s.e. = 0.1153) and eβ̂2j , the rate ratio

of seizures comparing the jth observation period to baseline period for the
placebo group, is estimated as

1. visit 1: e0.1954 = 1.21

2. visit 2: e0.07378 = 1.08

3. visit 3: e0.1324 = 1.14

4. visit 4: e0.0342 = 1.03

which are exactly the same as RR1j shown in Figure 9.3(b). As a matter of
fact, in Model I we have

eβ̂2j = RR1j (9.16)

eβ̂2j+β̂3j = RR2j (9.17)

eβ̂3j = RR2j/RR1j = RRRj . (9.18)
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Output 9.1. SAS procedure PROC GLIMMIX for Model I

Fit statistics

-2 Res Log Likelihood 2007.88

AIC (smaller is better) 2031.88

BIC (smaller is better) 2056.81

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.5999 0.1153

Solution for Fixed Effects

Effect visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.1735 0.5045 56 4.31 <.0001 0.05 1.1629 3.1840

age -0.01543 0.01659 228 -0.93 0.3534 0.05 -0.04812 0.01726

treatment -0.04395 0.2103 228 -0.21 0.8347 0.05 -0.4584 0.3705

visit 1 0.1954 0.07055 228 2.77 0.0061 0.05 0.05637 0.3344

visit 2 0.07378 0.07396 228 1.00 0.3195 0.05 -0.07195 0.2195

visit 3 0.1324 0.07228 228 1.83 0.0684 0.05 -0.01005 0.2748

visit 4 0.03420 0.07513 228 0.46 0.6494 0.05 -0.1138 0.1822

visit 0 0 . . . . . . .

treatment*visit 1 -0.1131 0.09878 228 -1.15 0.2533 0.05 -0.3078 0.08149

treatment*visit 2 -0.01053 0.1016 228 -0.10 0.9176 0.05 -0.2107 0.1897

treatment*visit 3 -0.1042 0.1011 228 -1.03 0.3036 0.05 -0.3034 0.09492

treatment*visit 4 -0.1979 0.1071 228 -1.85 0.0659 0.05 -0.4090 0.01313

treatment*visit 0 0 . . . . . . .

Estimate

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

progabide at 8w -0.1637 0.07634 228 -2.14 0.0331 0.05 -0.3141 -0.01329� �
The results of Model IIa are shown in Output 9.2. The results of Model IIb
are omitted here. The values of the AIC for Models I, IIa, and IIb are 2031.88,
1861.92, and 1862.45, respectively. The values of the BIC for these three mod-
els are 2056.81, 1888.93, and 1891.54, respectively. Therefore, based on the
AIC and BIC, Model IIa is selected as the best model.
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Output 9.2. SAS procedure PROC GLIMMIX for Model IIa

Fit statistics

-2 Res Log Likelihood 1835.92

AIC (smaller is better) 1861.92

BIC (smaller is better) 1888.93

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.5004 0.09985

post subject 0.2415 0.06191

Solution for Fixed Effects

Effect visit Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.3739 0.4709 56 5.04 <.0001 0.05 1.4305 3.3172

age -0.02144 0.0154 171 -1.39 0.1663 0.05 -0.05188 0.009005

treatment 0.02059 0.1942 171 0.11 0.9157 0.05 -0.3628 0.4039

visit 1 0.1028 0.1220 171 0.84 0.4006 0.05 -0.1381 0.3438

visit 2 -0.02078 0.1241 171 -0.17 0.8672 0.05 -0.2657 0.2242

visit 3 0.04036 0.1230 171 0.33 0.7433 0.05 -0.2025 0.2832

visit 4 -0.05572 0.1247 171 -0.45 0.6556 0.05 -0.3019 0.1904

visit 0 0 . . . . . . .

treatment*visit 1 -0.3278 0.1705 171 -1.92 0.0562 0.05 -0.6644 0.008796

treatment*visit 2 -0.2216 0.1722 171 -1.29 0.1999 0.05 -0.5614 0.1183

treatment*visit 3 -0.3198 0.1719 171 -1.86 0.0645 0.05 -0.6590 0.01947

treatment*visit 4 -0.4168 0.1755 171 -2.38 0.0186 0.05 -0.7631 -0.07040

treatment*visit 0 0 . . . . . . .

Estimate

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

progabide at 8w -0.4725 0.1241 171 -3.81 0.0002 0.05 -0.7174 -0.2276� �
From the estimates of Model IIa (ρB = 0), we have the following information:

1. Estimates of the variance of random effects are

σ̂2
B0 = 0.5004 (s.e. = 0.09985), σ̂2

B1 = 0.2415 (s.e. = 0.0619).

2. The rate ratio of seizures comparing the 4th observation period (7–8
weeks after randomization) to the baseline period for the placebo group

is estimated as eβ̂24 = e−0.05572 = 0.946, and its 95% confidence interval
is (e−0.3019, e0.1904) = (0.739, 1.209).

3. On the other hand, the rate ratio for the progabide group is esti-

mated as eβ̂24+β̂34 = e−0.4725 = 0.623 and its 95% confidence interval is
(e−0.7174, e−0.2276) = (0.488, 0.796) by reading the results of ESTIMATE
statement. These results indicate a reduction of 37.7%.

4. The treatment effect of progabide compared with placebo at the

4th observation period is estimated as eβ̂34 = e−0.4168 (95%CI :
e−0.7631, e−0.07040) = 0.66 (95%CI : 0.47, 0.93), indicating a relative
reduction of 34%.
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FIGURE 9.4
The changes from baseline by treatment group in terms of the estimated rate

ratios of seizures (eβ̂2j for the placebo group and eβ̂2j+β̂3j for the progabide
group) via Model IIa.

5. Figure 9.4 shows the changes from baseline by treatment group based
on the estimated rate ratio of seizures, comparing the jth observation
period to the baseline period.

6. The panel of graphics of the studentized conditional residuals of Model
IIa is shown in Figure 9.5. There is one outlying point having studentized
residuals larger than 7.5, but there seems to be no systematic alarming
patterns in these plots.

Table 9.2 shows the estimated treatment effect eβ̂3j (rate ratio ratio) at each
of four observation periods for Model I and Model IIa (ρB = 0).

9.5 Models for the average treatment effect

In Chapter 1 we introduced a new S:T repeated measures design both as an
extension of the 1:1 design or pre-post design and as a formal confirmatory
trial design for randomized controlled trials. The primary interest in this de-
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FIGURE 9.5
The panel of graphics of studentized conditional residuals of Model IIa con-
sisting of a plot of residuals versus predicted values, a histogram with normal
density overlaid, a Q-Q plot, and a box plot.

sign is to estimate the overall or average treatment effect during the evaluation
period. So, in the trial protocol, it is important to select the evaluation pe-
riod during which the treatment effect could be expected to be stable to a
certain extent. So, in this section, let us assume that the primary interest
of the Epilepsy Trial with the 1:4 design is to estimate the average
treatment effect over eight weeks after randomization (evaluation
period), although many readers may not think it reasonable for the real situ-
ation of the Epilepsy Trial. In this case, as already described in Sections 1.2.2,
7.5 and 8.5, we can introduce two models, a random intercept model and a
random intercept plus slope model.

9.5.1 Model IV: Random intercept model

The random intercept model with random intercept b0i is expressed as
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TABLE 9.2
Estimated treatment effect eβ̂3j (rate ratio ratio) at each of four observation
periods for Model I and Model IIa (ρB = 0).

Model I (AIC = 2031.88) Model IIa (AIC = 1861.92)
Two- Two-

Weeks Estimate (95%CI) tailed p Estimate (95%CI) tailed p

2 0.89 (0.74, 1.08) 0.253 0.72 (0.51, 1.01) 0.056
4 0.99 (0.81, 1.21) 0.918 0.80 (0.57, 1.13) 0.200
6 0.90 (0.74, 1.10) 0.304 0.73 (0.52, 1.02) 0.065
8 0.82 (0.66, 1.01) 0.066 0.66 (0.47, 0.93) 0.019

E(yi0 | b0i) =

{
eb0ieβ0ew

t
iξLi0, (placebo)

eb0ieβ0eβ1ew
t
iξLi0, (progabide)

E(yij | b0i) =

{
eb0ieβ0eβ2ew

t
iξLij , (placebo)

eb0ieβ0eβ1eβ2eβ3ew
t
iξLij , (progabide)

j = 1, ..., 4,

which can be re-expressed as

logE(yij | b0i) = logLij + β0 + b0i + β1x1i + β2x2ij

+β3x1ix2ij +wt
iξ (9.19)

i = 1, ..., N ; j = 0, 1, 2, 3, 4

b0i ∼ N(0, σ2
B0),

where the interpretations of the parameters different from Model I are as
follows:

1. eβ0+bi0 denotes the subject-specific rate of seizures for the placebo group
at baseline.

2. eβ0+bi0+β1 denotes the subject-specific rate of seizures for the new treat-
ment group at baseline.

3. eβ0+bi0+β2 denotes the subject-specific rate of seizures for the placebo
group in the evaluation period.
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4. eβ0+bi0+β1+β2+β3 denotes the subject-specific rate of seizures for the new
treatment group in the evaluation period.

5. eβ2 denotes the subject-specific rate ratio of seizures, comparing the
treatment period to the baseline period for the placebo group.

6. eβ2+β3 denotes the same quantity for the progabide group.

7. eβ3 denotes the ratio of these two rate ratios or the subject-specific
average treatment effect of progabide compared with placebo in terms
of the RRR, rate ratio ratio.

9.5.2 Model V: Random intercept plus slope model

The random intercept plus slope model with random slope b1i is expressed as

E(yi0 | b0i) =

{
eb0ieβ0ew

t
iξLi0, (placebo)

eb0ieβ0eβ1ew
t
iξLi0, (progabide)

E(yij | b0i, b1i) =

{
eb0ieb1ieβ0eβ2ew

t
iξLij , (placebo)

eb0ieb1ieβ0eβ1eβ2eβ3ew
t
iξLij , (progabide)

j = 1, ..., 4,

which can be re-expressed as

logE(yij | b0i) = logLij + β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij +wt
iξ (9.20)

i = 1, ..., N ; j = 0, 1, 2, 3, 4

bi = (b0i, b1i) ∼ N(0,Φ).

We shall call Model V with ρB = 0, Model Va, and the one with ρB 6= 0,
Model Vb.

9.5.3 Analysis using SAS

Now, let us apply Models IV, Va, and Vb to the Epilepsy Data using the SAS
procedure PROC GLIMMIX. The respective sets of SAS programs are shown in
Program 9.3.
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Program 9.3. SAS procedure PROC GRIMMIX for Models IV, Va, Vb

<Model IV>

proc glimmix data=epilong method=quad (qpoints=7);

class subject visit/ref=first ;

model seizure = age treatment post treatment*post

/ d=poi link=log offset=logt s cl ;

random intercept / subject= subject g gcorr ;

<Model V>

proc glimmix data=epilong method=quad (qpoints=7);

class subject visit/ref=first ;

model seizure = age treatment post treatment*post

/ d=poi link=log offset=logt s cl ;

/* Va */

random intercept post / type=un subject= subject g gcorr ;

/* Vb */

random intercept post / type=simple subject= subject g gcorr ;

run ;� �
The results of Models IV and Va are shown in Output 9.3. In Model IV, the
variance of the random intercept is estimated as σ̂2

B0 = 0.5999 (s.e. = 0.1153),
which is exactly the same as the variance estimate of Model I. Furthermore,
the estimated variances of the random intercept and random slope are σ̂2

B0 =
0.5014 (s.e. = 0.1002) and σ̂2

B1 = 0.2415 (s.e. = 0.06192), respectively, which
are also quite similar to those of Model IIa. The values of the AIC and BIC
are 2032.29 and 2044.76, respectively, for Model IV and 1862.31 and 1876.85,
respectively, for Model Va. Although the results of Model Vb are omitted
here, the values of the AIC and BIC are 1862.85 and 1879.47, respectively.
Therefore, the best model is selected as Model Va based on these information
criteria. The average treatment effect of Model Va is estimated in terms of the
rate ratio ratio, i.e., RRR = e−0.3087 = 0.73 and the 95% confidence interval is
(e−0.6113, e−0.00620) = (0.54, 0.99). Namely, progabide reduced the rate ratio of
seizures (comparing the treatment period to the baseline period) by about 27%

compared with placebo. The estimated average treatment effects RRR = eβ̂3

for Models IV, Va, and Vb are shown in Table 9.3.
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TABLE 9.3
The estimated average treatment effects eβ̂3 (rate ratio ratios) for Models IV,
Va, and Vb. The model with the asterisk (∗) indicates the best model based
on the AIC and BIC.

Model Estimate (95%CI) Two-tailed p AIC BIC

IV 0.90 (0.79, 1.02) 0.1123 2032.29 2044.76
Va∗ (ρB = 0) 0.73 (0.54, 0.99) 0.0455 1862.31 1876.85
Vb (ρB 6= 0) 0.74 (0.55, 0.99) 0.0461 1862.85 1879.47

� �
Output 9.3. SAS procedure PROC GRIMMIX for Models IV and Va

<Model IV>

Fit statistics

-2 Res Log Likelihood 2020.29

AIC (smaller is better) 2032.29

BIC (smaller is better) 2044.76

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.5999 0.1153

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.1735 0.5045 56 4.31 <.0001 0.05 1.1629 3.1840

age -0.01543 0.01659 234 -0.93 0.3533 0.05 -0.04811 0.01726

treatment -0.04394 0.2103 234 -0.21 0.8347 0.05 -0.4583 0.3704

post 0.1108 0.04689 234 2.36 0.0189 0.05 0.01842 0.2032

treatment*post -0.1037 0.06505 234 -1.59 0.1123 0.05 -0.2318 0.02449

<Model Va>

Fit statistics

-2 Res Log Likelihood 1848.31

AIC (smaller is better) 1862.31

BIC (smaller is better) 1876.85

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.5014 0.1002

post subject 0.2415 0.06192

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.3228 0.4691 56 4.95 <.0001 0.05 1.3830 3.2625

age -0.01953 0.01543 177 -1.27 0.2075 0.05 -0.04998 0.01093

treatment 0.02713 0.1944 177 0.14 0.8892 0.05 -0.3565 0.4108

post 0.01198 0.1101 177 0.11 0.9135 0.05 -0.2053 0.2293

treatment*post -0.3087 0.1533 177 -2.01 0.0455 0.05 -0.6113 -0.00620� �
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9.6 Models for the treatment by linear time interaction

In the previous section, we focused on the mixed-effects models where we
are primarily interested in comparing the average treatment effect during the
evaluation period. In this section, we shall consider the situation where the
primary interest is testing the treatment by linear time interaction (Hedeker
and Gibbons, 2006; Bhumik et al., 2008). So, let us assume here that the
primary interest of the Epilepsy Trial with the 1:4 design is to
estimate the difference in average rates of change or improvement
of the seizure rate over time. To do this, we shall consider the random
intercept model and the random intercept plus slope model.

9.6.1 Model VI: Random intercept model

The random intercept model with random intercept b0i is expressed as

E(yi0 | b0i) =

{
eb0ieβ0ew

t
iξLi0, (placebo)

eb0ieβ0eβ1ew
t
iξLi0, (progabide)

E(yij | b0i) =

{
eb0ieβ0eβ2tjew

t
iξLij , (placebo)

eb0ieβ0eβ1e(β2+β3)tjew
t
iξLij , (progabide)

j = 1, ..., 4,

where:

1. tj denotes the jth measurement time in the unit of “two weeks,” i.e.,
t0 = 0, t1 = 1, t2 = 2, t3 = 3 and t4 = 4.

2. Interpretations on β0 and β1 are the same as those of Models I–V.

3. β2 denotes the subject-specific change of the log rate of seizures for
an increase of one unit in tj in the placebo group, in other words, the
subject-specific rate of change of the log rate of seizures per two weeks in
the placebo group. Therefore, eβ2 denotes the subject-specific rate ratio
of seizures per two weeks in the placebo group.

4. eβ2+β3 denotes the subject-specific rate ratio of seizures per two weeks
in the progabide group.

5. eβ3 denotes the subject-specific ratio of these two rate ratios per two
weeks, i.e., the subject-specific effect size of the treatment by linear
time interaction in terms of the RRR, rate ratio ratio.
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The above model can be re-expressed as

logE(yij | b0i) = logLij + β0 + b0i + β1x1i

+(β2 + β3x1i)tj +wt
iξ (9.21)

i = 1, ..., N ; j = 0, 1, 2, 3, 4

b0i ∼ N(0, σ2
B0).

9.6.2 Model VII: Random intercept plus slope model

The random intercept plus slope model with random intercept b1i is expressed
as

E(yi0 | b0i) =

{
eb0ieβ0ew

t
iξLi0, (placebo)

eb0ieβ0eβ1ew
t
iξLi0, (progabide)

E(yij | b0i, b1i) =

{
eb0ieβ0e(b1i+β2)tjew

t
iξLij , (placebo)

eb0ieβ0eβ1e(b1i+β2+β3)tjew
t
iξLij , (progabide)

j = 1, ..., 4,

which can be re-expressed as

logE(yij | b0i, b1i) = logLij + β0 + b0i + β1x1i

+(b1i + β2 + β3x1i)tj +wt
iξ (9.22)

i = 1, ..., N ; j = 0, 1, 2, 3, 4

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
.

We shall call Model VII with ρB = 0, Model VIIa, and the one with ρB 6= 0,
Model VIIb.

9.6.3 Analysis using SAS

Now, let us apply Models VI, VIIa, and VIIb to the Epilepsy Data using the
SAS procedure PROC GLIMMIX. The respective sets of SAS programs and part
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of the results for Model VIIa are shown in Program and Output 9.4. In this
program, we need to create the continuous variable xvisit indicating tj in
the DATA step as follows:

xvisit = visit;

and the MODEL statement should be

model seizure = age treatment xvisit treatment*xvisit

/d=poisson link=log offset=logt s cl ;

� �
Program and Output 9.4: SAS procedure PROC GLIMMIX for Models VI, VIIa, VIIb

<SAS program>

data epilong ;

infile ’c:\book\RepeatedMeasure\epilepsy_long.txt’ missover;

input no subject treatment visit seizure age;

if visit=0 then post=0; else post=1;

if visit=0 then logt=log(4); else logt=log(4);

xvisit=visit;

run;

proc glimmix data=epilong method=quad (qpoints=7);

class subject visit/ref=first ;

model seizure = age treatment xvisit treatment*xvisit

/d=poisson link=log offset=logt s cl ;

/* model VI */

random intercept / subject= subject g gcorr ;

/* model VIIa */

random intercept xvisit/ subject= subject g gcorr ;

/* model VIIb */

random intercept xvisit/ type=un subject= subject g gcorr ;

run;

<A part of the results for Model VIIa>

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.5348 0.1052

xvisit subject 0.02096 0.005939

Fit statistics

-2 Res Log Likelihood 1909.06

AIC (smaller is better) 1923.06

BIC (smaller is better) 1937.61

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.2681 0.4810 56 4.72 <.0001 0.05 1.3045 3.2317

age -0.01653 0.01583 177 -1.04 0.2975 0.05 -0.04777 0.01470

treatment -0.00178 0.1991 177 -0.01 0.9929 0.05 -0.3946 0.3911

xvisit -0.01697 0.03384 57 -0.50 0.6179 0.05 -0.08473 0.05079

treatment*xvisit -0.09448 0.04760 177 -1.98 0.0487 0.05 -0.1884 -0.00054� �
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In Model VIIa, the variances of the random-effects parameters are estimated as

σ̂2
B0 = 0.5348 (s.e. = 0.1052), σ̂2

B0 = 0.02096 (s.e. = 0.005939).

The subject-specific rate of change of the log rate of seizures (per two

weeks) is estimated as β̂2 = −0.01697 in the placebo group and β̂2 + β̂3 =
−0.01697− 0.09448 = −0.11145 in the progabide group, respectively. The es-
timated lines by treatment group are plotted in Figure 9.6 together with the
estimates shown in Figure 9.4 by Model VIIa. Both models seem to give sim-
ilar estimates or time trends of each other. The difference in average changes
is estimated as β̂3 = −0.09448 (s.e. = 0.0476), p = 0.0487. Namely, the esti-
mated rate ratio of seizures per two weeks is e−0.01697 = 0.9832 in the placebo
group and e−0.11145 = 0.8945 in the progabide group, respectively. These re-
sults indicate that for every increase of 2 weeks, the rate of seizures reduces
100(1− 0.9832) = 1.68% in the placebo group and 100(1− 0.8945) = 10.55%
in the progabide group in terms of the rate ratio, respectively. Therefore, the
treatment effect of progabide compared with placebo is expressed as the rel-
ative reduction of the rate ratio of seizures, i.e,

100(1− e−0.09448) = 100(1− 0.8945/0.9832) = 100(1− 0.9098) = 9.02%.

Namely, the speed of improvement of the seizure rate is more rapid for the
progabide group compared with the placebo group. Table 9.4 shows the treat-
ment effect with 95% confidence interval for each of the three models.

9.6.4 Checking the goodness-of-fit of linearity

However, as discussed and illustrated in Sections 7.6.4 and 8.6.4, we should be
cautious about the goodness-of-fit of the models for the treatment by linear
time interaction because the linear trend model has very strong assumptions
on the linearity. Although Figure 9.6 shows that the trend could be linear,
let us check here also the goodness-of-fit of the linear model. To do this, we
can apply the following random intercept model and the random intercept plus
slope model including the treatment by quadratic time interaction.

1. Model VIQ: Random intercept model
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FIGURE 9.6
The changes from baseline by treatment group based on the estimated rate
ratios via Model VIIa (linear) and those via Model IIa of seizures at each visit
versus the baseline.

logE(yij | b0i) = logLij + β0 + b0i + β1x1i + (β2 + β3x1i)tj +

(β4 + β5x1i)t
2
j +wt

iξ (9.23)

b0i ∼ N(0, σ2
B0)

i = 1, ..., N ; j = 0, 1, 2, 3, 4.

2. Model VIIQ: Random intercept plus slope model

The random intercept plus slope model with a random intercept b0i, random
slopes b1i on the linear term, and b2i on the quadratic term is expressed by:
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TABLE 9.4
Estimated treatment effect eβ̂3 (rate ratio ratio) and variance components for
Models, VI, VIIa and VIIb. The model with the asterisk (∗) indicates the best
model.

Two-tailed

Model eβ̂3 (95%CI) p-value σ̂2
B0 σ̂2

B1

VI 0.962 (0.922, 1.005) 0.0853 0.599 (0.115)
VIIa∗ 0.910 (0.828, 0.999) 0.0487 0.535 (0.105) 0.0210 (0.0059)
VIIb 0.911 (0.931, 0.999) 0.0492 0.515 (0.102) 0.0201 (0.0058)

Model ρ̂B AIC BIC

VI 2034.92 2047.38
VIIa∗ 1923.06 1937.61
VIIb 0.2442 1923.04 1939.66

logE(yij | b0i, b1i, b2i) = logLij + β0 + b0i + β1x1i + (β2 + β3x1i + b1i)tj +

(β4 + β5x1i + b2i)t
2
j +wt

iξ (9.24)

bi = (b0i, b1i, b2i) ∼ N(0,Φ)

Φ =

 σ2
B0 ρB01σB0σB1 ρB02σB0σB2

ρB01σB0σB1 σ2
B1 ρB12σB1σB2

ρB02σB0σB2 ρB12σB1σB2 σ2
B2


i = 1, ..., N ; j = 0, 1, 2, 3, 4.

Now, let us apply Models VIQ and VIIQ to the Epilepsy Data using the SAS
procedure PROC GLIMMIX. The respective sets of SAS programs and a part of
the results for Model VIIQ are shown in Program and Output 9.5. In this
program, we need to create the continuous variable xvisit2 indicating that
the quadratic term in the DATA step and the MODEL statement should be

model seizure = age treatment xvisit xvisit2 treatment*xvisit

treatment*xvisit2 / d=poisson link=log offset=logt s cl ;

and the RANDOM statement for Model VIIQ should be

random intercept xvisit xvist2/type=un subject= subject g gcorr;
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Program and Output 9.5: SAS procedure PROC GLIMMIX for Models VIQ, VIIQ

<SAS program>

data epilong ;

infile ’c:\book\RepeatedMeasure\epilepsy_long.txt’ missover;

input no subject treatment visit seizure age;

if visit=0 then post=0; else post=1;

if visit=0 then logt=log(4); else logt=log(1);

xvisit=visit;

xvisit2=xvisit * xvisit;

run;

proc glimmix data=epilong method=quad (qpoints=7);

class subject visit/ref=first ;

model seizure = age treatment xvisit xvisit2 treatment*xvisit

treatment*xvisit2 / d=poisson link=log offset=logt s cl ;

/* model VIQ */

random intercept / subject= subject g gcorr ;

/* model VIIQ */

random intercept xvisit xvisit2/ type=un subject= subject g gcorr ;

run ;

<A part of the results for Model VIIQd >

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

UN(1,1) subject 0.5063 0.1042

UN(2,1) subject 0.05625 0.06004

UN(2,2) subject 0.2334 0.06828

UN(3,1) subject -0.01135 0.01388

UN(3,2) subject -0.04842 0.01565

UN(3,3) subject 0.01043 0.003716

Fit statistics

-2 Res Log Likelihood 1830.67

AIC (smaller is better) 1856.67

BIC (smaller is better) 1883.68

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept 2.5869 0.4786 56 5.40 <.0001 0.05 1.6281 3.5457

age -0.02759 0.01578 118 -1.75 0.0830 0.05 -0.0588 0.003658

treatment -0.01002 0.1949 118 -0.05 0.9591 0.05 -0.3960 0.3760

xvisit -0.00959 0.1173 57 -0.08 0.9352 0.05 -0.2445 0.2253

xvisit2 -0.00377 0.02750 57 -0.14 0.8914 0.05 -0.0588 0.05130

treatment*xvisit -0.1468 0.1601 118 -0.92 0.3608 0.05 -0.4638 0.1701

treatment*xvisit2 0.01744 0.03722 118 0.47 0.6403 0.05 -0.0562 0.09114� �
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TABLE 9.5
The estimated coefficients (s.e.) of fixed effects β2, β3, β4, β5 and covariance
structure Φ for Models VIQ and VIIQ.

Model β̂2 β̂3 β̂4 β̂5
VIQ 0.135 (0.057) -0.015 (0.079) -0.0327 (0.015) -0.0070 (0.021)
VIIQ -0.0096 (0.12) -0.147 (0.160) -0.0038 (0.028) 0.0174 (0.037)

Model σ̂2
B0 σ̂2

B1 σ̂2
B2 AIC BIC

VIQ 0.599 (0.115) 2027.4 2044.0
VIIQ 0.506 (0.104) 0.233 (0.0683) 0.0104 (0.00372) 1856.7 1883.7

ρ̂B01 = 0.1636, ρ̂B02 = −0.1561, ρ̂B12 = −0.9814 for Model VIIQ.

The results are summarized in Table 9.5. Based on the values of the AIC and
BIC, Model VIIQ is the best model among Models VI, VIIa, VIIb, VIQ, and
VIIQ. The estimated mean quadratic trend of the rate ratio of seizures by
treatment group is

R̂R(t) =

{
eβ̂2t+β̂4t

2

, (placebo)

e(β̂2+β̂3)t+(β̂4+β̂5)t
2

, (progabide)

=

{
e−0.00959t−0.00377t

2

, (placebo)

e(−0.00959−0.1468)t+(−0.00377+0.01744)t2 , (progabide).

These two quadratic lines are plotted in Figure 9.7 together with the estimated
linear trends by Model VIIa. Both models estimated quite similar time trends,
which also seems to be similar to the changes from baseline in terms of the
estimated rate ratio of seizures via Model IIa by treatment group shown in
Figure 9.4. However, the estimated covariance structures are different between
the two models and, consequently, the treatment effects are statistically non-
significant at the 5% significance level, i.e., β̂3 = −0.1468(0.1601), p = 0.36 for

the linear trend and β̂5 = 0.01744(0.03722), p = 0.64 for the quadratic trend.
These results suggest that the results derived by Model VIIa, the best model
for the treatment by linear time interaction, is not acceptable.
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FIGURE 9.7
The changes from baseline by treatment group based on the estimated rate
ratio via Model VIIa (linear) and Model VIIQ (quadratic) of seizures at each
visit versus the baseline.

9.7 ANCOVA-type models adjusting for baseline mea-
surement

As described in Chapter 1 and Sections 7.7 and 8.7, many RCTs tend to try
to narrow the evaluation period down to one time point (ex., the last T th
measurement), leading to the so-called the pre-post design or the 1:1 design.
In these simple 1:1 designs, traditional analysis of covariance (ANCOVA)
has been used to analyze data where the baseline measurement is used as
a covariate.

So, in this section, we shall apply some of the ANCOVA-type models to
the Epilepsy Data with a 1:4 repeated measures design where the baseline
measurement is used as a covariate, and compare the results with those of the
corresponding repeated measures models.
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9.7.1 Model VIII: Random intercept model for the treat-
ment effect at each visit

Let us consider the following random intercept model where the random in-
tercept bi(Ancova) is assumed to be constant during the evaluation period.

logE(yij | bi(Ancova)) =


bi(Ancova) + β0 + β2j + θyi0 +wt

iξ,
(placebo)

bi(Ancova) + β0 + β1 + β2j + β3j + θyi0 +wt
iξ

(progabide)

j = 1, ..., 4; β21 = β31 = 0,

where:

1. β0 denotes the mean subject-specific log rate of seizures in the placebo
group at the 1st visit.

2. ebi(Anova)+β0 denotes the subject-specific rate of seizures in the placebo
group at the 1st visit.

3. β0 +β1 denotes the mean subject-specific log rate of seizures in the new
treatment group at the 1st visit.

4. ebi(Anova)+β0+β1 denotes the subject-specific log rate of seizures in the
new treatment group at the 1st visit.

5. eβ1 denotes the subject-specific rate ratio comparing the rate of seizures
in the new treatment group versus in the placebo group at the 1st visit.

6. θ denotes the coefficient for the baseline measurement yi0.

7. eβ0+β2j denotes the subject-specific rate of seizures in the placebo group
at the jth visit.

8. eβ0+β1+β2j+β3j denotes the subject-specific rate of seizures in the new
treatment group at the jth visit.

9. eβ1+β3j denotes the subject-specific rate ratio comparing the rate of
seizures in the new treatment group versus in the placebo group at the
jth visit, i.e., the treatment effect of the new treatment compared with
placebo at the jth visit in terms of the rate ratio (RR).

This model is re-expressed as
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logE(yij | bi(Ancova)) = β0 + bi(Ancova) + θyi0 + β1x1i +

4∑
k=2

β2kzkij

+

4∑
k=2

β3kx1izkij +wt
iξ (9.25)

i = 1, ..., N ; j = 1, 2, 3, 4; β21 = 0, β31 = 0

bi(Ancova) ∼ N(0, σ2
B(Ancova)).

In the ANOVA-type model, the treatment effect at time j can be expressed via
some linear contrast. For example, the treatment effect at weeks 7–8 (j = 4)
can be expressed as

τ
(4)
21 = β1 + β34

= (1)β1 + (0, 0, 0, 1)(β31, β32, β33, β34)t. (9.26)

9.7.2 Model IX: Random intercept model for the average
treatment effect

In this section, we shall consider Model IX in which the treatment effect is
assumed to be constant during the evaluation period:

logE(yij | bi(Ancova)) = β0 + bi(Ancova) + θyi0 + β3x1i +wt
iξ

(9.27)

i = 1, ..., N ; j = 1, 2, 3, 4;

bi(Ancova) ∼ N(0, σ2
B(Ancova)),

where the parameter eβ3 is the treatment effect of progabide compared with
placebo in terms of the rate ratio.

9.7.3 Analysis using SAS

Now, let us apply Models VIII and IX to the Epilepsy Data using the SAS
procedure PROC GLIMMIX. The first step for the analysis is to rearrange the
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data structure from the long format shown in Table 9.1 into another long
format shown in Table 9.6 where the baseline records were deleted and the
new variable base, indicating baseline seizure counts, was created.

The respective sets of SAS programs are shown in Program 9.6. Here also,
due to the option /ref=first used in the CLASS statement, the coefficients
of the linear contrast for the treatment*visit interaction needs the order
change (e.g., see Section 7.7.3). For example, according to Equation (9.26),
the linear contrast for the treatment effect at week 8 (j = 4) can be expressed
in SAS as

estimate ’treatment at 8w’ treatment 1 treatment*visit 0 0 0 1

However, due to the option /ref=first, the following change should be made
for the treatment*visit interaction:

estimate ’treatment at 8w’ treatment 1 treatment*visit 0 0 1 0

Furthermore, the fixed effects β3 in Model IX can be expressed by the variable
treatment and the MODEL statement and the RANDOM statement should be

model seizure = logbase age treatment

/ d=poisson link=log s cl ;

random intercept / subject= subject g gcorr ;

where logbase denotes the log count of seizures during the baseline per two
weeks and was created in the DATA step as

logbase=log(base/4);

The results of these two programs are shown in Output 9.6.
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TABLE 9.6
A part of the long format Epilepsy Data set for the ANCOVA-type model
rearranged from the data file shown in Table 9.1. The newly created variable
base indicates the baseline measurement. (Data for the first four patients are
shown.)� �

No. subject treatment visit seizure age base

1 1 0 1 5 31 11

2 1 0 2 3 31 11

3 1 0 3 3 31 11

4 1 0 4 3 31 11

5 2 0 1 3 30 11

6 2 0 2 5 30 11

7 2 0 3 3 30 11

8 2 0 4 3 30 11

9 3 0 1 2 25 6

10 3 0 2 4 25 6

11 3 0 3 0 25 6

12 3 0 4 5 25 6

13 4 0 1 4 36 8

14 4 0 2 4 36 8

15 4 0 3 1 36 8

16 4 0 4 4 36 8� �
� �

Program 9.6: SAS procedure PROC GLIMMIX for Models VIII, IX

data epilongB ;

infile ’c:\book\RepeatedMeasure\epilepsyB_long.txt’ missover;

input no subject treatment visit seizure age base;

logbase=log(base/4);

<Model VIII>

proc glimmix data=epilongB method=quad (qpoints=7);

class subject visit/ref=first ;

model seizure = logbase age treatment visit treatment*visit

/ d=poisson link=log s cl ;

random intercept / subject= subject g gcorr ;

estimate ’treatment at 2w’

treatment 1 treatment*visit 0 0 0 1 /divisor=1 cl alpha=0.05;

estimate ’treatment at 4w’

treatment 1 treatment*visit 1 0 0 0 /divisor=1 cl alpha=0.05;

estimate ’treatment at 6w’

treatment 1 treatment*visit 0 1 0 0 /divisor=1 cl alpha=0.05;

estimate ’treatment at 8w’

treatment 1 treatment*visit 0 0 1 0 /divisor=1 cl alpha=0.05;

run ;

<Model IX>

proc glimmix data=epilongB method=quad (qpoints=7);

class subject visit ;

model seizure = logbase age treatment

/ d=poisson link=log offset=logt s cl ;

random intercept / subject= subject g gcorr ;

run ;� �
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Output 9.6: SAS procedure PROC GLIMMIX for Models VIII and IX

/* Model VIII */

Fit statistics

-2 Res Log Likelihood 1330.02

AIC (smaller is better) 1352.02

BIC (smaller is better) 1374.88

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.2694 0.06202

Estimates

Label Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

treatment at 2w -0.3297 0.1685 170 -1.96 0.0520 0.05 -0.6623 0.002955

treatment at 4w -0.2271 0.1702 170 -1.33 0.1839 0.05 -0.5630 0.1089

treatment at 6w -0.3207 0.1699 170 -1.89 0.0607 0.05 -0.6560 0.01458

treatment at 8w -0.4145 0.1735 170 -2.39 0.0180 0.05 -0.7570 -0.07193

/* Model IX */

Fit statistics

-2 Res Log Likelihood 1342.44

AIC (smaller is better) 1352.44

BIC (smaller is better) 1362.83

Covariance Parameter Estimates

Cov Parm Subject Estimate S.E.

Intercept subject 0.2694 0.06202

Solution for Fixed Effects

Effect Estimate S.E. DF t Value Pr>|t| Alpha Lower Upper

Intercept -0.3024 0.4035 56 -0.75 0.4567 0.05 -1.1107 0.5059

logbase 1.0253 0.1016 176 10.09 <.0001 0.05 0.8249 1.2258

age 0.0107 0.0122 176 0.88 0.3815 0.05 -0.01339 0.03483

treatment -0.3202 0.1512 176 -2.12 0.0356 0.05 -0.6187 -0.02176� �
For example, the average treatment effect from Model IX is estimated as
e−0.3202 = 0.73 with 95% confidence interval (e−0.6187 = 0.54, e−0.02176 =
0.98) and two-tailed p = 0.0356.

Here also, it will be interesting to compare the estimates of treatment
effect obtained from the ANCOVA-type Models VIII and IX with those from
Models IIa and Va, which are shown in Table 9.7. It should be noted that
the treatment effect is estimated in terms of rate ratio for the ANOVA-type
models, while the treatment effect is in terms of the rate ratio ratio for the
latter models. In the Epilepsy Data also, the ANCOVA-type Models VIII (and
IX) tend to give just a little smaller p-values than Models IIa (and Va).
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TABLE 9.7
Comparison of the estimated treatment effect at each observation period be-
tween Models IIa and Va (in terms of RRR) and the ANCOVA-type Models
VIII and IX (in terms of RR).

ANCOVA-type model
Treatment Models IIa,Va Models VIII, IX

effect Two- Two-
tailed tailed

Estimate (95%CI) p-value Estimate (95%CI) p-value

Model IIa vs. Model VIII

β̂31: week 1-2 0.72 (0.51, 1.01) 0.056 0.72 (0.52, 1.00) 0.052

β̂32: week 3-4 0.80 (0.57, 1.13) 0.200 0.80 (0.57, 1.01) 0.184

β̂33: week 5-6 0.73 (0.52, 1.02) 0.065 0.73 (0.52, 1.01) 0.061

β̂34: week 7-8 0.66 (0.47, 0.93) 0.019 0.66 (0.47, 0.93) 0.018

Model Va vs. Model IX

β̂3: Average 0.73 (0.54, 0.99) 0.046 0.73 (0.54, 0.98) 0.036

9.8 Sample size

In this chapter, various mixed-effects models were illustrated with the Epilepsy
Data, which has a 1:4 repeated measures design with unequal length of obser-
vation periods. In this section, we shall consider the sample size determination.
The sample size determinations for longitudinal data analysis in the literature
(Diggle et al., 2002; Hedeker and Gibbons 2006; Fitzmaurice, Laird and Ware,
2011) are based on the basic 1:T design where the baseline data is used as
a covariate. In other words, this design is essentially the 0:T design. In this
section, we shall consider the sample size (the number of subjects) needed
for the S:T design with S > 0, which is different from what appears in the
literature. For technical details of the derivation of the sample size formula,
see Appendix A (Tango, 2016a).

9.8.1 Sample size for the average treatment effect

We shall consider here a typical situation where investigators are interested in
estimating the average treatment effect during the evaluation period. To do
this, let us first consider the sample size for Model IV or the random intercept
model within the framework of the S:T design, where the sample size formula
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with closed form is available. Secondly, we shall consider the sample size for
Model V, where the sample size formula with closed form is not available, but
we can easily obtain sample sizes via Monte Carlo simulations.

9.8.1.1 Sample size for Model IV

Model IV within the framework of the S:T design is generally expressed as

logE(yij | b0i) = β0 + b0i + β1x1i + β2x2ij + β3x1ix2ij (9.28)

b0i ∼ N(0, σ2
B0)

i = 1, ..., n1 (control treatment);

= n1 + 1, ..., n1 + n2 = N (new treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where it is assumed that all the observation periods have an equal length and
that we need no so-called offset variable such as logLij used in the analysis

of the Epilepsy Data.. The maximum likelihood estimator β̂3 is given by

eβ̂3 =
y
(2)
+1y

(1)
+0

y
(2)
+0y

(1)
+1

, (9.29)

where

y
(1)
+0 =

n1∑
i=1

∑
j(≤0)

yij , y
(1)
+1 =

n1∑
i=1

∑
j(>0)

yij ,

y
(2)
+0 =

n1+n2∑
i=n1+1

∑
j(≤0)

yij , y
(2)
+1 =

n1+n2∑
i=n1+1

∑
j(>0)

yij

and its standard error is approximated by

S.E.(eβ̂3) =

√
1

y
(2)
+0

+
1

y
(2)
+1

+
1

y
(1)
+0

+
1

y
(1)
+1

. (9.30)

As explained in Chapters 7 and 8, the parameter β3 denotes the treatment
effect (average here) of the new treatment compared with the control treat-
ment. Therefore, the null and alternative hypotheses of interest will be one of
the following three sets of hypotheses as discussed in Section 1.3:
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1. Test for superiority: If a negative β3 indicates benefits as in the Epilepsy
example, the superiority hypotheses are given by

H0 : β3 ≥ 0, versus H1 : β3 < 0. (9.31)

If a positive β3 indicates benefits, then they are

H0 : β3 ≤ 0, versus H1 : β3 > 0. (9.32)

2. Test for non-inferiority: If a negative β3 indicates benefits as in the
Epilepsy example, the non-inferiority hypotheses are given by

H0 : eβ3 ≥ 1 + ∆, versus H1 : eβ3 < 1 + ∆. (9.33)

where ∆(> 0) denotes the non-inferiority margin in terms of the rate
ratio ratio (RRR). If a positive β3 indicates benefits, then they are

H0 : eβ3 ≤ 1−∆, versus H1 : eβ3 > 1−∆. (9.34)

3. Test for substantial superiority: If a negative β3 indicates benefits as in
the Epilepsy example, the substantial superiority hypotheses are given
by

H0 : eβ3 ≥ 1−∆, versus H1 : eβ3 < 1−∆. (9.35)

where ∆(> 0) denotes the substantial superiority margin in terms of the
ratio of the rate ratio ratio. If a positive β3 indicates benefits, then they
are

H0 : eβ3 ≤ 1 + ∆, versus H1 : eβ3 > 1 + ∆. (9.36)

In other words, investigators are interested in establishing whether the new
treatment is superior, non-inferior, or substantially superior to the control
treatment on the average.

Then, the sample size formula for the superiority test with two equally sized
groups (n1 = n2 = n) to detect an effect size eβ3 with power 100(1− φ)% at
the two-tailed significance level α assuming no period effect, β2 = 0, is given by

nS,T =
1

µb(eβ3 − 1)2

(
zα/2

√
2(S + T )(eβ3 + 1)(S + Teβ3)

ST{2S + T (eβ3 + 1)}
+

zφ

√
(S + T )3eβ3 + (S + Teβ3)3

ST (S + T )(S + Teβ3)

)2

, (9.37)
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where µb denotes the expected number of counts in each unit baseline period
(j = −S + 1,−S + 2, ..., 0) and Zα denotes the upper 100α% percentile of the
standard normal distribution. For details of the derivation, see Appendix A,
which is an extension of Tango’s sample size formula (Tango, 2009). From this
formula, we can find the following relationship, i.e., sample size reduction to
a considerable extent,

nT,T =
1

T
nS=1,T=1, (9.38)

where

nS=1,T=1 =
1

µb(eβ3 − 1)2

(
zα/2

√
4(eβ3 + 1)2

(eβ3 + 3)
+ zφ

√
8eβ3 + (1 + eβ3)3

2(1 + eβ3)

)2

.

(9.39)

For reference, the common sample size nS=1,T=1 for each group required for
1 − φ = 80% power of the two-tailed score test at α = 0.05 level for various
values of eβ3 and µb under the assumption of no period effect, β2 = 0, are
shown in Table 9.8.

The corresponding sample size formula n
(NI)
S,T for the non-inferiority test

(9.33), (9.34) is given by

n
(NI)
S,T =

1

µb(eβ
∗
3 − 1)2

(
zα/2

√
2(S + T )(eβ

∗
3 + 1)(S + Teβ

∗
3 )

ST{2S + T (eβ
∗
3 + 1)}

+

zφ

√
(S + T )3eβ

∗
3 + (S + Teβ

∗
3 )3

ST (S + T )(S + Teβ
∗
3 )

)2

, (9.40)

where

β∗3 = β3 − log{1−∆sign(β3)}. (9.41)

The corresponding sample size formula n
(SS)
S,T for the substantial superiority

test (9.35), (9.36), on the other hand, is given by the same formula (9.40), but
β∗3 is given by
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TABLE 9.8
Common sample size nS=1,T=1 for each group required for 1−φ = 80% power
of the two-tailed score test at the α = 0.05 level for various values of eβ3 and
µb under the random intercept Poisson regression model with no period effect,
β2 = 0.

eβ3 µb

5 10 15 20 25 30
0.90 581 291 194 146 117 97
0.88 397 199 133 100 80 67
0.86 287 144 96 72 58 48
0.84 216 108 73 54 44 36
0.82 168 84 56 42 34 28
0.80 134 67 46 34 27 23
0.78 109 55 37 28 22 19
0.76 90 45 30 23 18 15
0.74 75 38 25 19 15 13
0.72 64 32 22 16 13 11
0.70 55 28 19 14 11 10

β∗3 = β3 + log{1−∆sign(β3)}. (9.42)

Example: Epilepsy Data

This data set appears to contain an outlier. A patient numbered 207 (as-
signed to the progabide group) had extremely high seizure counts, 151 at
baseline and 302 in the treatment period. For the purpose of calculating sam-
ple size, let us delete the outlier with extremely high seizure counts. For
the sample without patient number 207, the maximum likelihood estimate
of treatment effect using the SAS procedure PROC GLIMMIX is estimated as

eβ̂3 = 0.74 (95%CI: 0.65−0.85). The value of the AIC of the random intercept
model was 1908.61, whereas the value of the AIC for Model Va applied to the
data without the patient 207 was 1899.23, which is a little bit better fit and
gave similar results:

eβ̂3 = 0.73 (95%CI: 0.54− 0.99), σ̂2
B0 = 0.4495, σ̂2

B1 = 0.2190.

Furthermore, the result of Model Va applied to the full data shown in Output
9.3 and Table 9.3 had a similar estimate
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eβ̂3 = 0.73(95%CI : 0.54− 0.99), σ̂2
B0 = 0.5014, σ̂2

B1 = 0.2415.

In this trial, the average number of epileptic seizures at baseline is µ̂b = 31.2
per eight weeks. So, let us consider here the sample size to detect an effect
size eβ3 = 0.8 with power 80% at α = 0.05 under Model IV. If we consider the
simplest 1:1 design with an 8-week period each and µb = 32, then nS=1,T=1 =
20.88 from (9.39). However, if we consider the 4:4 design with eight 2-week
observation periods and µb = 32/4 = 8.0, then, from (9.38) and (9.39),

n4,4 =
1

4
nS=1,T=1 =

1

4
83.52 = 20.88,

which is the same sample size as the 1:1 design with µb = 32, but the former
is better in the sense that the former can deal with missing data without any
imputations. Then the total sample size is 21 × 2 = 42, indicating that the
actual sample size 59 is quite sufficient if we can successfully expect eβ3 = 0.8
under the random intercept model. If we adopt the 1:4 design with µb = 8.0,
then from (9.37) we have n1,4 = 51, indicating about 51/21 = 2.5 times the
sample size of the 4:4 design.

9.8.1.2 Sample size for Model V

Let us consider here Model V or the random intercept plus slope model within
the framework of the S:T design, where the sample size formula with closed
form is not available, but we can easily obtain sample sizes via Monte Carlo
simulations. Model V within the framework of the S:T design is expressed as

logE(yij | b0i, b1i) = β0 + b0i + β1x1i + (β2 + b1i)x2ij

+β3x1ix2ij + εij (9.43)

bi = (b0i, b1i) ∼ N(0,Φ)

i = 1, ..., n1 (control treatment);

= n1 + 1, ..., n1 + n2 = N (new treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where it is assumed that all the observation periods have an equal length and
that we need no so-called offset variable such as logLij used in the analysis of
the Epilepsy Data. Here also, the parameter β3 denotes the treatment effect.
Then, the null and alternative hypotheses of interest will be one of the three
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sets of hypotheses described in (9.31)–(9.36). In other words, investigators
are interested in establishing whether the new treatment is superior, non-
inferior, or substantially superior to the control treatment regarding the rate
of improvement. For the non-inferiority test and the substantial superiority
test, we have to replace β3 with

β3 =⇒ β3 − log{1−∆sign(β3)}

in the basic process described below.
The basic process to obtain the Monte Carlo simulated sample size n(=

n1 = n2) for the S:T repeated measures design discussed here assumes

1. no difference in expected count between two treatment groups at the
baseline period due to randomization, i.e., β1 = 0, and

2. no period effects or no change in the log rate of seizures between before
and after randomization in the control group, i.e., β2 = 0,

and consists of the following steps:

Step 0 Set the values of (S, T ).

Step 1 Set the sample size n← m1.

Step 2 Set the number of repetitions Nrep (for example, Nrep = 1000, 10000) of
the simulation.

Step 3 Simulate one data set {yij : i = 1, ..., 2n; j = −(S − 1), ..., T} indepen-
dently under the assumed model shown below:

� �
yij | b0i, b1i ∼ Poisson(µij)

µij = exp{β0 + b0i + b1ix2ij + β3x1ix2ij}
i = 1, ..., n (Control), n+ 1, ..., 2n (New treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
� �
where the values of β0, β3, σ

2
B0, σ

2
B1, ρB must be determined based on

similar randomized controlled trials done in the past.

Step 4 Repeat Step 3 Nrep times.
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Step 5 Calculate the Monte Carlo simulated power as the number of results
with significant treatment effect at significance level α, k1, divided by
the number of repetitions, i.e., power1 = k1/Nrep.

Step 6 Repeat Step 1 to Step 5 using different sample sizes, m2,m3, ... and ob-
tain the simulated power, power2, power3, .... Then, plot the simulated
powers against the sample sizes used and obtain a simulated power curve
by drawing a curve connecting these points. Finally, we can estimate a
simulated sample size that attains the pre-specified power 100(1− φ)%
based on the simulated power curve.

Example: Epilepsy Data

First of all, let us consider the simulated sample sizes for the superiority test
using the estimates with some modifications from Model Va applied to the
data without patient 207. Based on this result, let us assume here that

β0 = log(µb) = log(8.0), β3 = log(0.8), σ2
B0 = 0.45, ρB = 0.

Using four values of variance of b1i, i.e., σ2
B1 = 0.22 (the estimates in this

example), 0.10, 0.05, and 0 ( = Model IV), the corresponding simulated power
with Nrep = 1000 repetitions at α = 0.05 is plotted against a common sample
size n(= 20, 40, 60, 80, 100) for the 4:4 design with µb = 8 in Figure 9.8. The
simulated sample size n that attains 80% power at α = 0.05 is close to 80, 52,
35, 20, for σ2

B1 = 0.22, 0.10, 0.05, 0.0, respectively. It should be noted that
the last simulated sample size 20 is close to the sample size 20.88 calculated
by the formula (9.37) under Model IV. These simulation results indicate that
the actual total sample size 59 in this example is quite insufficient (160 is
needed ) if we expect eβ3 = 0.8 under Model Va. Furthermore, if we adopt the
1:4 design with µb = 8 and two weeks as a unit interval, then the simulated
sample size goes up to 120, indicating about 120/80 = 1.5 times that of the
4:4 design.

Secondly, let us consider the simulated sample sizes based on the estimates
from Model Va applied to the full data shown in Output 9.3 and Table 9.3.
So, let us set the values of necessary parameters as

β0 = log(8), β3 = −0.30, σ2
B0 = 0.50, σ2

B1 = 0.25, ρB = 0

and consider the 1:1 design, 1:4 design, and 4:4 design. Figure 9.9 shows
the simulated power versus common sample size n(= 15, 20, 25, 30, 40, ..., 70)
for three different repeated measures designs, the 1:1 design, 1:4 design,
and 4:4 design. The sample size needed for each of these designs is close
to n1,1 = 54, n1,4 = 38, n4,4 = 20, respectively. In other words, compared with
the sample size of the 1:1 design, the 1:4 design has a 30% reduction, the 1:4
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FIGURE 9.8
Simulated power (the effect size eβ3 = 0.8) of Model Va versus common sample
size n for four different values of slope variance σ2

B1 (indicated by “VB1” in
the figure) of the 4:4 design with µb = 8.

design has a 41.0% reduction, and the 4:4 design has a 63% reduction.

9.8.2 Sample size for the treatment by linear time interac-
tion

In this section, we shall consider the situation where the primary interest
is estimating the treatment by linear time interaction. In other words, the
treatment effect can be expressed in terms of the difference in slopes of linear
trend or rates of improvement. To do this, we shall consider Model VII or the
random intercept plus slope model within the framework of the S:T design.
Needless to say, Model VII includes Model VI as a special case. Namely, the
model is expressed as
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FIGURE 9.9
Simulated power (the effect size β3 = −0.30, eβ3 = 0.74) of Model Va ver-
sus common sample size n for three different repeated measures designs, 1:1
design, 1:4 design and 4:4 design, where it is assumed that β0 = log(8),
σ2
B0 = 0.50, σ2

B1 = 0.25, ρB = 0 based on the the results of Model Va applied
to the Epilepsy Data.

logE(yij | b0i, b1i) = logLij + b0i + β0 + β1x1i + (β2 + β3x1i + b1i)tj

(9.44)

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
i = 1, ..., n1 (control);

= n1 + 1, ..., n1 + n2 (new treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T,

where tj denotes the jth measurement time but all the measurement times
during the baseline period are set to be the same time as t0, which is usually
set to zero, i.e.,

t−S+1 = t−S+2 = · · · = t0 = 0. (9.45)



242 Repeated Measures Design with GLMM for RCT

Here also, the parameter β3 denotes the treatment effect. Then, the null and
alternative hypotheses of interest will be one of the three sets of hypotheses
described in (9.31)–(9.36). In other words, investigators are interested in estab-
lishing whether the new treatment is superior, non-inferior, or substantially
superior to the control treatment regarding the rate of improvement.

As in the case of the sample size determination for Model V, the sample
size formula with closed form is not available for Model VII. So, let us consider
the sample size determination via Monte Carlo simulations. The basic process
to obtain the Monte Carlo simulated sample size n(= n1 = n2) for the S:T
repeated measures design is exactly the same as that for Model V (Section
9.8.1.2) and assumes

1. no difference in expected count between the two treatment groups at
the baseline period due to randomization, i.e., β1 = 0, and

2. no temporal trend between the log rate of seizures before and after
randomization in the control group, i.e., β2 = 0,

and you have only to replace Step 3 for Model V with that arranged for Model
VII:

Step 3 Simulate one data set {yij : i = 1, ..., 2n; j = −(S − 1), ..., T} indepen-
dently under the assumed model shown below:

� �
yij | b0i, b1i ∼ Poisson(µij)

µij = exp{β0 + b0i + (β3x1i + b1i)tj}
i = 1, ..., n (Control), n+ 1, ..., 2n (New treatment)

j = −(S − 1),−(S − 2), ..., 0, 1, ..., T

bi = (b0i, b1i) ∼ N(0,Φ)

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
� �
where the values of β0, β3, σ

2
B0, σ

2
B1, ρB must be determined based on

similar randomized controlled trials done in the past.

Here also, for the non-inferiority test and the substantial superiority test, we
have to replace β3 with

β3 =⇒ β3 − log{1−∆sign(β3)}

in the basic process described above.
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9.9 Discussion

In this chapter, several mixed-effects Poisson regression models are introduced
and are illustrated with real data from a randomized controlled trial, called
Epilepsy Data, with the 1:4 design. Needless to say, selection of the appropriate
model depends on the purpose of the trial and an appropriate model should
be examined cautiously using data from the previous trials.

Especially, we would like to stress that the set of models for the average
treatment effect within the framework of the S:T repeated measures design
should be considered as a practical and important trial design that is a better
extension of the ordinary 1:1 design combined with an ANCOVA-type Poisson
regression model in terms of sample size reduction and easier handling of
missing data. Section 9.7.3 compared the estimates of the treatment effect
obtained from the ANCOVA-type Models VIII and IX with those from the
repeated measures models, Models IIa and Va, which are shown in Table 9.7.
In the Epilepsy Data, the ANCOVA-type models are shown to give a little bit
smaller p-values than repeated measures models, although all the estimates
are statistically significant.

However, the repeated measures models can be more natural for the S:T re-
peated measures design with S > 1 than the ordinary ANCOVA-type Poisson
regression model because we find it difficult to apply the ANCOVA-type model
to these repeated measurements because the latter model must additionally
consider how to deal with repeated measurements made before randomization.
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Bayesian approach to generalized linear
mixed models

In this chapter, we shall introduce Bayesian models with a non-informative
prior for some of the generalized linear mixed-effects models described in previ-
ous chapters and show the similarity of the estimates. Bayesian alternatives are
presented here in preparation for the situation where frequentist approaches
including the generalized linear mixed models face difficulty in estimation.
Bayesian models are especially useful for complex models such as general-
ized linear mixed-effects models with hierarchical random effects, latent class
(profile) models, and handling measurement error and missing data.

10.1 Introduction

The generalized linear mixed-effects models discussed so far assumed a prob-
ability distribution p(y | θ) for the frequency distribution of data y, which
includes a parameter of interest θ that is constant (frequentist approach).
Statistical inference is essentially an inversion problem. Given a pdf p(y|θ)
and a parameter θ, we can simulate or predict data y. However, we usually
observe data y and wish to make inferences about parameter values θ. There
are various ways to do this; one is the classical likelihood-based method, and
another is the Bayesian method.

In classical inference, we invert our pdf from a function of y given θ to a
function of θ given y. This function is called the likelihood, L(θ|y) = p(y|θ).
The value of θ that gives the highest value of the likelihood is the maximum
likelihood estimate. On the other hand, the Bayesian approach also assumes
the probability distribution p(θ) for the parameter of interest θ, reflecting the
uncertainty about the parameter of interest. When we apply Bayes’ theorem
to parameters, it becomes Bayesian inference.

p(θ|y) =
p(y|θ)
p(y)

p(θ) (10.1)

Taking a pragmatic approach, we may view Bayes’ theorem as a formaliza-

245
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tion of learning from experience. In other words, we update our current view
(prior p(θ)) with data obtained (likelihood p(y|θ) ) to give our new opinion
(posterior p(θ|y)). In general, we wish to obtain a point estimate of θ and some
measure of uncertainty in that estimate. In classical analyses, we typically use
the maximum likelihood estimate and a 95% confidence interval. In Bayesian
analyses, we use the posterior mean, median, or mode as a point estimate and
the posterior variance as a basis for an interval. Note that the likelihood is a
function of θ, whereas the posterior is a distribution for θ.

Suppose we wish to estimate the treatment effect of a new therapy versus
a standard one. When we carry out a clinical trial, a standard statistical
analysis would produce a p-value, a point estimate, and a confidence interval.
Bayesian analysis can add to this by focusing on how the trial changes our
opinion about the treatment effect. In a Bayesian approach to clinical trials,
the analyst needs to explicitly state:

1. an opinion about the value of the treatment effect excluding evidence
from the trial (prior) p(θ),

2. support for different values of treatment effect based only on the data
(likelihood) p(y | θ), and

3. a final opinion about the treatment effect (posterior) p(θ | y).

10.2 Non-informative prior and credible interval

So-called “non-informative” priors are those that lead to a posterior distribu-
tion which has the same shape as the likelihood, therefore Bayesian estimates
will match classical estimates. More appropriate names are reference, default,
uniform, or flat priors, as all priors give some information, even if it is that
all parameter values are equally likely.

For location parameters, such as regression coefficients, common choices
for a prior are a uniform distribution on a wide interval, e.g., U(-100,100), or
a normal distribution with a large variance, e.g., N(0,100000). In many cases,
the likelihood for a treatment effect can be assumed approximately normal,
so it is convenient to use a normal prior provided it summarizes the external
evidence. Namely, if the parameter θ satisfies the condition −∞ ≤ θ ≤ ∞,
then we can set

p(θ) = N(0, σ2), σ = 100, 1000. (10.2)

Sometimes invariance arguments are used to construct priors. A non-
informative prior that is uniform in one parameterization will not necessarily
be uniform in another. For example, if a prior is uniform for an odds ratio,
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OR, then it will not be uniform for 1/OR. If one wishes the prior on an odds
ratio to be the same as that on 1/OR, then the prior should be uniform on
the log(OR) scale.

For scale parameters, such as sample variance, we may also use similar
arguments. A uniform prior on σ, a uniform prior on σ2 or a uniform prior
on the precision 1/σ2 may be used. A prior which is uniform on log(σ), will
also be uniform on log(σ2) and log(1/σ2). This can be achieved by directly
placing a uniform prior on log(σ). Alternatively,

p(1/σ2) = Gamma(a, a), a = 0.001 (10.3)

is commonly used since this is approximately uniform on log(σ). This has
mean 1, variance 1000, and favors values of precision near 0, but is almost
flat away from 0. Another commonly used prior for the sample variance is
a uniform distribution on σ. Again, this can be done by directly placing a
uniform prior on σ. Alternatively, a Gamma(1, 0.001) prior on the precision
is approximately uniform over σ. This has mean 1000, variance 1,000,000.

As mentioned earlier, an attractive property of Bayesian analysis is that
it considers the parameter of interest as uncertain, so we obtain a probability
distribution for it, the posterior distribution. In practice, we will need to
summarize this distribution using for example the mean, median, or mode as
a point estimate. If the posterior is symmetric and unimodal, then these will
coincide. If the posterior is skewed, we generally prefer to quote the median
as it is less sensitive to the tails of the distribution.

For an interval estimate, any interval containing 95% of the posterior prob-
ability is called a 95% credible interval for θ, or more simply a posterior in-
terval. We usually use the following two types of intervals:

• one-tailed interval: For example a one-tailed upper 95% interval would
be (θL,∞) where p(θ < θL|y) = 0.05).

• two-tailed equi-tail-area interval: A two-tailed 95% interval with equal
probability in each tail area would be (θL, θU ), where p(θ < θL|y) =
0.025) and p(θ > θU |y) = 0.025).

A 95% credible interval is an interval within which θ lies with probability
0.95. In contrast, the frequentist 95% confidence interval is constructed
such that in a long series of 95% confidence intervals, 95% of them should
contain the true θ. The width of the confidence interval depends on the stan-
dard error of the estimator, whereas the width of the credible interval depends
on the posterior standard deviation. If we use a “reference” prior, i.e., one that
leads to the posterior distribution being the same shape as the likelihood, then
the posterior mode will be equal to the maximum likelihood estimate. In gen-
eral, in large samples, Bayesian procedures give similar answers to classical
ones because the data dominates information from the prior. However, in small
samples, they can lead to different answers.
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10.3 Markov Chain Monte Carlo methods

For a long time, Bayesian analysis was hampered by the inability to evaluate
complex integrals to obtain the posterior distribution. Therefore, analysis was
restricted to conjugate analyses, in which the posterior takes the same form as
the prior and thus the mean, median, and other summary measures are known
without having to do complicated integration. However, with the advent of
modern computational power, we now have the ability to calculate complex
integrals using simulations, known as Markov Chain Monte Carlo methods.
This has led to the growth of Bayesian ideas.

Markov Chain Monte Carlo is Monte Carlo integration using Markov
chains. Monte Carlo integration involves sampling from a probability distri-
bution and forming sample averages. Markov chain Monte Carlo does this
by running a cleverly constructed Markov chain. Markov Chain Monte Carlo
(MCMC) methods are a class of algorithms for sampling from probability dis-
tributions based on constructing a Markov chain that has the desired distribu-
tion as the equilibrium distribution. Monte Carlo methods are techniques that
aim to evaluate integrals by simulation, rather than by exact or approximate
algebraic analysis. The essential components of MCMC methods include:

• Replacing analytic methods by simulation: Sample from the joint poste-
rior distribution p(θ|y) and save a large number of plausible values for θ.
We then use, e.g., the sample mean of the sampled values as an estimate
of the posterior mean E(θ|y).

• Sampling from the posterior distribution: Methods of sampling from a
joint posterior distribution that is known to be proportional to a like-
lihood times a prior focus on producing a Markov chain, in which the
distribution for the next simulated value depends only on the current
value. The theory of Markov chains states that under broad conditions,
the samples will eventually converge to an “equilibrium distribution.” A
set of algorithms that use the specified form of p(y|θ) × p(θ) to ensure
the equilibrium distribution is the posterior distribution of interest are
available. Popular techniques include Gibbs sampling and the Metropolis
algorithm.

• Starting the simulation: The Markov chain must be started somewhere,
and initial values are selected for unknown parameters. In theory, the
choice of initial values will not have a bearing on the eventual samples,
but in practice they make a difference to the rate of convergence.

• Checking convergence: Checking whether a Markov chain has converged
is a difficult problem. Lack of convergence can be diagnosed by observing
the erratic behavior of sampled values, but it is particularly difficult to
diagnose convergence. One idea is to run several chains from a diverse set
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of initial values and check whether they come from the same posterior
distribution.

In Bayesian modeling, the deviance information criterion (DIC) has been pro-
posed by Spiegelhalter et al. (2002) and is widely used as a criterion of model
choice. DIC is intended as a generalization of AIC, Akaike’s Information Cri-
terion (3.25) and is defined as

DIC = Dhat+ 2pD, (10.4)

where Dhat is a point estimate of the deviance ( -2 * log(likelihood)) obtained

by substituting in the posterior means θ̂, thus

Dhat = −2 ∗ log(p(y | θ̂))

and pD is the effective number of parameters. Like AIC and BIC, the model
with the smallest DIC is estimated to be the model that would best predict a
replicate dataset of the same structure. It should be noted that DIC assumes
the posterior mean to be a good estimate of the parameters of interest. If this is
not so, say because of extreme skewness or even bimodality, then DIC may not
be appropriate. Mixture models discussed in Chapter 12 are one such example
in which WinBUGS or OpenBUGS will not permit the calculation of DIC.

10.4 WinBUGS and OpenBUGS

WinBUGS is statistical software that carries out Bayesian analysis using
MCMC methods. BUGS stands for Bayesian Inference Using Gibbs Sampling
and runs in Windows. It assumes a Bayesian or full probability model, in
which all quantities are treated as random variables. The model consists of a
defined joint distribution over all unobserved (parameters and missing data)
and observed quantities (the data). We then need to condition the data in
order to obtain a posterior distribution over the parameters and unobserved
data. Marginalizing over this posterior distribution to obtain inferences on
the main quantities of interest is carried out using a Monte Carlo approach to
integration (Gibbs sampling). Having specified a full probability model on all
the quantities, we wish to sample unknown parameters from their conditional
distribution given observed data. The Gibbs sampling algorithm successively
samples from the conditional distribution of each node given all the others.
Under broad conditions, this process eventually provides a sample from the
posterior distribution of the unknown quantities. Inferences can then be drawn
about their true values using empirical summary statistics.



250 Repeated Measures Design with GLMM for RCT

WinBUGS is a stand-alone package and the latest version 1.4.x is the last
update made, there are many add-on packages such as pkbugs and geobugs.
OpenBUGS is open source and runs on Windows and Linux as well as from
inside R.

10.5 Getting started

• Download and install WinBUGS 1.4.x from
http://www.mrc-bsu.cam.ac.uk/software/bugs/

the-bugs-project-winbugs

• Download and install the latest patch (if version 1.4.3 were downloaded).

• Download the key for unrestricted use.

The key and the patch are installed by opening the file in WinBUGS (or copy-
ing and pasting the code to a new file); go to Tools → Decode → Decode All.
(Click yes, if asked to create a new folder.)

The following are suggestions from the WinBUGS manual for new users:

1. Work through the tutorial at the end of the WinBUGS manual.

2. Try some examples in the Help → Examples sections.

3. Find an example similar to the model you’d like to fit and edit the BUGS
language according to your problem.

or

• Download and install OpenBUGS from
http://openbugs.net/w/Downloads

The suggestions from the OpenBUGS manual for new users are the same as
those from WinBUGS.

http://openbugs.net/w/Downloads
http://www.mrc-bsu.cam.ac.uk/software/bugs/the-bugs-project-winbugs
http://www.mrc-bsu.cam.ac.uk/software/bugs/the-bugs-project-winbugs
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10.6 Bayesian model for the mixed-effects normal linear
regression Model V

In this section, let us apply a Bayesian model for the mixed-effects normal
linear regression Model Va (ρB = 0) to the Beat the Blues Data (Table 7.2).
A frequentist model and the corresponding Bayesian model can be expressed
as follows:

A frequentist’s model:

yij ∼ N(µij , σ
2
E)

µij = β0 + b0i + β1x1i + (β2 + b1i)x2ij + β3x1ix2ij + w1drug + w2length

b0i ∼ N(0, σ2
B0)

b1i ∼ N(0, σ2
B1)

A Bayesian model:

yij ∼ N(µij , σ
2
E)

µij = β0 + b0i + β1x1i + (β2 + b1i)x2ij + β3x1ix2ij + w1drug + w2length

βk ∼ N(0, 104), k = 0, ..., 3

wk ∼ N(0, 104), k = 1, 2

b0i ∼ N(0, σ2
b0), i = 1, ..., N

b1i ∼ N(0, σ2
b1), i = 1, .., N

τb0 = 1/σ2
b0 ∼ Gamma(0.001, 0.001)

τb1 = 1/σ2
b1 ∼ Gamma(0.001, 0.001)

τ = 1/σ2
E ∼ Gamma(0.001, 0.001)

The OpenBUGS code is shown in Program 10.1 and the corresponding
Initial values and Data are shown in Program 10.2.
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Program 10.1. OpenBUGS code (1) for the Normal Model Va

model {

for(i in 1:N){

for(j in 1:5){

bdi[ 5*(i-1) + j] ~ dnorm(mu[subject[ 5*(i-1) + j], j], tau)

mu[subject[ 5*(i-1) + j], j] <- a0

+ b0[subject[ 5*(i-1) + j]]

+ b1[subject[ 5*(i-1) + j]] * post[j]

+ beta1*treatment[ 5*(i-1) + j]

+ beta2*post[j]

+ beta3*treatment[ 5*(i-1) + j]*post[j]

+ beta.drug * (drug[ 5*(i-1) + j] - drug.bar)

+ beta.length*(length[ 5*(i-1) + j] - length.bar)

}

}

for (i in 1:N){

b0[i] ~ dnorm(0.0, tau.b0)

b1[i] ~ dnorm(0.0, tau.b1)

}

drug.bar <- mean(drug[])

length.bar<-mean(length[])

# priors:

a0 ~ dnorm(0.0,1.0E-4)

beta1 ~ dnorm(0.0,1.0E-4)

beta2 ~ dnorm(0.0,1.0E-4)

beta3 ~ dnorm(0.0,1.0E-4)

beta.drug ~ dnorm(0.0,1.0E-4)

beta.length ~ dnorm(0.0,1.0E-4)

tau.b0 ~ dgamma(1.0E-3,1.0E-3)

sigma2.b0 <- 1.0/ tau.b0

tau.b1 ~ dgamma(1.0E-3,1.0E-3)

sigma2.b1 <- 1.0/ tau.b1

tau ~ dgamma(1.0E-3,1.0E-3)

sigma2 <- 1.0/ tau

beta0<- a0 - drug.bar*beta.drug - beta.length*length.bar

}� �



Bayesian approach to generalized linear mixed models 253� �
Program 10.2. OpenBUGS code (2) for the Normal Model Va

# Initial values

list(tau.b0 =1, tau.b1=1, a0=0, beta1=0, beta2=0, beta3=0,

beta.drug=0, beta.length=0,tau=1)

list(tau.b0 =2, tau.b1=2, a0=1, beta1=1, beta2=2, beta3=1,

beta.drug=-1, beta.length= -1,tau=2)

# Data (shown are for the first two patients)

list(N=100, post=c(0,1,1,1,1))

no[] subject[] drug[] length[] treatment[] visit[] bdi[]

1 1 0 1 0 0 29

2 1 0 1 0 2 2

3 1 0 1 0 3 2

4 1 0 1 0 5 NA

5 1 0 1 0 8 NA

6 2 1 1 1 0 32

7 2 1 1 1 2 16

8 2 1 1 1 3 24

9 2 1 1 1 5 17

10 2 1 1 1 8 20

.....� �
It should be noted that two covariates, drug and length, had centering,

i.e., (x − x̄). Often, centering a covariate will improve model convergence.
In this analysis, we used two chains (i.e., sets of samples to simulate) since
running multiple chains is one way to check the convergence. So, we gave
two sets of initial values because we need a different set of initial values for
each chain. Furthermore, we obtained the results after running the model
on 2 chains for 50,000 iterations with a burn-in of 5,000 iterations. Before
going on to the results, let us examine whether convergence has been reached.
Checking convergence in general requires considerable care. It is very difficult
to say conclusively that a chain (simulation) has converged, only to diagnose
when it definitely hasn’t!

For checking the convergence, the history plots for several parameters are
shown in Figure 10.1. In this case, we can be reasonably confident that conver-
gence has been achieved because the two chains appear to be overlapping one
another. We may also look at the auto-correlation of each chain, which is the
cross-correlation of the chain with itself. Informally, it measures the similarity
between the values iterated as a function of time separation between them.
Figure 10.2 shows auto-correlations for all monitored parameters, where we
can see that for all the parameters monitored, the auto-correlation reduces
with the lag between iterations as expected.

For a more formal approach to convergence diagnosis, the software also
provides an implementation of the techniques described in Brooks and Gel-
man (1998). When we plot the trace or time series of a chain, it should remain
steady around one value. One approach is to run two or more chains from dif-
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FIGURE 10.1
Beat the Blues Data: History for some parameters of the Bayesian normal
linear regression Model Va (2 chains are run for 50,000 iterations with a burn-
in of 5,000 iterations).
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FIGURE 10.2
Beat the Blues Data: Auto-correlation for all monitored parameters of the
Bayesian normal linear regression Model Va.
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ferent initial values for a long time and see whether they converge to the same
distribution. In order to do this, the BGR diagnostic compares the within-
chain variance and the between-chain variance. The width of the central 80%
interval of the pooled runs is represented by a green line, the average width
of the 80% intervals within the individual runs is represented by a blue line,
and their ratio R is given by a red line. The red line, R, should tend to 1 and
the blue and green lines should become stable. Figure 10.3 shows the BGR
diagram for all monitored parameters. Since this is a black and white book,
you cannot see three lines in color. If the figure were in color, you can see that
the red line has converged to 1 and the blue (= green) lines are both stable.

Finally, the posterior samples may be summarized either graphically, e.g.,
by smoothed kernel density plots, or numerically, by calculating summary
statistics such as the mean, variance, and quantiles of the sample. In Figure
10.4, the density plots are shown for all parameters, from where we can
estimate summary statistics of the monitored nodes, pooling over the chains
selected. This gives the node name, the posterior mean and standard deviation,
the Monte Carlo error, the posterior 2.5%, median and 97.5% levels, and the
iterations at which summarizing starts and ends. Summary statistics for the
monitored parameters are shown in Table 10.1. Comparison of the estimates
from the mixed-effects model Va and the corresponding Bayesian model are
also shown in Table 10.2, which shows that both estimates are quite similar.

TABLE 10.1
Beat the Blues Data: Summary statistics of the Bayesian normal linear regres-
sion Model Va. “Sample size” (= 100, 000) is excluded for space.

Node Mean sd MC error 2.5% Median 97.5% Start

beta.drug 3.69 2.09 0.0351 -0.373 3.67 7.86 10001
beta.length 3.67 1.97 0.0296 -0.187 3.68 7.52 10001
beta0 21.12 1.951 0.0349 17.28 21.12 24.94 10001
beta1 -2.513 2.159 0.0489 -6.749 -2.513 1.774 10001
beta2 -6.385 1.340 0.0227 -9.018 -6.377 -3.767 10001
beta3 -2.496 1.839 0.0307 -6.106 -2.512 1.155 10001
sigma2 29.04 3.031 0.0251 23.65 28.84 35.53 10001
sigma2.b0 76.44 14.17 0.0971 52.49 75.13 107.7 10001
sigma2.b1 37.37 11.01 0.1316 18.46 36.49 61.48 10001
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FIGURE 10.3
Beat the Blues Data: BGR diagram for all monitored parameters of the
Bayesian normal linear regression Model Va.
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FIGURE 10.4
Beat the Blues Data: Posterior densities for all parameters of the Bayesian
normal linear regression Model Va.
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TABLE 10.2
Beat the Blues Data: Comparison of the mixed-effects normal linear regression
Model Va and the corresponding Bayesian model.

Model Frequentist Bayesian
95% CI 95% CI

Parameter Estimate Lower Upper Estimate Lower Upper

Intercept (β̂0) 21.186 17.368 25.004 21.12 17.28 24.94
drug 3.805 -0.269 7.879 3.692 -0.3729 7.862
length 3.632 -0.242 7.506 3.674 -0.187 7.52

treatment (β̂1) -2.659 -6.850 1.533 -2.513 -6.749 1.774

post (β̂2) -6.374 -8.972 -3.776 -6.385 -9.018 -3.767
treatment*post -2.514 -6.082 1.055 -2.496 -6.106 1.155

(β̂3)

σ̂2
B0 74.83 (s.e. = 13.63) 75.13 52.49 107.7
σ̂2
B1 37.48 (s.e. = 10.56) 36.49 18.49 61.48
σ̂2
E 28.50 (s.e. = 2.92) 28.84 23.65 35.53

10.7 Bayesian model for the mixed-effects logistic re-
gression Model IV

In this section, let us apply a Bayesian model for the mixed-effects logistic
regression Model IV to the Respiratory Data (Table 8.1). A frequentist model
and the corresponding Bayesian model can be expressed as follows:

A frequentist’s model:

yij ∼ Bernoulli(pij)

logit pij = β0 + b0i + β1x1i + β2x2ij + β3x1ix2ij

+w1age + w2centre + w3gender

b0i ∼ N(0, σ2
B0)
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A Bayesian model:

yij ∼ Bernoulli(pij)

logit pij = β0 + b0i + β1x1i + β2x2ij + β3x1ix2ij

+w1age + w2centre + w3gender

βk ∼ N(0, 104), k = 0, ..., 3

wk ∼ N(0, 104), k = 1, 2, 3

b0i ∼ N(0, σ2
b0), i = 1, ..., N

τb0 = 1/σ2
b0 ∼ Gamma(0.001, 0.001)

The OpenBUGS code is shown in Program 10.3 and the corresponding
Initial values and Data are shown in Program 10.4.� �

Program 10.3. OpenBUGS code (1) for the logistic Model IV

model {

for(i in 1:N){

for(j in 1:5){

status[ 5*(i-1) + j] ~ dbern(p[subject[ 5*(i-1) + j ], j])

#

logit( p[subject[ 5*(i-1) + j], j] ) <- a0

+ b0[subject[ 5*(i-1) +j]

+ beta1*treatment[ 5*(i-1) + j]

+ beta2*post[j]

+ beta3*treatment[ 5*(i-1) + j]*post[j]

+ beta.centre * centre[ 5*(i-1) + j ]

+ beta.gender * gender[ 5*(i-1) + j]

+ beta.age*(age[ 5*(i-1) + j] - age.bar)

}

}

#

for (i in 1:N){

b0[i] ~ dnorm(0.0, tau.b0)

}

age.bar <- mean(age[])

# priors:

a0 ~ dnorm(0.0,1.0E-4)

beta1 ~ dnorm(0.0,1.0E-4)

beta2 ~ dnorm(0.0,1.0E-4)

beta3 ~ dnorm(0.0,1.0E-4)

beta.centre ~ dnorm(0.0,1.0E-4)

beta.gender ~ dnorm(0.0,1.0E-4)

beta.age ~ dnorm(0.0,1.0E-4)

tau.b0 ~ dgamma(1.0E-3,1.0E-3)

sigma2.b0 <- 1.0/ tau.b0

#

beta0<- a0 - age.bar*beta.age

}� �
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Program 10.4. OpenBUGS code (2) for the logistic Model IV

# Initial values

list(tau.b0 =1, a0=0, beta1=0, beta2=0, beta3=0, beta.centre=0,

beta.gender=0, beta.age=0)

list(tau.b0 =2, a0=1, beta1=1, beta2=2, beta3=1, beta.centre=-1,

beta.gender= -1, beta.age=1)

# Data

list(N=111, post=c(0,1,1,1,1))

no[] centre[] subject[] visit[] treatment[] status[] gender[] age[]

1 1 1 0 0 0 0 46

2 1 1 1 0 0 0 46

3 1 1 2 0 0 0 46

4 1 1 3 0 0 0 46

5 1 1 4 0 0 0 46

6 1 2 0 0 0 0 28

7 1 2 1 0 0 0 28

8 1 2 2 0 0 0 28

9 1 2 3 0 0 0 28

10 1 2 4 0 0 0 28

.....� �
Here also, the variable age had centering, i.e., (x− x̄). In this analysis also,

we used two chains and so we gave two sets of initial values. Furthermore, we
obtained the results after running the model on 2 chains for 50,000 iterations
with a burn-in of 5,000 iterations. For checking the convergence, the history

plots for several parameters are shown in Figure 10.5, where we can be rea-
sonably confident that convergence has been achieved because the two chains
appear to be overlapping one another.

Figure 10.6 shows auto-correlations for all monitored parameters, where
we can see that for all the parameters monitored the auto-correlation reduces
with the lag between iterations as expected. For a more formal approach to
convergence diagnosis, the BGR diagram for all monitored parameters are
shown in Figure 10.7. Since this is a black and white book, you cannot see
three lines in color. If the figure were in color, you can see that the red line
has converged to 1 and the blue (= green) lines are both stable.

In Figure 10.8, the density plots are shown for all parameters, from which
we can estimate summary statistics of the monitored nodes, pooling over the
chains selected. Summary statistics for the monitored parameters are shown
in Table 10.3. Comparison of the estimates from the mixed-effects model IV
and the corresponding Bayesian model are also shown in Table 10.4, which
also shows that both estimates are quite similar.
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FIGURE 10.5
Respiratory Data: History for some parameters of the Bayesian logistic regres-
sion Model IV (2 chains are run for 50,000 iterations with a burn-in of 5,000
iterations).
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FIGURE 10.6
Respiratory Data: Auto-correlation for all monitored parameters of the
Bayesian logistic regression Model IV.
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FIGURE 10.7
Respiratory Data: BGR diagram for all monitored parameters of the Bayesian
logistic regression Model IV.
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FIGURE 10.8
Respiratory Data: Posterior densities for all parameters of the Bayesian logistic
regression Model IV.
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TABLE 10.3
Respiratory Data: Summary statistics of the Bayesian Model IV. ‘Sample size”
(= 100, 000) is excluded for space.

Node Mean sd MC error 2.5% Median 97.5% Start

beta.age -0.031 0.024 2.6E-4 -0.0790 -0.031 0.0154 10001
beta.centre 2.124 0.647 0.0077 0.910 2.103 3.454 10001
beta.gender -0.434 0.822 0.0095 -2.08 -0.424 1.171 10001
beta0 -2.441 1.207 0.0141 -4.896 -2.412 -0.120 10001
beta1 -0.164 0.788 0.0073 -1.713 -0.167 1.389 10001
beta2 -0.109 0.424 0.0016 -0.942 -0.109 0.723 10001
beta3 2.182 0.647 0.0031 0.934 2.172 3.470 10001
sigma2.b0 7.301 2.165 0.0221 4.001 6.995 12.43 10001

10.8 Bayesian model for the mixed-effects Poisson re-
gression Model V

In this section, let us apply a Bayesian model for the mixed-effects Poisson
regression Model Va (ρB = 0) to the Epilepsy Data (Table 9.1). A frequentist
model and the corresponding Bayesian model can be expressed as follows:

A frequentist’s model:

yij ∼ Poisson(µij)

logµij = log tij + β0 + b0i + β1x1i + (β2 + b1i)x2ij + β3x1ix2ij + w1age

b0i ∼ N(0, σ2
B0)

b1i ∼ N(0, σ2
B1)

A Bayesian model:

yij ∼ Poisson(µij)

logµij = log tij + β0 + b0i + β1x1i + (β2 + b1i)x2ij + β3x1ix2ij + w1age

βk ∼ N(0, 104), k = 0, ..., 3

w1 ∼ N(0, 104)

b0i ∼ N(0, σ2
b0), i = 1, ..., N

b1i ∼ N(0, σ2
b1), i = 1, ..., N

τb0 = 1/σ2
b0 ∼ Gamma(0.001, 0.001)

τb1 = 1/σ2
b1 ∼ Gamma(0.001, 0.001)
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TABLE 10.4
Respiratory Data: Comparison of the mixed-effects logistic regression Model
IV and the corresponding Bayesian model.

Model Mixed-effects model Bayesian model
95% CI 95% CI

Parameter Estimate Lower Upper Estimate Lower Upper

Intercept (β̂0) -0.276 -1.955 1.404 -2.441 -4.896 -0.120
age -0.030 -0.072 0.013 -0.031 -0.031 0.015
centre 1.996 0.855 3.137 2.124 0.910 3.454
gender -0.408 -1.838 1.021 -0.434 -2.08 1.171

treatment (β̂1) -0.176 -1.604 1.253 -0.164 -1.713 1.389

post (β̂2) -0.103 -0.917 0.711 -0.109 -0.942 0.723
treatment*post 2.072 0.841 3.303 2.182 0.934 3.470

(β̂3)

σ̂2
B0 5.745 (s.e. = 1.5994) 6.996 4.001 12.43

� �
Program 10.5. OpenBUGS code (1) for the Poisson Model Va

model {

for(i in 1 : N) {

for(j in 1 : 5) {

log(mu[subject[5*(i-1) + j], j]) <- log(t[j]) + a0

+ b0[subject[5*(i-1) + j]]

+ b1[subject[5*(i-1) + j]] * post[j]

+ beta1*treatment[5*(i-1) + j]

+ beta2*post[j]

+ beta3*treatment[5*(i-1) + j]*post[j]

+ beta.age* (age[5*(i-1) + j] - age.bar)

#

seizure[5*(i-1) + j] ~ dpois(mu[subject[5*(i-1) + j], j])

}

}

#

for (i in 1:N){

b0[i] ~ dnorm(0.0, tau.b0) # subject random effects

b1[i] ~ dnorm(0.0, tau.b1) # subject random effects

}

age.bar <- mean(age[])

# priors:

a0 ~ dnorm(0.0,1.0E-4)

beta1 ~ dnorm(0.0,1.0E-4)

beta2 ~ dnorm(0.0,1.0E-4)

beta3 ~ dnorm(0.0,1.0E-4)

beta.age ~ dnorm(0.0,1.0E-4)

tau.b0 ~ dgamma(1.0E-3,1.0E-3)

tau.b1 ~ dgamma(1.0E-3,1.0E-3)

sigma2.b0 <- 1.0/ tau.b0

sigma2.b1 <- 1.0/ tau.b1

beta0<- a0 - age.bar*beta.age

}� �
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Program 10.6. OpenBUGS code (2) for the Poisson Model Va

# Initial values

list(tau.b0 =1, tau.b1=1, a0=0, beta1=0, beta2=0, beta3=0, beta.age=0)

list(tau.b0 =3, tau.b1=2, a0=1, beta1=1, beta2=-2, beta3=-2, beta.age=0)

# Data

list(N=59, t=c(8,2,2,2,2), post=c(0,1,1,1,1))

no[] subject[] treatment[] visit[] seizure[] age[]

1 1 0 0 11 31

2 1 0 1 5 31

3 1 0 2 3 31

4 1 0 3 3 31

5 1 0 4 3 31

6 2 0 0 11 30

7 2 0 1 3 30

8 2 0 2 5 30

9 2 0 3 3 30

10 2 0 4 3 30

.....� �
The OpenBUGS code is shown in Program 10.5 and the corresponding

Initial values and Data are shown in Program 10.6.
Here also, the variable age had centering, i.e., (x − x̄). In this analysis

also, we used two chains and so we gave two sets of initial values. Further-
more, we obtained the results after running the model on 2 chains for 50,000
iterations with a burn-in of 5,000 iterations. For checking the convergence,
the history plots for several parameters are shown in Figure 10.9, where we
can be reasonably confident that convergence has been achieved because the
two chains appear to be overlapping one another. Figure 10.10 shows auto-
correlations for all monitored parameters, where we can see that the three
chains beta.Age, beta.0, and beta.1, have slightly higher autocorrelations
but the auto-correlation reduces with the lag between iterations. For a more
formal approach to convergence diagnosis, the BGR diagram for all monitored
parameters are shown in Figure 10.11. Since this is a black and white book,
you cannot see three lines in color. If the figure were in color, you can see that
the red line has converged to 1 and the blue (= green) lines are both stable.
In Figure 10.12, the density plots are shown for all parameters, from where
we can estimate summary statistics of the monitored nodes, pooling over the
chains selected. Summary statistics for the monitored parameters are shown in
Table 10.5. Comparison of the estimates from the mixed-effects model Va and
the corresponding Bayesian model are also shown in Table 10.6, which shows
that both estimates are quite similar despite high auto-correlations observed
for three parameters.
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FIGURE 10.9
Epilepsy Data: History for some parameters of the Bayesian Poisson regression
Model Va (2 chains are run for 50,000 iterations with a burn-in of 5,000
iterations).
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FIGURE 10.10
Epilepsy Data: Auto-correlation for all monitored parameters of the Bayesian
Poisson regression Model Va.
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FIGURE 10.11
Epilepsy Data: BGR diagram for all monitored parameters of the Bayesian
Poisson regression Model Va.
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FIGURE 10.12
Epilepsy Data: Posterior densities for all parameters of the Bayesian Poisson
regression Model Va.
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TABLE 10.5
Epilepsy Data: Summary statistics of the Bayesian Model Va. ‘Sample size”
(= 100, 000) is excluded for space.

Node Mean sd MC error 2.5% Median 97.5% Start

beta.age -0.020 0.016 4.77E-4 -0.050 -0.020 0.011 10001
beta0 1.628 0.480 0.0155 0.703 1.626 2.583 10001
beta1 0.029 0.205 0.00842 -0.378 0.0312 0.425 10001
beta2 0.014 0.115 0.00344 -0.205 0.0117 0.243 10001
beta3 -0.308 0.155 0.00472 -0.623 -0.306 -0.007 10001
sigma2.b0 0.551 0.117 8.15E-4 0.366 0.5362 0.821 10001
sigma2.b1 0.264 0.070 4.63E-4 0.154 0.2552 0.427 10001

TABLE 10.6
Epilepsy Data: Comparison of the mixed-effects Poisson regression Model Va
and the corresponding Bayesian model.

Model Mixed-effects model Bayesian model
95% CI 95% CI

Parameter Estimate Lower Upper Estimate Lower Upper

Intercept (β̂0) 1.630 0.690 2.569 1.628 0.703 2.583
age -0.020 -0.050 0.011 -0.020 -0.050 0.011

treatment (β̂1) 0.027 -0.357 0.411 0.026 -0.378 0.425

post (β̂2) 0.012 -0.205 0.229 0.014 -0.205 0.243
treatment*post -0.309 -0.611 -0.006 -0.308 -0.623 -0.007

(β̂3)

σ̂2
B0 0.501 (s.e. = 0.100) 0.536 0.366 0.821
σ̂2
B1 0.242 (s.e. = 0.062) 0.255 0.154 0.427
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11

Latent profile models: Classification of
individual response profiles

The main focus of this book is to introduce the generalized linear mixed-effects
models, which provide a flexible and powerful tool to deal with longitudinal
data with heterogeneity or variability among subject-specific responses and
missing data. In these mixed-effects models, the subject-specific response has
been considered as a random-effects variable assumed to be normally dis-
tributed. Verbeke and Lesaffre (1996, 2001) proposed a linear mixed-effects
model with heterogeneity for random effects by allowing the random effects to
be taken from a mixture of several normal distributions with equal covariance
matrix. Although these models have been developed for dealing with hetero-
geneity or variability among subject-specific responses, it seems to me that
they are still based upon the “homogeneous” assumption in the sense that the
fixed-effects mean response profile within each treatment group is meaningful,
and thus the treatment effect is usually evaluated by the difference in mean
response profiles or difference in means during the pre-specified evaluation
periods near the end of follow-up. However, if the subject by time interaction
within each treatment group is not negligible, the mean response profiles could
be inappropriate measures for treatment effect.

For example, Figure 11.1 shows the subject-specific changes from baseline
of log-transformed serum level of glutamate pyruvate transaminase (GPT) for
each of treatment groups in a double-blinded placebo-controlled randomized
trial of Gritiron for patients with chronic hepatitis (Yano et al., 1989). This
data set is called here Gritiron Data. The result of this trial was summarized
as the difference in median changes from baseline of log (GPT) as shown in
Figure 11.2 and the difference at each evaluation time (4 weeks, 8 weeks, 12
weeks, and 16 weeks after randomization) was all statistically significant at
α = 0.05 by the two-tailed Bonferroni p-value adjusted Wilcoxon rank-sum
test.

However, we can observe from this figure that, even if the subjects belong
to the same treatment group, some are increasing, some are not changing, and
some are decreasing. In this situation, one concern is that the mean response
profile for each treatment group is really an appropriate summary statistic?
To deal with the variability of the subject-specific response profiles, many
authors, for example, Tango (1989, 1998), Skene and White (1992), Muthen
and Shedden (1999), Lin, McCulloch, and Turnbull et al. (2000), and Lin,

275
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FIGURE 11.1
Gritiron Data: Subject-specific changes from baseline of log-transformed
serum levels of GPT by treatment group in a double-blinded placebo-
controlled randomized trial of Gritiron for patients with chronic hepatitis
(Yano et al., 1989).
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FIGURE 11.2
Gritiron Data: Median changes from baseline of log (GPT) by treatment group
in a double-blinded placebo-controlled randomized trial of Gritiron for pa-
tients with chronic hepatitis patients. The difference at each evaluation time
(4 weeks, 8 weeks, 12 weeks, and 16 weeks after randomization) was all sta-
tistically significant at α = 0.05 by the two-tailed Bonferroni p-value adjusted
Wilcoxon rank-sum test.

Turnbull, and McCulloch et al. (2002), have proposed several types of mixture
models in which each treatment group consists of a mixture of several latent
profiles (classes) of response variable.

Especially, Tango (1989) proposed a mixture model for the analysis of
change from baseline in a randomized controlled trial assuming that (1) each
treatment group consists of a mixture of several “ordered” latent profiles such
as “improved,” “unchanged,” “worsened,” (2) a low-degree polynomial can
represent the mean response profile for each of latent profiles, and (3) the
treatment effect can be characterized by the shape of the latent profiles and
the difference in the mixing proportions of these latent profiles. Skene and
White (1992) also proposed a similar mixture model but it is undesirable
since it estimates unrealistic ragged profiles and it cannot cope with incom-
plete data that contains missing data or is measured at irregularly spaced
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intervals. Tango (1998) modified his model so that it can cope with improper
longitudinal records with missing data, which is cited as a new approach by
Everitt and Pickles (2004). However, Tango did not take both covariate ad-
justments and the nature of “ordered” classes into account in evaluating the
treatment effect.

The purpose of this chapter is to introduce (1) Tango’s latent profile model
and (2) an extended model by combining Tango’s latent profile model with
proportional odds model to take both covariate adjustments and the nature
of “ordered” classes into account (Taguchi and Tango, 2008; Nakamura et
al., 2012). The treatment effect for the latter model is estimated by the odds
ratio (adjusted for covariates). In Section 11.4, these models are illustrated
with the Gritiron Data discussed above and the Beat the Blues Data discussed
in Chapter 7.

11.1 Latent profile models

Let yij(tijk) denote the measurement made at the kth time point tijk (k =
0, 1, ...,Kij(≤ T )) of the jth subject (j = 1, 2, ..., nj) in the ith treatment
group (i = 1, 2), where yij(tij0) = yij(0) indicates the baseline level and the
change from baseline is defined as dij(tijk) = yij(tijk)−yij(0). Further assume
the existence of M latent profiles of change from baseline that are common
to all the treatment groups. Then, under the condition that the jth subject
of the ith treatment group follows the mth latent profile (m = 1, 2, ...,M), it
can be assumed that

dij(t) | m = µm(t) + εij(t), εij(t) ∼ N(0, σ2), (11.1)

where µm(t) is the mean profile of the mth latent profile and it is assumed
that the mth latent profile and εij(t) are, conditional on m, mutually indepen-
dent. Regarding the latent profile, Tango (1989) proposed a smooth low-degree
polynomial function of time, i.e.,

µm(t) =
R∑
r=1

βmrt
r, (11.2)

where R is the degree of polynomial common to all the profiles except for
the unchanged profile. Without loss of generality, let us assume here that the
treatment effect is evaluated by the “decrease” from the baseline level. For
example, when M = 3, we have
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µ(t) =

 µ1(t) =
∑R
r=1 β1rt

r(< 0) “improved”
µ2(t) = 0 “unchanged”

µ3(t) =
∑R
r=1 β3rt

r(> 0) “worsened.”

(11.3)

When M = 5, we have

µ(t) =



µ1(t) =
∑R
r=1 β1rt

r(< µ2(t)) “greatly improved”

µ2(t) =
∑R
r=1 β2rt

r(< 0) “improved”
µ3(t) = 0 “unchanged”

µ4(t) =
∑R
r=1 β4rt

r(> 0) “worsened”

µ5(t) =
∑R
r=1 β5rt

r(> µ3(t)) “greatly worsened.”

(11.4)

As M should be initially set as an odd number for symmetry, the mid-
dle, theM+1

2 th latent profile, is “unchanged” class and β(M+1)/2,r =
0, µ(M+1)/2(t) = 0. In this mixture model, the response profile for the jth sub-

ject of ith group dij =
(
dij(tij1), · · · , dij(tijKij )

)t
has the following mixture

density,

gi (dij |φ1 ) =

M∑
m=1

pimfm(dij), (11.5)

where pim denotes the mixing probability of the mth latent profile in the ith
treatment group and fm(·) denotes the density function of the mth latent
profile, which is given by

fm(dij) =

(
1

2πσ2

)Kij
2

exp

− 1

2σ2

Kij∑
k=1

(dij(tijk)− µm(tijk))
2

 (11.6)

and φ1 denotes the vector of parameters included in the model, i.e.,

φ1 = (p11, ..., p1M , p21, ..., p2M , β11, ..., β1R, ..., βM1, ..., βMR, σ
2)t.

In this mixture model, the comparison of treatment effect can be reduced to
the test of the following null hypothesis

H0 : p11 = p21, ..., p1M = p2M (11.7)

H1 : not H0.
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Given the number of latent profiles M , the usual likelihood ratio test can be
applied to test the above null hypothesis. Furthermore, this model provides
us with a criterion of classification of subjects into one of the latent classes
based on the maximum of the posterior probability that the jth subject of
the dth treatment group comes from the mth latent profile

Q̂ij(m) =
p̂imfm(dij)

gi(dij |φ̂1)
, (11.8)

where φ̂1 denotes the maximum likelihood estimate. Goodness-of-fit of the
model is investigated by observing each patient’s response pattern classified
according to the max Qij(m) in relation to the estimated 95% region for each
latent profile as shown below.

µ̂m(t)± 2σ̂ (11.9)

E-M algorithm

To obtain the maximum likelihood estimate of parameter φ1, a Newton–
Raphson algorithm and the EM algorithm have been used. Especially the
use of the EM algorithm can be recommended for its easy implementation. Its
solution, however, heavily depends on the initial values and then careful exam-
ination is necessary to assure that the global, rather than a local, maximum
was attained. The EM algorithm is briefly outlined below:

1. Step 0: Give starting initial values of the posterior probability Qij(m).
One simple way to do this is to calculate the subject-specific total sum
of dij adjusted for the number of missing data, i.e.,

Sij =
T

Kij

Kij∑
k=1

dij(tijk).

Then, for example, in the case of M = 3, we can use the following
classification rule

 Qij(1) = 1, if Sij < 25 percentile of Sij
Qij(2) = 1, if Sij ≥ 75 percentile of Sij
Qij(0) = 1, otherwise.
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2. Step 1: M-step

Given the Q̂ij(m), the parameters pim are easily calculated as

p̂im =

ni∑
j=1

Q̂ij(m)/ni (11.10)

and β̂mk are obtained by using a weighted least squares procedure min-
imizing

2∑
i=1

ni∑
j=1

M∑
m=1

Q̂ij(m)

Kij∑
k=1

(dij(tijk)− µm(tijk))2 (11.11)

and σ̂2 is obtained as

σ̂2 =
2∑
i=1

ni∑
j=1

M∑
m=1

Q̂ij(m)

Kij∑
k=1

(dij(tijk)− µ̂m(tijk))2/
2∑
i=1

ni∑
j=1

Kij .

(11.12)

3. Step 2: E-step Calculate the posteriori probability Q̂ij(m) based on the

estimates φ̂1 = (p̂im, β̂mk, σ̂
2)t obtained in Step 1.

4. Step 3: Check to see if φ̂1 has converged; if not, repeat the M-step and
E-step.

11.2 Latent profile plus proportional odds model

In Tango’s mixture model, the treatment effect is evaluated by the difference
in the mixing probabilities and thus even when the null hypothesis (11.7) is
rejected, its interpretation is not always easy due to at most (M − 1) de-
grees of freedom. Furthermore, Tango’s model does not take both covariate
adjustments and the nature of “ordered” latent classes into account. There-
fore, we introduce here a new mixture model by combining Tango’s model
with a proportional odds model to take both covariate adjustments and the
nature of “ordered” latent classes into account, where the treatment effect can
be estimated by a covariate-adjusted odds ratio.

Here, let us get back to the notation of repeated measures design defined
in Chapter 1, i.e., using the following notational change:
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ij → i, k → j, Kij → Ki, dij(t)→ dij , tijk → tij .

Furthermore, let (w1i, ..., wqi) denote the vector of covariates with fixed effects
of the ith subject and the first covariate w1i denotes the treatment group,

w1i = 1 (New treatment), = 0 (Control treatment).

Then, the latent profile plus proportional odds model is defined as follows:

h (di |φ2 ) =

M∑
m=1

rimfm(di) (11.13)

log

(
qim

1− qim

)
= θm +

q∑
s=1

γswsi (m = 1, · · · ,M − 1), (11.14)

where rim denotes the probability that the ith subject comes from the mth
latent profile and qim denotes the cumulative probability up to and including
the category m of the probability rim, i.e.,

qim = ri1 + · · ·+ rim, (11.15)

and φ2 denotes the vector of parameters included in the combined model, i.e.,

φ2 = (β11, ..., β1R, ..., βM1, ..., βMR, σ
2, γ1, ..., γI , θ1, ..., θM−1)t.

The log-likelihood function is given by

l =

N∑
i=1

log {h (di |φ2 )}. (11.16)

In the latent profile plus proportional odds model, the treatment effect is
evaluated by testing the following null hypothesis:

H0 : γ1 = 0, H1 : γ1 > 0. (11.17)

The estimated odds ratio eγ̂1 will be interpreted as the improvement odds
ratio of the new treatment to the control treatment.
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For comparison with Tango’s original latent profile model, consider a sim-
ple situation where we have only one covariate w1 indicating the treatment
group in the case of M = 3. Then, letting γ = γ1, we have

log

(
ri1

1− ri1

)
=

{
θ1, (control)
θ1 + γ, (new treatment)

log

(
ri1 + ri2

1− (ri1 + ri2)

)
=

{
θ2, (control)
θ2 + γ, (new treatment).

In other words, the relationships between rim (i means a subject) and pim (i
means a treatment group) are given by

m = 1 : ri1 = r1 =

{ 1
1+e−θ1

, (control) → p11
1

1+e−(θ1+γ) , (new treatment) → p21

m = 2 : ri2 = r2 =

{ 1
1+e−θ2

− 1
1+e−θ1

, (control) → p12
1

1+e−(θ2+γ) − 1
1+e−(θ1+γ) , (new treatment) → p22

m = 3 : ri3 = r3 = 1− r1 − r2.

To examine the proportional odds assumption, let us consider the following
non-proportional odds model

log

(
qim

1− qim

)
= θm +

q∑
s=1

(γs + ηs(m))wsi, (ηs(1) = 0). (11.18)

Then, the null hypothesis for testing the proportional odds assumption will
be

H0 : ηs(m) = 0, s = 1, ..., q; m = 2, ...,M − 1. (11.19)

The log-likelihood for the parameters of the model (11.18) is

l =

N∑
i=1

log {h (di |φ2,η )}, (11.20)
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where η = (η1(2), ..., ηq(M−1))
t. The efficient score for the log-likelihood (11.20)

is

U(φ2,η) =

(
∂l

∂β11
, · · · , ∂l

∂βMR
,
∂l

∂σ2
,
∂l

∂γ1
, · · · , ∂l

∂γq
,
∂l

∂θ1
,

· · · ∂l

∂θM−1
,

∂l

∂η1(2)
, · · · , ∂l

∂ηq(M−1)

)t
.

Then, the proportional odds assumption can be tested by the following efficient
score test,

X2 = U(φ̂2,η = 0)tH−1(φ̂2,η = 0)U(φ̂2,η = 0) ∼ χ2
(M−2)q, (11.21)

where φ̂2 denotes the vector of the maximum likelihood estimates and Ĥ
denotes the negative of the Hessian matrix (second derivative of the log-
likelihood) evaluated under the null hypothesis (11.19). The maximum likeli-
hood estimates of parameters can be obtained by the Newton–Raphson algo-
rithm and/or the EM algorithm.

11.3 Number of latent profiles

It is well known that the classical asymptotic theory of distribution of like-
lihood ratio tests cannot be applied to testing the number of components
in mixture models because it does not satisfy the regularity condition. Self
and Liang (1987) discussed its theoretical issues and gave several examples in
which the distribution can be expressed as mixtures of chi-squared distribu-
tion. However, its application to mixture models is difficult. Everitt (1981),
Thord, Finch and Mendell (1988) conducted a simulation study to find the
percentage points of the likelihood ratio test. McLachlan (1987) applied boos-
trapping methods. So far, the challenge to the distribution of the likelihood
ratio test has never been successful. Therefore, especially in confirmatory trials
such as phase III randomized controlled trials, the number of latent profiles
should not be selected statistically but be carefully discussed before start-
ing clinical trials and be specified in the protocol. Given the number, or the
maximum number, of latent profiles, the problem becomes simple. Within the
specified range of M , the optimal M can be chosen by applying the AIC or
BIC (McLachlan and Peel, 2000) together with graphical investigation of the
estimated 95% region for each latent profile and individual response profiles
classified into the corresponding latent profile.
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TABLE 11.1
Gritiron Data: A part of the data from the double-blinded placebo-controlled
randomized trial of Gritiron for chronic patients. NA denotes missing data.� �

No. subject center treatment age visit gpt

1 1 1 1 76 0 52

2 1 1 1 76 4 76

3 1 1 1 76 8 81

4 1 1 1 76 12 77

5 1 1 1 76 16 70

6 2 1 1 54 0 51

7 2 1 1 54 4 74

8 2 1 1 54 8 86

9 2 1 1 54 12 66

10 2 1 1 54 16 83

11 3 1 1 66 0 91

12 3 1 1 66 4 138

13 3 1 1 66 8 147

14 3 1 1 66 12 74

15 3 1 1 66 16 90

16 4 1 1 24 0 164

17 4 1 1 24 4 116

18 4 1 1 24 8 80

19 4 1 1 24 12 94

20 4 1 1 24 16 NA� �

11.4 Application to the Gritiron Data

We shall illustrate the above-stated two kinds of latent profile models with a
subset of the Gritiron Data shown in Figures 11.1 and 11.2 where N = 212
patients with chronic hepatitis who were randomly assigned to the Gritiron
group (n2 = 106 patients) and the placebo group (n1 = 106 patients) in a
multi-centered double-blinded randomized controlled trial (Yano et al., 1989).
Laboratory data including GPT were scheduled to be measured at baseline
and at 4-week intervals thereafter up to 16 weeks (1:4 design). One of the
primary endpoints is the change from the baseline of log-transformed GPT.
In this trial, the effect of treatment can be observed as a “decrease” in levels of
GPT as compared with baseline level, where the change from baseline should
be negative. Coincidentally, the number of patients who have missing data
is the same 23 for both groups. In this application, we shall consider the
maximum number of latent profiles as set to 5 because several other ordinal
categorical endpoints were evaluated by 5 ordered categories. Table 11.1 shows
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a part of the Gritiron Data 1 with long format where missing data is coded
as “NA” and consists of the following six variables:

1. subject: a numeric factor indicating the patient ID.

2. center: a numeric factor indicating the center ID.

3. treatment: a binary variable indicating the treatment group (Grit-
iron=1, placebo=0).

4. age: a continuous variable for age.

5. visit: a numeric factor indicating the week of visit: takes 0 (baseline),
4, 8, 12, 16.

6. gpt: the primary endpoint of log-transformed GPT, log(GPT + 1.0).

Let us consider here the three models M = 3, 4, 5 for the number of latent
profiles and a quadratic polynomial function of time, i.e., R = 2 for all the
models, i.e.,

µm(t) = βm1t+ βm2t
2.

Cubic polynomial models with R = 3 did not bring significant improvement of
the goodness-of-fit for most models. As a covariate, we consider the baseline
level of log-transformed GPT.

11.4.1 Latent profile models

Regarding the estimates of the latent profile models, we first obtain the max-
imum likelihood estimates using an R or S-Plus code. Then, we also obtain
the estimates of the Bayesian version of latent profile models using OpenBUGS

code because we are still facing the convergence problem of our program (R
code) regarding the maximum likelihood estimates of the latent profile plus
proportional odds model.

First of all, the estimated latent profiles µ̂m(t), the 95% region of profiles
µ̂m(t) ± 2σ̂, and the patient-specific profiles classified into the corresponding
latent profile of each of three models M = 3, 4, 5 are shown in Figures 11.3,
11.4 and 11.5, respectively. The classification of patients by each of three kinds
(M = 3, 4, 5) of latent profile models are shown in Table 11.2. Furthermore,
estimates of the mixing probabilities p̂im and fixed-effects parameters of latent
profiles β̂mr are shown in Tables 11.3, 11.4, and 11.5, respectively.

For example, Figure 11.3 clearly shows that there are several patients
classified into the latent profile “improved” who do not fit the model, i.e., their
response profiles are out of the estimated 95% region of the profile, downward

1The Gritiron Data set cannot be open at present.
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FIGURE 11.3
Gritiron Data with M = 3: Estimated latent profiles µ̂m(t), the 95% region
of profiles µ̂m(t)± 2σ̂, and the subject-specific profiles classified into the cor-
responding latent profile. The upper profiles indicate the Gritiron group and
the lower profiles, the placebo group.
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FIGURE 11.4
Gritiron Data with M = 4: Estimated latent profiles µ̂m(t), the 95% region
of profiles µ̂m(t)± 2σ̂, and the subject-specific profiles classified into the cor-
responding latent profile. The upper profiles indicate the Gritiron group and
the lower profiles, the placebo group.
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FIGURE 11.5
Gritiron Data with M = 5: Estimated latent profiles µ̂m(t), the 95% region
of profiles µ̂m(t)± 2σ̂, and the subject-specific profiles classified into the cor-
responding latent profile. The upper profiles indicate the Gritiron group and
the lower profiles, the placebo group.
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TABLE 11.2
Gritiron Data: classification of patients by each of three kinds (M = 3, 4, 5)
of latent profile models. The estimated mixing probabilities p̂im are shown in
parentheses.

Grealty Un- Greatly
improved Improved changed Worsened worsened Total

M = 3
Gritiron 19(17.0) 85(80.1) 2(2.9) 106
Placebo 10(10.3) 86(77.3) 10(12.4) 106

M = 4
Gritiron 5(4.7) 21(20.4) 76(69.6) 4(5.3) 106
Placebo 1(1.0) 17(16.1) 71(65.5) 17(17.4) 106

M = 5
Gritiron 5(4.7) 22(20.8) 72(66.0) 6(7.4) 1(1.0) 106
Placebo 1(1.0) 18(16.5) 62(59.1) 20(19.1) 5(4.3) 106

and outward. These patients could be classified into “Greatly improved” rather
than “improved” if we apply the proposed model with M = 4 or M = 5.
From Figures 11.4 and 11.5, we can confirm that patients who were outside
the “improved region” in the model with 3 latent profiles are classified into
the “greatly improved” profile. According to the value of AIC, we have

AIC = 1214.4(M = 3), AIC = 1037.1(M = 4), AIC = 1028.4(M = 5),

which indicates the model with five latent profiles is the best.
As a second step of analysis, we applied the Bayesian version of the latent

profile model with non-informative priors, and the resultant estimates are
also shown in the same Tables 11.3, 11.4, and 11.5. We can observe that
these two kinds of estimates are shown to be quite similar for each of three
latent profile models. As described in Chapter 11, an information criterion
DIC (10.4) cannot be used for comparison of different mixture models. So in
these tables, the value of deviance (= −2 logL) is shown.

11.4.2 R, S-Plus, and OpenBUGS programs

The R or S-Plus programs used to obtain the maximum likelihood estimates of
the latent profile models are available upon request. However, they cannot be
of general use because the interface with a data file such as the Gritiron Data
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TABLE 11.3
Gritiron Data with M = 3: Parameter estimates and standard errors from 4
kinds of latent profile models. The unchanged profile is defined as the profile
m = 2 with β21 = β22 = 0.

Latent profile model Latent profile
+ proportional odds model

Parameter MLE Bayesian MLE Bayesian

−2 logL 1196.4 1176.0 1136.1 1128.0
AIC 1214.4 1154.1
p11 0.103 0.109 (0.030)
p12 0.773 0.779 (0.047)
p13 0.124 0.113 (0.039)
p21 0.170 0.170 (0.038)
p22 0.801 0.799 (0.042)
p23 0.029 0.031 (0.018)

β11 - 0.199 -0.200 (0.018) -0.195 (0.017) -0.200 (0.017)
β12 0.007 0.007 (0.001) 0.007 (0.001) 0.007 (0.001)
β31 0.194 0.210 (0.030) 0.185 (0.028) 0.205 (0.027)
β32 -0.010 -0.011 (0.002) -0.010 (0.002) -0.011 (0.002)
σ 0.451 0.453 (0.012) 0.452 (0.011) 0.451 (0.011)

γ1: treatment effect 0.896 (0.435) 0.890 (0.431)
γ1: 95%CI [0.043, 1.749] [0.060, 1.755 ]
γ2: baseline data 2.474 (0.409) 2.394 (0.379)
γ2: 95%CI [1.672, 3.276] [1.687, 3.165]
θ1 -12.858 (2.160) -14.38 (2.030)
θ2 -6.860 (1.744) -7.982 (1.599)
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TABLE 11.4
Gritiron Data with M = 4: Parameter estimates and standard errors from 4
kinds of latent profile models. The unchanged profile is defined as the profile
m = 3 with β31 = β32 = 0.

Latent profile model Latent profile
+ proportional odds model

Parameter MLE Bayesian MLE Bayesian

−2 logL 1011.1 989.8 936.7 928.5
AIC 1037.1 960.7
p11 0.009 0.018 (0.013)
p12 0.161 0.160 (0.037)
p13 0.655 0.652 (0.053)
p14 0.174 0.169 (0.042)
p21 0.047 0.055 (0.022)
p22 0.203 0.199 (0.041)
p23 0.696 0.690 (0.048)
p24 0.053 0.056 (0.025)

β11 - 0.343 -0.343 (0.028) -0.343 (0.029) -0.343 (0.029)
β12 0.011 0.011 (0.002) 0.011 (0.002) 0.011 (0.002)
β21 -0.147 -0.151 (0.013) -0.146 (0.013) -0.151 (0.013)
β22 0.006 0.006 (0.001) 0.006 (0.001) 0.006 (0.001)
β41 0.172 0.178 (0.019) 0.171 (0.020) 0.178 (0.018)
β42 -0.009 -0.010 (0.001) -0.009 (0.001) -0.010 (0.001)
σ 0.378 0.378 (0.010) 0.379 (0.008) 0.378 (0.010)

γ1: treatment effect 0.811 (0.359) 0.811 (0.359)
γ1: 95%CI [0.107, 1.515] [0.126, 1.529 ]
γ2: baseline data 2.454 (0.346) 2.423 (0.327)
γ2: 95%CI [1.776, 3.132] [1.806, 3.097 ]
θ1 -15.319 (2.042) -16.86 (1.929)
θ2 -12.164 (1.801) -13.71 (1.690)
θ3 -7.302 (1.492) -8.662 (1.369)
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TABLE 11.5
Gritiron Data with M = 5: Parameter estimates and standard errors from 4
kinds of latent profile models. The unchanged profile is defined as the profile
m = 3 with β31 = β32 = 0.

Latent profile model Latent profile
+ proportional odds model

Parameter MLE Bayesian MLE Bayesian

−2 logL 994.4 941.7 883.0
AIC 1028.4
p11 0.010 0.018 (0.013)
p12 0.165 0.163 (0.037)
p13 0.591 0.600 (0.055)
p14 0.191 0.174 (0.045)
p15 0.043 0.045 (0.022)
p21 0.047 0.054 (0.022)
p22 0.208 0.202 (0.041)
p23 0.660 0.656 (0.052)
p24 0.074 0.069 (0.030)
p25 0.010 0.018 (0.013)

β11 - 0.343 -0.347 (0.028) -0.344 (0.028)
β12 0.011 0.011 (0.002) 0.011 (0.002)
β21 -0.146 -0.148 (0.013) -0.148 (0.013)
β22 0.006 0.006 (0.001) 0.006 (0.001)
β41 0.117 0.128 (0.017) 0.126 (0.016)
β42 -0.006 -0.006 (0.001) -0.006 (0.001)
β51 0.285 0.311 (0.042) 0.317 (0.042)
β52 -0.016 -0.017 (0.003) -0.018 (0.003)
σ 0.366 0.367 (0.010) 0.367 (0.010)

γ1: treatment effect 0.833 (0.339)
γ1: 95%CI [0.183, 1.524 ]
γ2: baseline data 2.340 (0.307)
γ2: 95%CI [1.768, 2.972 ]
θ1 -16.42 (1.824)
θ2 -13.24 (1.577)
θ3 -8.753 (1.318)
θ4 -6.315 (1.352)
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including missing data is not yet generalized. Furthermore, we often face the
problem of non-convergence of the R or S-Plus program for the latent profile
plus proportional odds model. So, we consider the following steps to obtain
the parameter estimates:

1. First, obtain the MLE for a latent profile model using our R or S-Plus

program.

2. Second, obtain the Bayesian estimates for the corresponding latent pro-
file model using OpenBUGS, in which some of the MLEs are used as the
initial values.

3. Similarly. obtain the Bayesian estimates for the corresponding latent
profile plus proportional odds model using OpenBUGS, in which some of
the MLEs are used as the initial values.

Programs 11.1 and 11.2 show OpenBUGS code for the latent profile plus
proportional odds model with three latent profiles (M = 3). It should be
noted that in all our programs, the data record including missing data must
be deleted in advance.
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Program 11.1 OpenBUGS code (1) for the latent profile plus proportional
odds model with M = 3

model {

for(i in 1:N){

T[i] ~ dcat( P[i, 1:3] )

for(j in 1:nr[i]){

lgbase[ ne[i]+j-1 ] <- log( base[ne[i]+j-1] + 1)

cfb[i, j] <- log(gpt[ne[i]+j-1]+1) - log(base[ne[i]+j-1]+1)

cfb[i, j] ~ dnorm(mu[ T[i], visit[ne[i]+j-1] ], tau)

}

P[i,1] <- 1/(1+exp( - (theta11 + gam1*treatment[ne[i]]

+ gam2*(lgbase[ne[i]] - base.bar) )))

P[i,2] <- 1/(1+exp( - (theta22 + gam1*treatment[ne[i]]

+ gam2*(lgbase[ne[i]] - base.bar) ))) - P[i,1]

P[i,3]<- 1 - P[i,1] - P[i,2]

}

for (k in 1:4){

mu[1, time[k]]< -beta11* time[k] + beta12 * time[k]*time[k]

mu[3, time[k]]<- (beta11+alp31)* time[k]

+ (beta12+alp32) * time[k]*time[k]

mu[2, time[k]]<- 0

}

base.bar <- mean( lgbase[] )

# priors

beta11 ~ dnorm(0.0,1.0E-4)

beta12 ~ dnorm(0.0,1.0E-4)

theta11 ~ dnorm(0.0,1.0E-4)

theta22 ~ dnorm(0.0,1.0E-4)

alp31 ~ dnorm(0.0,1.0E-4)

alp32 ~ dnorm(0.0,1.0E-4)

gam1 ~ dnorm(0.0,1.0E-4)

gam2 ~ dnorm(0.0,1.0E-4)

tau ~ dgamma(1.0E-3,1.0E-3)

sigma <- 1.0/ sqrt(tau)

#

beta31<-beta11+alp31

beta32<-beta12+alp32

theta1<-theta11 - gam2*base.bar

theta2<-theta22 - gam2*base.bar

}� �
A brief account of OpenBUGS code (1) and (2)
• N denotes the number of patients.
• T[i] denotes the profile number m to which the patient i belongs. In this
program, we set T=c( 2, NA, 2, 2, 2, 1, ...) as input data using a list

statement. This means that, when the estimated posterior probability Q̂ij(m)
(11.8) of the latent profile model is quite large such as “larger than 0.9,” then
the patient i is forcibly assigned to the latent profile m. Otherwise, assigned
to “NA.”
• P[i,1], P[i,2], P[i,3] denote the probability rim, (m = 1, 2, 3).
• nr[i] denotes the number of observed data (≤ 4) of the patient i.
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• ne[i] denotes the index number of the data record in which the patient i’s
data first appears.
• beta11, beta12 denotes β11, β12.
• theta1, theta2 denotes θ1, θ2.
• gam1, gam2 denotes γ1, γ2.� �

Program 11.2. OpenBUGS code (2) for the latent profile plus proportional
odds model with M = 3

# Initial values

list(tau =4, beta11=-0.2, beta12=0.1, alp31= 0.5,

alp32= -0.01, theta11=0,theta22=1, gam1=0, gam2=0)

list(tau =5, beta11=-0.3, beta12=0.04, alp31=0.35,

alp32=-0.02, theta11=1, theta22=2, gam1=1, gam2=1)

#Data

list(N=212, time=c(4,8,12,16),

nr=c(4, 4, 4, 3, 4, 4, 4, 4, 4, 4,

4, 4, 4, 4, 4, 4, 3, 4, 4, 4,

4, 4, 4, 4, 4, 3, 4, 4, 4, 4,

4, 3, 4, 1, 4, 3, 3, 2, 4, 3,

2, 4, 2, 3, 4, 4, 3, 4, 4, 4,

...... ),

ne=c(1, 5, 9, 13, 16, 20, 24, 28, 32, 36, 40,

44, 48, 52, 56, 60, 64, 67, 71, 75, 79, 83, 87,

91, 95, 99, 102, 106, 110, 114, 118, 122, 125, 129, 130,

134, 137, 140, 142, 146, 149, 151, 155, 157, 160, 164, 168,

171, 175, 179, 183, 187, 191, 194, 198, 202, 206, 210, 214,

....) ,

T=c( 2, NA, 2, 2, 2, 1, 1, NA, 2, 2, 2, 2, 2, 2, 2, NA, 2, 2, 2, 2,

2, 2, NA, NA, NA, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, NA, 3,

NA, 1, 2, 2, 2, NA, 2, 2, 2, 2, ....)

)

# data records including missing data must be deleted in advance

id[] center[] treatment[] age[] visit[] gpt[] base[]

1 1 1 76 4 76 52

1 1 1 76 8 81 52

1 1 1 76 12 77 52

1 1 1 76 16 70 52

2 1 1 54 4 74 51

2 1 1 54 8 86 51

2 1 1 54 12 66 51

2 1 1 54 16 83 51

3 1 1 66 4 138 91

....

END� �
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11.4.3 Latent profile plus proportional odds models

First, we shall add the results from fitting the latent profile plus proportional
odds model with M = 3 and M = 4 to the Gritiron Data by Nakamura
et al. (2012) in Tables 11.3 and 11.4. They devised the SAS program based
on a Newton–Raphson algorithm. In the same tables, the estimates from the
corresponding Bayesian model are also added for comparison. From these two
tables, you can see the following:

1. Four kinds of estimates of the latent profiles βm1, βm2, and the standard
deviation σ are quite similar.

2. Two kinds of estimates of the parameters (γ1, γ2, θ1, θ2, θ3) of the latent
profile plus proportional odds models are also similar.

The next observation not shown in these tables is the test results for the
proportional odds assumption (11.21). In the model with M = 3 and the
model with M = 4, the test results are not statistically significant, i.e.,:

1. For the case of M = 3, we have X2 = 1.16, df = 2, p = 0.44.

2. For the case of M = 4 we have X2 = 4.40, df = 4, p = 0.65.

Furthermore, comparison with the latent profile models, the model fit of the
latent profile plus proportional odds models are far improved based on the
value of the AICs. For example, the values of the AICs of the latent profile
models are

AIC = 1214.4 (M = 3), AIC = 1037.1 (M = 4)

and the values of AICs of the latent profile plus proportional odds models are

AIC = 1154.1 (M = 3), AIC = 960.7 (M = 4).

Regarding the treatment effect eγ1 , we have the following estimates

1. MLE:
M = 3 : 2.45 (95%CI : 1.04, 5.74), p = 0.039

M = 4 : 2.25 (95%CI : 1.11, 4.55), p = 0.024

2. Bayesian estimate:

M = 3 : 2.44 (95%CI : 1.06, 5.78)

M = 4 : 2.25 (95%CI : 1.13, 4.61)
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TABLE 11.6
Average treatment effect during 16-week treatment period estimated by the
six kinds of mixed-effects linear normal regression models.

Model Estimate (s.e.) p-value AIC (ML)

Repeated measures model
IIa -0.2247 (0.0719) 0.0031 1541.1
III -0.2255 (0.0766) 0.0036 1459.0
Va -0.2230 (0.0721) 0.0022 1549.5

ANCOVA-type model
VIIIa -0.1834 (0.0642) 0.0047 1086.0
VIIIb -0.1903 (0.0649) 0.0038 1025.9
IX -0.1817 (0.0641) 0.0051 1095.3

For the case of M = 5, Nakamura et al. (2012) did not report the result. So,
here, we shall show the estimates from the corresponding Bayesian model. The
results are added to Table 11.5. Here also, we can observe that in the three
kinds of estimates of the latent profiles βm1, βm2, the standard deviation σ are
quite similar. The treatment effect is estimated as 2.30 (95%CI : 1.20, 4.59),
similar to the results of the case of M = 4.

11.4.4 Comparison with the mixed-effects normal regression
models

For comparison with the mixed-effects normal regression model discussed in
Chapter 7, let us apply several kinds of mixed-effects models to the Grit-
iron Data to estimate the average treatment effect. Especially, we select three
repeated measures models, Model IIa, III, and Va, and the corresponding
ANCOVA-type models, Model VIIIa, VIIIb, and IX. The resultant estimated
treatment effect and the value of AIC (ML) based on the maximum likelihood
estimates (3.27) are shown in Table 11.6. Needless to say, we cannot use the
value of AIC to compare the model fits between repeated measures models
and ANCOVA-type model because the data structure is different.

As in the case of the Beat the Blues Data illustrated in Chapter 7, com-
pared with the ANCOVA-type models, the repeated measures model tends to
give larger treatment effect and smaller p-values, all of which are statistically
significant at α = 0.05.

Now, the goodness-of-fit of the latent profile plus proportional odds models
can be compared with ANCOVA-type models with the response variable yij−
yi0. The minimum value of AIC was 1025.9 for the Model IIIb and the AIC of
the latent profile plus proportional odds model with M = 4 is 960.7, indicating
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TABLE 11.7
The Beat the Blues Data: Classification of patients by each of three kinds
(M = 3, 4, 5) of latent profile models. The estimated mixing probabilities p̂im
are shown in parentheses.

Improved Improved Improved Unchanged Worsened Total
(+++) (++) (+)

M = 3
BtheB 7(15.3) 37(65.5) 3(19.2) 52
TAU 3(7.3) 23(50.9) 19(41.8) 45

M = 4
BtheB 7(15.5) 36(63.3) 9(21.1) 0(0.0) 52
TAU 3(7.3) 25(54.0) 13(28.8) 4(9.8) 45

M = 5
BtheB 2 (4.0) 6(13.1) 31(57.2) 13(25.8) 0(0.0) 52
TAU 2(4.2) 1(3.4) 24(51.4) 14(31.1) 4(9.8) 45

that the latter model is far better than the former. Bayesian estimates for the
model with M = 5 show some improvement over the model with M = 4,
indicating that the latent profile plus proportional odds models are better
than the mixed-effects models in estimating the mean response profile by
treatment groups in the case of the Gritiron Data.

11.5 Application to the Beat the Blues Data

In this section, we shall apply the latent profile models and the latent pro-
file plus proportional odds models to the Beat the Blues Data illustrated in
Chapter 7. First, using the latent profile models without covariates, the es-
timated latent profiles µ̂m(t), the 95% region of profiles µ̂m(t) ± 2σ̂, and the
subject-specific profiles classified into the corresponding latent profile of each
of three models M = 3, 4, 5 are shown in Figures 11.6, 11.7, and 11.8, respec-
tively. And, the classification of patients by each of three kinds (M = 3, 4, 5)
of latent profile models and the estimated mixing probabilities p̂im are shown
in Table 11.7. The values of AIC for each of three models are

AIC = 1950.7 (M = 3), 1946.4 (M = 4), 1936.2 (M = 5),
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TABLE 11.8
Maximum likelihood estimates (MLE) for three kinds of latent profile models
and Bayesian estimates for the corresponding three kinds of latent profile plus
proportional odds models. Standard errors are shown in parentheses.

M = 3 M = 4 M = 5
MLE Bayesian MLE Bayesian MLE Bayesian

AIC 1950.7 1946.4 1936.2
−2 logL 1932.7 1920.4 1902.2
deviance 1900.0 1887.0 1864.0
β11 - 11.92 -11.6 (0.73) -11.91 -11.7 (0.71) -15.17 -15.25 (1.10)
β12 1.08 1.04 (0.11) 1.07 1.05 (0.10) 1.39 1.40 (0.16)
β21 -3.45 -3.37 (0.41) -3.43 -3.26 (0.40) -9.74 -9.92 (0.84)
β22 0.24 0.23 (0.06) 0.24 0.22 (0.05) 0.86 0.88 (0.12)
β31 0.00 0.00 0.00 0.00 -3.53 -3.52 (0.39)
β32 0.00 0.00 0.00 0.00 0.25 0.24 (0.05)
β41 4.29 4.40 (1.16) 0.00 0.00
β42 -0.45 -0.47 (0.17) 0.00 0.00
β51 4.38 4.43 (1.02)
β52 -0.47 -0.47 (0.15)
γ1(treatment) 1.78 (0.71) 1.67 (0.66) 1.45 (0.61)
γ2(baseline) 0.18 (0.04) 0.16 (0.04) 0.14 (0.03)
γ3(drug) 0.90 (0.73) 0.89 (0.74) 0.60 (0.59)
γ4(length) -0.89 (0.67) -0.81 (0.60) -0.62 (0.53)
θ1 -8.35 (1.67) -7.67 (1.48) -8.78 (1.51)
θ2 -3.14 (0.00) -2.53 (0.92) -6.84 (1.29)
θ3 0.10 (0.92) -2.52 (0.80)
θ4 0.25 (0.83)
σ 6.31 6.38 (0.29) 5.99 6.12 (0.29) 5.57 5.68 (0.27)

indicating that the model fit tends to get better as the number of latent profiles
gets larger.

Next, we applied each of the three corresponding Bayesian latent profile
plus proportional odds models with four covariates, treatment, bdi0, drug
and length, to the Beat the Blues Data and the resultant parameter estimates
are shown in Table 11.8 together with the maximum likelihood estimates of
the latent profile models. The covariate-adjusted treatment effect is estimated
as

1. M = 3 : 5.99(95%CI : 1.56, 27.36),

2. M = 4 : 5.31(95%CI : 1.53, 21.26), and

3. M = 5 : 4.28(95%CI : 1.38, 15.36),



Latent profile models: Classification of individual response profiles 301

months

0 2 4 6 8

0
2

0
0

2-
0

4-

months

0 2 4 6 8

0
2

0
0

2-
0

4-

months

0 2 4 6 8

0
2

0
0

2-
0

4-

months

0 2 4 6 8

0
2

0
0

2-
0

4-

months

0 2 4 6 8

0
2

0
0

2-
0

4-

months

0 2 4 6 8

0
2

0
0

2-
0

4-

FIGURE 11.6
The Beat the Blues Data with M = 3: Estimated latent profiles µ̂m(t), the
95% region of profiles µ̂m(t) ± 2σ̂, and the subject-specific profiles classified
into the corresponding latent profile. The upper profiles indicate the BtheB
group and the lower profiles, the TAU group.
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FIGURE 11.7
The Beat the Blues Data with M = 4: Estimated latent profiles µ̂m(t), the
95% region of profiles µ̂m(t) ± 2σ̂, and the subject-specific profiles classified
into the corresponding latent profile. The upper profiles indicate the BtheB
group and the lower profiles, the TAU group.
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FIGURE 11.8
The Beat the Blues Data with M = 5: Estimated latent profiles µ̂m(t), the
95% region of profiles µ̂m(t) ± 2σ̂, and the subject-specific profiles classified
into the corresponding latent profile. The upper profiles indicate the BtheB
group and the lower profiles, the TAU group.
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respectively. In terms of the goodness-of-fit of the model, the AIC values based
on the maximum likelihood estimates (3.27) of the ANCOVA-type mixed-
effects model are within the range 1893.6 (Model VIIIa) ∼ 1907.7 (Model IX)
and the AIC of the latent profile plus proportional odds model is expected
to be less than 1936.2, which is the value of the AIC of the latent profile
model with M = 5 without covariates. So, we cannot say which model is
better regarding the model fit. However, it seems quite interesting that the
latent profile plus proportional odds model applied to the Beat the Blues Data
provides us with significant treatment effect while the mixed-effects linear
normal regression models does not.

11.6 Discussion

One of the basic and important ideas regarding the analysis of data in ran-
domized controlled trials will be that a group of patients to which a new
approved drug was administered is never homogeneous in terms of response
to the drug. In response to the drug, some patients improve, some patients
experience no change, and other patients even worsen, contrary to patients’
expectation. These phenomena can be observed even in a group of patients
assigned to the placebo group. Namely, nobody knows whether or not these
changes are really caused by the drug administered. However, if a new drug
has truly some degree of efficacy and when we conduct randomized controlled
trials comparing the new drug with the placebo, then the mixing proportions
of these heterogeneous changes will be altered between the two groups. We
think that these ideas seem to be a basic approach for evaluating the results
of randomized controlled trials. In this sense, the usual approach to estimate
the mean response profile based on the generalized linear mixed-effects models
could be misleading depending on the situation.

To deal with the above-stated heterogeneity, the latent profile models and
the latent profile plus proportional odds models could be useful alternative
approaches.
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Applications to other trial designs

So far, we have considered generalized linear mixed-effects models and their
related models for parallel group randomized controlled trials for comparing
two treatment groups. In this chapter, we shall present some generalized linear
mixed-effects models for other trial designs such as

• trials for comparing multiple treatments,

• three-arm non-inferiority trials including a placebo, and

• cluster randomized trials

within the framework of the S:T repeated measures design by taking for exam-
ple Model V, a random intercept plus slope model for the average treatment
effects. Unfortunately, however, I do not know of any real data on the above
trials adopting the S:T design with S > 1 that is available. So, in this chapter,
I shall mainly introduce generalized linear mixed-effects models with the S:T
repeated measures design for each of the trial designs.

12.1 Trials for comparing multiple treatments

The random intercept plus slope model with the random intercept b0i and
the random slope b1i for the average treatment effect comparing K treatment
groups in a parallel group randomized controlled trial is expressed as

305
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g{E(yij | b0i, b1i)} =



β0 + b0i +wt
iξ, i = 1, ..., n1 (treatment group 1)

β0 + b0i + β12 +wt
iξ,

i = n1 + 1, ..., n1 + n2 (treatment group 2)
. . . . . . . . . . . . . . . . . .
β0 + b0i + β1K +wt

iξ,
i = n1 + · · ·+ nK−1 + 1, ..., n1 + · · ·+ nK

(treatment group K)

j = −S + 1, .., 0

g{E(yij | b0i, b1i)} =



β0 + b0i + b1i + β2 +wt
iξ, i = 1, ..., n1

(treatment group 1)
β0 + b0i + b1i + β12 + β2 + β32 +wt

iξ,
i = n1 + 1, ..., n1 + n2 (treatment group 2)
. . . . . . . . . . . . . . . . . .
β0 + b0i + b1i + β1K + β2 + β3K +wt

iξ,
i = n1 + · · ·+ nK−1 + 1, ..., n1 + · · ·+ nK

(treatment group K)

j = 1, .., T,

Interpretations of the fixed-effects parameters β newly introduced here are as
follows:

• β1k denotes the mean difference in unit of g(µ) between the treatment
group k and the treatment group 1 at the baseline period.

• β2 denotes the mean change from the baseline in units of g(µ) in treat-
ment group 1.

• β2 + β3k denotes the mean change from the baseline in units of g(µ) in
treatment group k.

• Therefore, β3k denotes the difference in these two means, i.e., the effect
size of treatment k compared with treatment 1.

The above model is re-expressed as

g{yij | (b0i, b1i)} = β0 + b0i +

K∑
k=2

β1kx1ki + (β2 + b1i)x2ij

+

K∑
k=2

β3kx1kix2ij +wt
iξ (12.1)

j = −S + 1, .., 0, 1, .., T

bi = (b0i, b1i) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
,
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where (x12i, x13i, ..., x1Ki) are the sets of (K − 1) dummy variables such that

x1ki =

{
1, if the ith subject is assigned to the treatment group k
0, otherwise

(12.2)

and

x2ij =

{
1, for j ≥ 1
0, for j ≤ 0.

(12.3)

Needless to say, some sort of statistical procedures for handling multiplicity
due to multiple treatment comparisons consisting of at least (K − 1) com-
parisons, (β32, ..., β3K), are needed to control the overall type I error rate in
confirmatory trials.

12.2 Three-arm non-inferiority trials including a placebo

In this section, we shall consider the three-arm non-inferiority trials including
a placebo, which is a recent hot topic in clinical trials and a special case of
multiple treatment comparisons.

12.2.1 Background

In non-inferiority trials, a new experimental treatment is compared to an ac-
tive reference treatment to demonstrate that the experimental treatment is
not inferior to the reference treatment by more than a small amount. This trial
design is usually known as the two-arm non-inferiority trial (D’Agostino et al.,
2003). The amount ∆(> 0), called the non-inferiority margin, has been defined
as the maximum clinically irrelevant difference between treatments and must
be prespecified in the trial protocol. Recently, the FDA (Food and Drug Ad-
ministration) published draft guidance on non-inferiority trials (FDA, 2011).
The key elements in the design of a non-inferiority trial are “the choice of the
non-inferiority margin” and “the establishment of assay sensitivity” (ICH,
1998; ICH, 2000; European Medicines Agency, 2009). The selection of margin
has been discussed in many articles or guidelines without achieving consen-
sus. On the other hand, assay sensitivity is a property of a clinical trial and is
defined as the ability to distinguish an effective treatment from a less effective
or ineffective treatment (ICH, 2000). The choice of margin and the decision
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on whether a trial will have assay sensitivity are based on three considera-
tions: (1) HESDE, or historical evidence of sensitivity to drug effects, (2) CS,
or constancy assumption, and (3) quality of the new trial (ICH, 2000; FDA ,
2011). That is, the value of interest in determining the non-inferiority margin
is the effect size of the reference treatment to the placebo in past placebo
controlled trials, and it is necessary for the reference treatment to be shown
consistently superior to the placebo (HESDE). CS requires that the new non-
inferiority trial should be sufficiently similar to the past studies with respect
to all important aspects of the trial. However, these requirements cannot be
adequately assessed in the usual two-arm non-inferiority trials because they
do not include a placebo. Thus, it is strongly recommended to conduct a
three-arm non-inferiority trial including a placebo, the so-called gold standard
non-inferiority design, as a useful approach for assessing assay sensitivity and
internal validation (ICH, 2000; European Medicines Agency, 2009). However,
there seems to be some confusion, misunderstanding, and debate in the litera-
ture on the appropriate design of three-arm non-inferiority trials. For example,
see Koch and Tangen (1999), Pigeot et al. (2003), Koch and Röhmel (2004),
Röhmel and Pigeot (2010, 2011), Hida and Tango (2011a, 2011b, 2013), Stuck
and Kieser (2012), and Kwong et al. (2012).

12.2.2 Hida–Tango procedure

In this section, we introduce the procedures proposed by Tango (2003) and
Hida and Tango (2011a, 2013), which seem to me statistically the most sound
method under the current definition of superiority (1.16). Let us assume here
that the primary endpoints under an experimental treatment (E), an active
reference treatment (R), and a placebo (P) are mutually independent and
normally distributed with the expected value, µE , µR, and µP , respectively.
Needless to say, any type of endpoints, such as a binary, count, and survival
endpoints, may be used. Assume also that larger mean values indicate greater
benefits.

In this framework, Tango (2003) and Hida and Tango (2011a) proposed
that the gold standard non-inferiority trial can be termed successful if and only
if the relationship among µE , µR and µP satisfied the following inequality

µP < µR −∆ < µE , (12.4)

where ∆ denotes the non-inferiority margin. The inequality (12.4) is expressed
by the following two sets of hypothesis tests:

H0 : µE ≤ µR −∆, v.s. H1 : µE > µR −∆, (12.5)

K0 : µR ≤ µP + ∆, v.s. K1 : µR > µP + ∆, (12.6)
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where both null hypotheses H0 and K0 must be simultaneously rejected by
one-tailed test at the α/2 significance level, respectively. Equivalently, this
condition can be expressed by the two confidence intervals: the lower limit of
the 100(1− α)% confidence interval for µE − µR is larger than −∆ and that
of the 100(1− α)% confidence interval for µR − µP is larger than ∆.

12.2.3 Generalized linear mixed-effects models

The Model V with the random intercept b0i and the random slope b1i for the
average treatment effects within the framework of the Hida–Tango procedure
is expressed as

g{E(yij | b0i, b1i)} =


β0 + b0i +wt

iξ, i = 1, ..., n1 (placebo)
β0 + b0i + β12 +wt

iξ,
i = n1 + 1, ..., n1 + n2 (reference treatment)
β0 + b0i + β13 +wt

iξ,
i = n1 + n2 + 1, ..., n1 + n2 + n3 (new treatment)

j = −S + 1, .., 0

g{E(yij | b0i, b1i)} =


β0 + b0i + b1i + β2 +wt

iξ, i = 1, ..., n1 (placebo)
β0 + b0i + b1i + β12 + β2 + β32 +wt

iξ,
i = n1 + 1, ..., n1 + n2 (reference treatment)
β0 + b0i + b1i + β13 + β2 + β33 +wt

iξ,
i = n1 + n2 + 1, ..., n1 + n2 + n3 (new treatment)

j = 1, .., T,

which is re-expressed as

g{yij | (b0i, b1i)} = β0 + b0i +

3∑
k=2

β1kx1ki + (β2 + b1i)x2ij

+

3∑
k=2

β3kx1kix2ij +wt
iξ (12.7)

j = −S + 1, .., 0, 1, .., T

bi = (b0i, b1i) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
.

In terms of the generalized linear mixed-effects models, the two sets of hy-
pothesis tests (12.5) and (12.6) can be replaced as follows:
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Three-arm non-inferiority hypotheses

If a positive β3k indicates benefits, the hypotheses are

H0 : β33 ≤ β32 −∆, v.s. H1 : β33 > β32 −∆, (12.8)

K0 : β32 ≤ ∆, v.s. K1 : β32 > ∆. (12.9)

If a negative β3k indicates benefits, the hypotheses should be

H0 : β33 ≥ β32 + ∆, v.s. H1 : β33 < β32 + ∆, (12.10)

K0 : β32 ≥ −∆, v.s. K1 : β32 < −∆. (12.11)� �
Both null hypothesesH0 andK0 must be simultaneously rejected by one-tailed
test at the α/2 significance level, respectively. Equivalently, this condition can
be expressed by the two confidence intervals. For example, if a positive β3k
indicates benefits, the lower limit of the 100(1 − α)% confidence interval for
β33 − β32 is larger than −∆ and that of the 100(1 − α)% confidence interval
for β32 is larger than ∆.

For the logistic model and the Poisson model, we have to replace ∆ with

∆ =⇒ − log{1−∆∗sign(β3k)}, (12.12)

where ∆∗ is the non-inferiority margin defined in the unit of the ORR, odds
ratio ratio, and the RRR, rate ratio ratio, respectively.

12.3 Cluster randomized trials

In this section, we consider a three-level (hierarchically structured) cluster
randomized trial (e.g., Donner and Klar, 2000; Hayes and Moulton, 2009;
Eldridge and Kerry, 2012; Campbell and Walters, 2014) where two kinds of
interventions or treatments are randomly assigned to study centers or clinics,
called ”clusters” in general and the response profile repeated measures within
the framework of the S:T design are denoted by ykij for the j(= −S,−S +
1, ..., 0, 1, ..., T )th measurement (the level 1 unit) of the i(= 1, ..., n1k +n2k)th
subject (the level 2 unit) nested within the k(= 1, ..., 2I)th center (the level 3
unit). To analyze these data, we shall introduce some three-level generalized
linear mixed-effects models.
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12.3.1 Three-level models for the average treatment effect

We shall consider here the following three-level mixed-effects model that has
(1) random intercept b0i(k) and the random slope b1i(k) for the ith subject and
(2) random intercept c0k for the kth center (cluster) reflecting the intra-center
variability at the baseline period as follows:

g{E(ykij | c0k, b0i(k)} ∼


β0 + c0k + b0i(k) +wt

iξ, i = 1, ..., n1k

(Control)
β0 + c0k + b0i(k) + β1 +wt

iξ,
i = n1k + 1, ..., n1k + n2k (New treatment)

j = −S + 1, .., 0

g{E(ykij | c0k, bi(k)} ∼


β0 + c0k + b0i(k) + b1i(k) + β2 +wt

iξ,
i = 1, ..., n1k (Control)

β0 + c0k + b0i(k) + b1i(k) + β1 + β2 + β3 +wt
iξ,

i = n1k + 1, ..., n1k + n2k (New treatment)

j = 1, ..., T,

which is re-expressed as

g{ykij | c0k, b0i(k), b1i(k)} = β0 + c0k + b0i(k) + β1x1i + (β2 + b1i(k))x2ij

+β3x1ix2ij +wt
iξ (12.13)

c0k ∼ N(0, σ2
C0),

bi(k) = (b0i(k), b1i(k)) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
k = 1, ..., 2I, i = 1, ..., n1k + n2k;

j = −S,−S + 1, ..., 0, 1, ..., T,

where these random components c0k and bi(k) are assumed to be mutually
independent. Furthermore it is assumed that bi(k) are independent conditional
on c0k while c0k are unconditionally independent of each other.

Especially, let us consider the following normal mixed-effects model
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ykij | (c0k, bi(k)) = β0 + c0k + b0i(k) + β1x1i + (β2 + b1i(k))x2ij

+β3x1ix2ij +wt
iξ + εkij (12.14)

c0k ∼ N(0, σ2
C0), εkij ∼ N(0, σ2

E)

bi(k) = (b0i(k), b1i(k)) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
k = 1, ..., 2I, i = 1, ..., n1k + n2k;

j = −S,−S + 1, ..., 0, 1, ..., T

where the three random components c0k, bi(k), and εkij are assumed to be
mutually independent. Furthermore, it is assumed that εkij are independent
of each other conditional on both c0k and bi(k). In this model, the parameter
of interest is also β3 and the corresponding null and alternative hypotheses
for superiority will be

H0 : β3 ≥ 0, versus H1 : β3 < 0 (12.15)

in the case that a negative β3 indicates benefits. If a positive β3 indicates
benefits, then they are

H0 : β3 ≤ 0, versus H1 : β3 > 0. (12.16)

Then, we have

E(ykij) = β0 + β1x1i (j ≤ 0)

E(ykij) = β0 + β1x1i + β2 + β3x1i (j > 0)

E(dkij) = β2 + β3x1i

V ar(dkij) = σ2
B1 + 2σ2

E

V ar(ykij) = σ2
C0 + σ2

B0 + σ2
E (j ≤ 0)

V ar(ykij) = σ2
C0 + σ2

B0 + σ2
B1 + 2ρBσB0σB1 + σ2

E (j > 0)

Cov(ykij1 , ykij2) = σ2
C0 + σ2

B0 (for j1, j2 ≤ 0)

Cov(ykij1 , ykij2) = σ2
C0 + σ2

B0 + ρBσB0σB1 (for j1 ≤ 0, j2 > 0)

Cov(ykij1 , ykij2) = σ2
C0 + σ2

B0 + σ2
B1 + 2ρBσB0σB1 (for j1, j2 > 0)

Cov(yki1j1 , yki2j2) = σ2
C0.

Hence, the center-level ICC (intra-cluster correlation) among data on subjects
(level 2) can be written for i1 6= i2 as

Corr(yki1j1 , yki2j2) =
σ2
C0√

V ar(yki1j1)V ar(yki2j2)
(12.17)



Applications to other trial designs 313

and the subject-level ICC among data on repeated measures (level 1) can be
written for j1 6= j2 as

Corr(ykij1 , ykij2) =
Cov(ykij1 , ykij2)√
V ar(ykij1)V ar(ykij2)

. (12.18)

Extension to the four-level models where centers are the level 4 unit and nurses
nested within each center are the level 3 unit is straightforward.

Now, let us fit the model (12.14) to the Beat the Blues Data using SAS pro-
cedure PROC MIXED assuming that this trial is a multi-center cluster random-
ized trial. Let the variable centerid denote the center id. Then the SAS pro-
gram is similar to Model Va or Vb shown in Program 7.2 and is shown in Pro-
gram 12.1. The key difference between this code and the code used in Program
7.2 is the use of two RANDOM statements. The first RANDOM is specifying center
as the subject at level 3 and the second RANDOM statement specifies the subject
as subject nested within centers at level 2, i.e., subject=subject(centerid).� �

Program 12.1: SAS procedure PROC MIXED for the model (12.14)

proc mixed data=dbb method=reml covtest;

class centerid subject visit/ ref=first ;

model bdi = drug length treatment post treatment*post /s cl ddfm=sat ;

/* Model Va */

random intercept / type=simple subject= centerid g gcorr;

random intercept post / type=simple subject= subject(centerid) g gcorr ;

/* Model Vb */

random intercept / type=simple subject= centerid g gcorr;

random intercept post / type=un subject= subject(centerid) g gcorr ;

repeated visit / type = simple subject = subject r rcorr ;

run ;� �
Regarding the SAS program for the three-level mixed-effects logistic regression
and Poisson regression model, similar steps can be easily made using the SAS
procedure PROC GLIMMIX.

12.3.2 Three-level models for the treatment by linear time
interaction

Here also, we shall consider the following three-level mixed-effects model that
has (1) random intercept b0i(k) and the random slope b1i(k) for the ith subject
and (2) random intercept c0k for the kth center (cluster) reflecting the intra-
center variability at the baseline period as follows:
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g{E(ykij | c0k, b0i(k)} ∼


β0 + c0k + b0i(k) +wt

iξ,
i = 1, ..., n1k (Control )

β0 + c0k + b0i(k) + β1 +wt
iξ,

i = n1k + 1, ..., n1k + n2k (New treatment)

j = −S + 1, .., 0

g{E(ykij | c0k, bi(k)} ∼


β0 + c0k + b0i(k) + (b1i(k) + β2)tj +wt

iξ,
i = 1, ..., n1k (Control)

β0 + c0k + b0i(k) + β1
+(b1i(k) + β2 + β3)tj +wt

iξ,
i = n1k + 1, ..., n1k + n2k (New treatment)

j = 1, ..., T,

which is re-expressed as

g{ykij | c0k, bi(k)} = β0 + c0k + b0i(k) + β1x1i

+(β2 + β3x1i + b1i(k))tj +wt
iξ (12.19)

c0k ∼ N(0, σ2
C0),

bi = (b0i(k), b1i(k)) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
k = 1, ..., 2I, i = 1, ..., n1k + n2k;

j = −S,−S + 1, ..., 0, 1, ..., T,

where these random components c0k and bi(k) are assumed to be mutually
independent. Furthermore, it is assumed that bi(k) are independent conditional
on c0k, while c0k are unconditionally independent of each other.

Especially, let us consider the following normal mixed-effects model

ykij | c0k, bi(k) = β0 + c0k + b0i(k) + β1x1i + (β2 + β3x1i + b1i(k))tj

+wt
iξ + εkij (12.20)

c0k ∼ N(0, σ2
C0), εkij ∼ N(0, σ2

E)

bi = (b0i(k), b1i(k)) ∼ N(0,Φ),

Φ =

(
σ2
B0 ρBσB0σB1

ρBσB0σB1 σ2
B1

)
k = 1, ..., 2I, i = 1, ..., n1k + n2k;

j = −S,−S + 1, ..., 0, 1, ..., T,
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where these three random components c0k, bi(k), and εkij are assumed to be
mutually independent. Furthermore, it is assumed that εkij are independent
of each other conditional on both c0k and bi. In this model, the parameter of
interest is also β3 and the corresponding null and alternative hypotheses for
superiority, for example, are the same as (12.15) and (12.15).

It should be noted that the SAS program for the model (12.20) fitted
to the Beat the Blues Data assuming that this trial is a multi-center cluster
randomized trial is quite similar to that of Program 12.1 where Model Va and
Model Vb should be replaced by Model VIIa and Model VIIb. Therefore, we
omit the program here. Furthermore, similar steps on the SAS program for
the three-level mixed-effects logistic regression and Poisson regression model
can be easily made using the SAS procedure PROC GLIMMIX.
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Appendix A

Sample size

The sample size calculations for longitudinal data analysis in the literature
are based on the basic 1:T design where the baseline data, if any, is used as
a covariate (for example, Hedeker, Gibbons, Waternaux, 1999; Diggle et al.,
2002; Fitzmaurice, Laird and Ware, 2011; Amatya et al., 2013; Kapur et al.,
2014.)

In this section, we shall present the sample size (the number of subjects)
calculations for the random intercept model (1.11) and the random intercept
plus slope model (1.12) for the average treatment effect within the frame-
work of the S : T repeated measures design separately for continuous, binary,
and count responses (Tango, 2016a). As the parameter β3 is of primary interest
in these models, the pair of hypotheses of interest here takes the form

H0 : β3 = 0, versus H1 : β3 6= 0, (A.1)

which is a test for superiority trials (1.16).
First, consider the random intercept model (1.11) where there exists a

sufficient statistic for the random effects b0i (Diggle et al., 2002; Liang and
Zeger, 2000). Namely, the conditional likelihood approach can provide sample
size formulas that are invariant to the distributional assumption on b0i except
for the case of the logistic regression model. For the normally distributed
response, we can also derive the sample size formula for the random intercept
plus slope model (1.12). For the logistic regression models and the random
intercept plus slope Poisson regression model, we can obtain Monte Carlo
simulated sample sizes.

A.1 Normal linear regression model

Let us define θ1i and θ2ij as

θ1i = β0 + b0i + β1x1i +wt
iξ (A.2)

θ2ij =

{
0, for j = −S + 1, ..., 0
β2 + β3x1i, for j = 1, ..., T .

(A.3)

317
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Then, the subject i’s contribution to the likelihood of the random-intercept
model (1.11) is given by

p(yi | b0i) = (2πσ2
E)−(S+T )/2 exp

{
− 1

2σ2
E

{−2θ1iyi+

+

T∑
j=−S

[y2ij − 2θ2ijyij + (θ1i + θ2ij)
2]}

 ,

where φ(.) denotes the probability density function of the standard normal

distribution N(0, 1) and yi+ =
∑T
j=−S+1 yij . Namely, yi+ is the minimal

sufficient statistic for θ1i. Then the conditional likelihood for (β2, β3) given
yi+ is

LC(β2, β3 | yi+) ∝ exp

{
− ST

2(S + T )σ2
E

(di(S, T )− β2 − β3x1i)2
}

(A.4)

where

di(S, T ) = ȳi+(post) − ȳi+(pre) (A.5)

ȳi+(post) =
1

T

T∑
j=1

yij , (A.6)

ȳi+(pre) =
1

S

0∑
j=−S+1

yij . (A.7)

Then, the conditional maximum likelihood estimator β̂3C of treatment effect
β3 is given by the difference in means of change from baseline, i.e.,

β̂3C =
1

n2

N∑
i=1

di(S, T )x1i −
1

n1

N∑
i=1

di(S, T )(1− x1i), (A.8)

and is equal to β̂3, the maximum likelihood estimator of the random intercept
normal linear regression model (1.11). The variance of β̂3C or β̂3 is

Var(β̂3) =
n1 + n2
n1n2

(
S + T

ST

)
σ2
E . (A.9)

In general, the random intercept model fits worse than the random intercept
plus slope model (1.12) in the case of normal linear regression models. Al-
though the conditional likelihood approach cannot be applied, the maximum
likelihood estimator β̂3 of the random intercept and slope model is also given
by the same form as (A.8) and its variance is given by

Var(β̂3) =
n1 + n2
n1n2

{
σ2
B1 +

(
S + T

ST

)
σ2
E

}
, (A.10)
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which includes the variance (A.9) as a special case. The covariance structure
of the random intercept plus slope model is given by

V ar(yij | j ≤ 0) = σ2
B0 + σ2

E

V ar(yij | j > 0) = σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

Cov(yij , yij′ | j ≤ 0, j
′
≤ 0) = σ2

B0

Cov(yij , yij′ | j ≤ 0, j
′
> 0) = σ2

B0 + ρBσB0σB1

Cov(yij , yij′ | j > 0, j
′
> 0) = σ2

B0 + σ2
B1 + 2ρBσB0σB1.

Then, the sample size (the number of subjects) formula with two equally sized
groups (n1 = n2 = n) to detect an effect size β3 under the random intercept
plus slope model with two-sided significance level α and power 100(1 − φ)%
for the 1:1 design is given by

nS=1,T=1 = 2(Zα/2 + Zφ)2 × σ2
B1 + 2σ2

E

β2
3

, (A.11)

where Zα denotes the upper 100α% percentile of the standard normal distri-
bution. Then, we have the following sample size nS,T for the S:T design:

nS,T = nS=1,T=1

σ2
B1 +

(
S+T
ST

)
σ2
E

σ2
B1 + 2σ2

E

. (A.12)

Namely, compared with the 1:1 design, the percent reduction rS,T in sample
size is given by

rS,T = 1− nS,T
nS=1,T=1

=

(
2− S+T

ST

)
σ2
E

σ2
B1 + 2σ2

E

. (A.13)

The validity of the proposed sample size formula has been shown via a Monte
Carlo simulation study using estimates based on real data (Tango, 2016a).

It should be noted that the sample size formulas for longitudinal data anal-
ysis described in some textbooks (for example, Diggle et al., 2002; Fitzmaurice,
Laird and Ware, 2011) are different from those above and are based on the
following repeated measures model for the 1:T design where the baseline data
is usually used as a covariate:

yij | b2i = β0 + b2i + β∗3x1i +wt
iξ + εij , j = 1, ..., T

b2i = b0i + b1i ∼ N(0, σ2
B2), σ2

B2 = σ2
B0 + σ2

B1 + 2ρBσB0σB1

εij ∼ N(0, σ2
E),

where β∗3 denotes the difference in means of average treatment effects during
the evaluation period, which is expected to be equal to β3 in RCT, i.e.,

β̂∗3 =
1

n2

N∑
i=1

ȳi+(post)x1i −
1

n1

N∑
i=1

ȳi+(post)(1− x1i)
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and

Var(β̂∗3) =
n1 + n2
n1n2

(
σ2
B0 + σ2

B1 + 2ρBσB0σB1 +
1

T
σ2
E

)
.

Namely, the sample size formula is

nT = 2(Zα/2 + Zβ)2 × σ2
B2 + σ2

E/T

β2
3

=
2(Zα/2 + Zβ)2σ2

β2
3

· 1 + (T − 1)ρ

T
, (A.14)

where σ2 = Var(yij) = σ2
B2+σ2

E and covariance Cov(yij , yij′ ) has a compound
symmetry with a correlation coefficient ρ given by

ρ =
σ2
B0 + σ2

B1 + 2ρBσB0σB1

σ2
B0 + σ2

B1 + 2ρBσB0σB1 + σ2
E

. (A.15)

A.2 Poisson regression model

Here also, we can express subject i’s contribution to the likelihood in the
random intercept model (1.11) as

p(yi | bi) = exp(θ1iyi+ +

T∑
j=−S+1

yijθ2ij)

T∏
j=−S+1

exp(− exp(θ1i + θ2ij))

yij !

and yi+ is shown to be the minimal sufficient statistic for θ1i. Then, the
conditional distribution for (β2, β3) given yi+ = t (= 1, 2, ..., S + T ) is a
multinomial distribution

Pr{yi(−S+1), ..., yi0, yi1, ..., yiT ) | yi+} = Multinomial(yi+,p), (A.16)

where

p = (pi(−S+1), ..., pi0, pi1, ..., piT )t,

pij(j ≤ 0) =

{ 1
S+Teβ2

, i = 1, ..., n1, (control group)
1

S+Teβ2+β3
, i = n1 + 1, ..., n1 + n2, (new treatment group)

pij(j > 0) =

{
eβ2

S+Teβ2
, i = 1, ..., n1, (control group)

eβ2+β3

S+Teβ2+β3
, i = n1 + 1, ..., n1 + n2, (new treatment group).
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Then, the conditional likelihood is

LC(β2, β3) ∝
n1+n2∏
i=n1+1

(
1

S + Teβ2+β3

)∑S−1
j=0 yi(−j)

(
eβ2+β3

S + Teβ2+β3

)∑T
j=1 yij

×
n1∏
i=n1

(
1

S + Teβ2

)∑S−1
j=0 yi(−j)

(
eβ2

S + Teβ2

)∑T
j=1 yij

. (A.17)

Then, the conditional maximum likelihood estimator of eβ3 is given by

eβ̂3C =
y
(2)
+1y

(1)
+0

y
(2)
+0y

(1)
+1

, (A.18)

where

y
(1)
+0 =

n1∑
i=1

∑
j(≤0)

yij , y
(1)
+1 =

n1∑
i=1

∑
j(>0)

yij ,

y
(2)
+0 =

n1+n2∑
i=n1+1

∑
j(≤0)

yij , y
(2)
+1 =

n1+n2∑
i=n1+1

∑
j(>0)

yij .

It should be noted that eβ̂3C is equal to eβ̂3 , the maximum likelihood estimator
of the random intercept Poisson regression model (1.11). Its standard error is
approximated by

S.E.(eβ̂3C ) =

√
1

y
(2)
+0

+
1

y
(2)
+1

+
1

y
(1)
+0

+
1

y
(1)
+1

. (A.19)

Then, we can consider the sample size calculation based on the conditional
efficient score test for testing the null hypothesis H0 : β3C = 0 derived as

Z =

√
s+(y

(2)
+1y

(1)
+0 − y

(2)
+0y

(1)
+1)

√
m0m1s2s1

∼ N(0, 1). (A.20)

Before going to the sample size calculation, let us assume here that
(b01, . . . , b0(2n)) is a sequence of 2n independent, identically distributed ran-
dom variables having mean µb (expected counts) in each unit baseline period
(j = −S + 1, ..., 0). Then, the sample size formula with two equally sized
groups (n1 = n2 = n) to detect an effect size eβ3 with power 100(1− φ)% at
two-sided significance level α assuming no period effect, β2 = 0, is given by

nS,T =
1

µb(eβ3 − 1)2

(
zα/2

√
2(S + T )(eβ3 + 1)(S + Teβ3)

ST{2S + T (eβ3 + 1)}
+

zφ

√
(S + T )3eβ3 + (S + Teβ3)3

ST (S + T )(S + Teβ3)

)2

, (A.21)
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which is an extension of Tango’s sample size formula for the case S = T = 1
(Tango, 2009). From this formula, we can find the following relationship, i.e.,
sample size reduction to a considerable extent,

nT,T =
1

T
nS=1,T=1, (A.22)

where

nS=1,T=1 =
1

µb(eβ3 − 1)2

(
zα/2

√
4(eβ3 + 1)2

(eβ3 + 3)
+ zφ

√
8eβ3 + (1 + eβ3)3

2(1 + eβ3)

)2

.

(A.23)

The validity of the sample size formula nS=1,T=1 has been examined via a
Monte Carlo simulation study by Tango (2009). However, as in the case of
normal linear regression models, the random intercept model sometimes fits
worse than the random intercept plus slope model. For the latter model, we
can obtain Monte Carlo simulated sample sizes.

A.3 Logistic regression model

In a similar manner to the Poisson regression model, the conditional efficient
score test for testing the null hypothesis H0 : β3C = 0 can be derived. For
illustrative purposes, let us consider a randomized controlled trial to compare
the two treatments, a new treatment and a control treatment to improve the
respiratory status. So, yij denotes the binary responses such that yij = 1
if subject i’s respiratory status is “good” and yij = 0 the status is “poor.”
In a similar manner to the case of the normal linear regression model, we
can express subject i’s contribution to the likelihood in the random intercept
model (1.11) as

p(yi | bi) =

T∏
j=−S+1

(exp(b0i + β0 + xtijβ))yij

1 + exp(b0i + β0 + xtijβ)

= exp(yi+θ1i +

T∑
j=−S+1

yijθ2ij)

×
T∏

j=−S+1

1

1 + exp(exp(b0i + β0 + xtijβ)
. (A.24)

Namely, here also, yi+ is the minimal sufficient statistic for θ1i. Then, the
conditional likelihood for (β2, β3) given yi+ = t (= 1, 2, ..., S + T ) is of the
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TABLE A.1
Matched-pair 2 × 2 contingency table for change of respiratory status from
baseline period to post randomization by treatment group.

Before randomization (j = 0) Post randomization (j = 1) Total
good poor

New treatment (2)

good y
(2)
gp

poor y
(2)
pg

total n2
Control treatment (1)

good y
(1)
gp

poor y
(1)
pg

total n1

form

LiC(β2, β3 | yi+ = t) ∝
exp(

∑T
j=−S+1 yijθ2ij)∑

(j−S+1,...,jT )∈R(t) exp(
∑
j∈(j−S+1,...,jT )

yijθ2ij)
,

(A.25)

where R(t) denotes the set of all possible combinations (j−S+1, ..., jT ) such
that yi+ = t. Different from the normal linear regression models, it will be
quite cumbersome to derive the sample size formula for a general S:T design.
So, here, we shall consider the sample size for the simple 1:1 design.

In this simplest case, we have only to consider the case of yi+ = yi0+yi1 = 1
because the case yi+ = 0 or yi+ = 2 does not contribute the conditional
likelihood. Then, the conditional likelihood given yi+ = 1 is

LC(β2, β3 | t = 1) =
∏

i:yi+=1

exp{yi1(β2 + β3x1i)}
1 + exp{β2 + β3x1i}

(A.26)

and the conditional log-likelihood function is

lC(β2, β3 | t = 1) =
∑

i:yi+=1

{yi1(β2 + β3x1i)− log(1 + exp(β2 + β3x1i))} .

(A.27)

Then, the conditional maximum likelihood estimators of (β2, β3) are given by
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TABLE A.2
2× 2 contingency table between treatment groups and the type of transition
from baseline to post treatment.

Type of transition Total
Group poor → good good → poor

New treatment (2) y
(2)
pg y

(2)
gp s2

Control treatment (1) y
(1)
pg y

(1)
gp s1

Total m1 m0 s+

β̂2C = log

(
y
(1)
pg

y
(1)
gp

)
(A.28)

β̂3C = log

{(
y
(2)
pg

y
(2)
gp

)
/

(
y
(1)
pg

y
(1)
gp

)}
= log

(
y
(2)
pg y

(1)
gp

y
(2)
gp y

(1)
pg

)
, (A.29)

where y
(k)
pg and y

(k)
gp denote the number of subjects whose respiratory status

improved (“poor” → “good”) and got worse (“good” → “poor”) from the
baseline to the observation time point 1 in the treatment group k, respectively.
When we tabulate these counts in Table A.1, we can see that the conditional

maximum likelihood estimator eβ̂2C implies the matched-pair odds ratio of
improvement (“poor” → “good”) in the control group and the conditional

maximum likelihood estimator eβ̂3C of treatment effect implies the ratio of
the improvement odds ratio in the new treatment group to the improvement
odds ratio in the control treatment group.

Furthermore, when we tabulate these four counts in the form of Table A.2,

where s1 = y
(1)
pg +y

(1)
gp and s2 = y

(2)
pg +y

(2)
gp , then we can see that the treatment

effects are equal to the odds ratio of this 2 × 2 contingency table and so, its
standard error is approximated by

S.E.(eβ̂3C ) =

√
1

y
(2)
gp

+
1

y
(2)
pg

+
1

y
(1)
gp

+
1

y
(1)
pg

. (A.30)

Then, the conditional efficient score test for testing the null hypothesis H0 :
β3C = 0 is derived as

Z =

√
s+(y

(2)
pg y

(1)
gp − y(2)gp y(1)pg )

√
m0m1s2s1

∼ N(0, 1). (A.31)

However, the conditional approach uses only the non-diagonal frequencies,
and consequently, the standard error of treatment effects tends to be larger
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than in a mixed-effects model and the derived sample size formula (omitted
here) tends to overestimate the sample size actually required. So, for logistic
regression models, we have to rely on Monte Carlo simulated sample sizes.
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Appendix B

Generalized linear mixed models

In this chapter, we present the theory for the three kinds of generalized linear
mixed (or mixed-effects) models (GLMMs), normal linear, logistic and Poisson
regression models, within the framework of the S:T repeated measures design
briefly introduced in Chapter 1. A general formulation of GLMM is presented
and estimation methods for GLMM, based on the likelihood or the restricted
likelihood of the parameters, are described together with the computational
methods for the numerical integration to evaluate the integral included in the
likelihood.

B.1 Likelihood

B.1.1 Normal linear regression model

For the S:T repeated measures design introduced in (1.4), i.e.,

yti = (yi(−S+1), ..., yi0, yi1, ..., yiT ), i = 1, ..., N (B.1)

and, given the random effects bi (q × 1), the normal linear regression model
in general can be expressed as

yij | bi = β0 + xtijβ + ztijbi + εij , i = 1, ..., N (B.2)

εij ∼ N(0, σ2
E) (B.3)

bi ∼ N(0,Φ), (B.4)

where

xij = (x1ij , ..., xkij)
t (B.5)

β = (β1, ..., βk)t (B.6)

zij = (z1ij , ..., zqij)
t (B.7)

and the errors εij are assumed to be independent of each other. In other
words, given the random effects bi, the subject-specific repeated measures
(yi(−S+1), ..., yi0, yi1..., yiT ) are mutually independent. Therefore, subject i’s

327
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contribution to the likelihood is

p(yi | bi) =

T∏
j=0

φ(yij | β0 + xtijβ + ztijbi, σ
2
E), (B.8)

where

φ(x | µ, σ2
E) =

1√
2π

exp

{
− (x− µ)2

2σ2
E

}
(B.9)

and the probability density function of the random effects bi is

f(bi | Φ) =
1

(2π)q/2
√
| Φ |

exp

{
−b

t
iΦ
−1bi
2

}
. (B.10)

Therefore, the likelihood is given by

L(β,Φ, σ2
E) =

N∏
i=1

∫ ∞
−∞

p(yi | bi)f(bi | Φ)dbi

=

N∏
i=1

∫ ∞
−∞


T∏

j=−S+1

φ(yij | β0 + xtijβ + ztijbi, σ
2
E)


×f(bi | Φ)dbi (B.11)

Especially, for the random intercept model (1.11), i.e., bi = b0i, z = z1ij = 1
and

b0i ∼ N(0, σ2
B0), (B.12)

the likelihood is given by

(2πσ2
B0)−N/2

N∏
i=1

∫ ∞
−∞


T∏

j=−S+1

φ(yij | β0 + xtijβ + u, σ2
E)

 exp{− u2

2σ2
B0

}du.

B.1.2 Logistic regression model

In the logistic regression model for binary endpoint yij , we have

yij | bi ∼ Bernoulli(pij) (B.13)

logit p(yij | bi) = logit Pr{yij = 1 | bi} = β0 + xtijβ + ztijbi (B.14)

bi ∼ N(0,Φ) (B.15)
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and

p(yi | bi) =

T∏
j=−S+1

(
exp(β0 + xtijβ + ztijbi)

1 + exp(β0 + xtijβ + ztijbi)

)yij

×

(
1

1 + exp(β0 + xtijβ + ztijbi)

)1−yij

=

T∏
j=−S+1

(exp(β0 + xtijβ + ztijbi))
yij

1 + exp(β0 + xtijβ + ztijbi)
. (B.16)

Therefore, the likelihood is

L(β,Φ) =

N∏
i=1

∫ ∞
−∞

p(yi | bi)f(bi | Φ)dbi

=

N∏
i=1

∫ ∞
−∞

T∏
j=0

(exp(β0 + xtijβ + ztijbi))
yij

1 + exp(β0 + xtijβ + ztijbi)
f(bi | Φ)dbi.

(B.17)

Especially, for the random intercept model (1.11), the likelihood is

L(β,Φ) = (2πσ2
B0)−N/2

N∏
i=1

∫ ∞
−∞


T∏

j=−S+1

(exp(β0 + xtijβ + u))yij

1 + exp(β0 + xtijβ + u)


exp{− u2

2σ2
B0

}du. (B.18)

B.1.3 Poisson regression model

In the Poisson regression mode for the count endpoint yij , we have

yij | bi ∼ Poisson(λij) (B.19)

log λij = logE(yij | bi) = β0 + xtijβ + ztijbi (B.20)

p(yij | bi) =
(λij)

yij

yij !
exp(−λij) (B.21)

bi ∼ N(0,Φ) (B.22)

and

p(yi | bi) =

T∏
j=−S+1

exp(yij(β0 + xtijβ + ztijbi))

yij !

× exp(− exp(β0 + xtijβ + ztijbi)). (B.23)
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Therefore, the likelihood is

L(β,Φ) =

N∏
i=1

∫ ∞
−∞

p(yi | bi)f(bi | Φ)dbi

=

N∏
i=1

∫ ∞
−∞

T∏
j=−S+1

exp(yij(β0 + xtijβ + ztijbi))

yij !

exp(− exp(β0 + xtijβ + ztijbi))f(bi | Φ)dbi. (B.24)

Especially, for the random intercept model (1.11), the likelihood is

L(β,Φ) = (2πσ2
B0)−N/2

N∏
i=1

∫ ∞
−∞

T∏
j=−S+1

exp(yij(β0 + xtijβ + u))

yij !
exp(− exp(β0 + xtijβ + u))


exp{− u2

2σ2
B0

}du. (B.25)

It should be noted that the likelihood function for the random intercept
model, for example, in both the logistic regression and the Poisson regression
models, has the integral of the form∫ ∞

−∞
hi(u | ξ) exp{− u2

2σ2
B0

}du. (B.26)

where hi(.) includes the parameters of interest ξ. So, we need some numerical
integration methods to assess the integral.

B.2 Maximum likelihood estimate

In this section, we shall change the notation as follows:{
xij ← (1, x1ij , ..., xkij)

t = (1,xtij)
t

β ← (β0, β1, ..., βk) = (β0,β
t)t.

(B.27)

B.2.1 Normal linear regression model

The model (B.2) can be re-expressed as

yi | bi = Xt
iβ +Ztibi + εi (B.28)

= Xt
iβ + ε∗i , (B.29)
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where

ε∗i ∼ N(0,Σi), (B.30)

Xi = (xi0,xi1, ...,xiT )t, ((T + 1)× (k + 1)) (B.31)

Zi = (zi0, zi1, ...,ziT )t, ((T + 1)× q) (B.32)

Σi = σ2
EI +ZiΦZ

t
i . (B.33)

Using these expressions, the likelihood (B.11) can be re-expressed as

L(β,Σi) =

N∏
i=1

∫ ∞
−∞

p(yi | bi)f(bi | Φ)dbi

=

N∏
i=1

(2π)−
T+1

2 exp

{
− (yi −Xiβ)tΣ−1i (yi −Xiβ)

2

}
| Σi |−

1
2

(B.34)

and the log-likelihood is

l(β,Σi) = −T + 1

2
log(2π)− 1

2
log(| Σi |)

+

N∑
i=1

{
− (yi −Xiβ)tΣ−1i (yi −Xiβ)

2

}
. (B.35)

Then, given the covariance matrix Σi, the maximum likelihood estimate β̂ is
given by the general form

β̂(Σi) =

(
N∑
i=1

Xt
iΣ
−1
i Xi

)−1 N∑
i=1

Xt
iΣ
−1
i yi (B.36)

and its covariance matrix is given by

Var(β̂(Σi)) =

(
n∑
i=1

Xt
iΣ
−1
i Xi

)−1
. (B.37)

Estimation of the covariance matrix Σi, on the other hand, is usually based
on the REML (restricted maximum likelihood) estimator to be described be-
low because the maximum likelihood estimate of Σi is known to be biased
downward in finite samples. The restricted maximum likelihood function of
Σi is

LREML(Σi) =

∫ ∞
−∞

L(β,Σi)dβ. (B.38)

By taking the relationship

yi −Xiβ = (yi −Xiβ̂)−Xi(β − β̂),
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the likelihood function (B.38) can be re-expressed as

LREML(Σi) =

∫ ∞
−∞

N∏
i=1

(2π)−
T+1

2 exp

{
− (yi −Xiβ̂)tΣ−1i (yi −Xiβ̂)

2

}

× exp

{
− (β − β̂)tXt

iΣ
−1
i Xi(β − β̂)

2

}
| Σi |−

1
2 dβ

=

N∏
i=1

(2π)−
T+1−k

2 exp

{
− (yi −Xiβ̂)tΣ−1i (yi −Xiβ̂)

2

}

× |
N∑
i=1

Xt
iΣiXi |−

1
2 | Σi |−

1
2

= constant · L(β̂(Σi),Σi)· |
N∑
i=1

Xt
iΣiXi |−

1
2 . (B.39)

Namely, the REML estimator can be obtained by maximizing the following
so-called REML log-likelihood function

lREML(Σi) = l(β̂(Σi),Σi) + log( |
N∑
i=1

Xt
iΣiXi |−

1
2 ). (B.40)

Now, the estimated covariance or the standard errors (B.37) do not take the
variability introduced in estimating Σi into account and then they also tend
to be biased downward in estimating β. So, the Wald test statistics based on
the estimated standard errors, (B.36) and (B.37), tend to be more significant
than it is. In the literature, to resolve this downward bias, several approximate
t-statistics or F -statistics have been proposed for testing hypotheses about β.
Among other things, Satterthwaite-type approximation (Satterthwaite, 1941)
has often been used in practice. For example, for the null hypothesis H0 : βk =
0, by setting the linear contrast as βk = ctβ, the ordinary Wald test statistic
is given by

z =
ctβ̂√

ct(
∑N
i=1X

t
iΣ
−1
i Xi)−1c

∼ N(0, 1). (B.41)

Satterthwaite’s approximate t-statistic, on the other hand, adopts the follow-
ing degrees of freedom

ν =
2(ct(

∑N
i=1X

t
iΣ
−1
i Xi)

−1c)2

gtCov(θ̂)g
, (B.42)

where θ = (σ2
E , σ

2
B0, ...)

t is the vector of parameters included in Σi and

g =
∂ ct(

∑N
i=1X

t
iΣ
−1
i Xi)

−1c

∂θ
|θ=θ̂ .
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Although Kenward and Roger (1997) proposed alternative approximate de-
grees of freedom that can be used in SAS, we shall use Satterthwaite’s ap-
proximation in this book.

B.2.2 Logistic regression model

Here also, let us consider the random intercept model (1.11). By noting the
change of notation (B.27), the log-likelihood function is

l(β,Φ) = −N
2

log(2πσ2
B0) +

N∑
i=1

T∑
j=0

yijx
t
ijβ +

N∑
i=1

log

∫ ∞
−∞

egi(u|β,σ
2
B0)du,

(B.43)

where

gi(u | β, σ2
B0) =

T∑
j=0

yiju−
T∑
j=0

log[1 + exp(xtijβ + u)]− u2

2σ2
B0

.

(B.44)

Further, we have

∂gi
∂βs

= −
T∑
j=0

xsij exp(xtijβ + u)

1 + exp(xtijβ + u)
(B.45)

∂2gi
∂βsβt

=

T∑
j=0

xsijxtij exp(xtijβ + u)

[1 + exp(xtijβ + u)]2
(B.46)

∂gi
∂σ2

B0

=
u2

2σ4
B0

. (B.47)

Then, the partial derivatives of l with respect to the parameters β, σ2
B0 are

given by

∂l

∂βs
=

N∑
i=1

T∑
j=0

yijx
t
ij +

N∑
i=1

Ji1s
Ji0

(B.48)

∂2l

∂βsβt
=

N∑
i=1

Ji3st
Ji0
−

N∑
i=1

Ji1sJi1t
J2
i0

(B.49)

∂l

∂σ2
B0

= − N

2σ2
B0

+
1

2σ4
B0

N∑
i=1

Ji2
Ji0

, (B.50)
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where

Ji0 =

∫ ∞
−∞

egi(u|β,σ
2
B0)du (B.51)

Ji1s =

∫ ∞
−∞

∂gi
∂βs

egi(u|β,σ
2
B0)du (B.52)

Ji2 =

∫ ∞
−∞

u2egi(u|β,σ
2
B0)du (B.53)

Ji3st =

∫ ∞
−∞

∂2gi
∂βsβt

egi(u|β,σ
2
B0)du. (B.54)

Therefore, the MLE of the parameters γ = (βt, σ2
B0)t is obtained by using the

following Newton–Raphson algorithm.

γ̂(k+1) = γ̂(k) −
(
∂2l

∂γ2

)−1
γ̂(k)

(
∂l

∂γ
)γ̂(k) (B.55)

However, regarding the variance parameter σ2
B0, we can consider the following

updating method according to the equation (B.50):

σ̂
2(k+1)
B0 =

1

N

N∑
i=1

(
Ĵi2

Ĵi0

)
β̂(k)

. (B.56)

B.2.3 Poisson regression model

Here also, let us consider the random intercept model (1.11). By noting the
change of notation (B.27), the log-likelihood function is

l(β,Φ) = −N
2

log(2πσ2
B0) +

N∑
i=1

T∑
j=0

(− log yij ! + yijx
t
ijβ)

+

N∑
i=1

log

∫ ∞
−∞

egi(u|β,σ
2
B0)du, (B.57)

where

gi(u | β, σ2
B0) = u

T∑
j=0

yij −
T∑
j=0

exp(xtijβ + u)− u2

2σ2
B0

. (B.58)
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Then, the partial derivatives of g with respect to the parameters β, σ2
B0 are

given by

∂gi
∂βs

= −
T∑
j=0

yijxsij exp(xtijβ + u) (B.59)

∂2gi
∂βsβt

= −
T∑
j=0

yijxsijxtij exp(xtijβ + u) (B.60)

∂gi
∂σ2

B0

=
u2

2σ4
B0

. (B.61)

Therefore, the MLE of the parameters γ = (βt, σ2
B0)t is obtained by using the

Newton–Raphson algorithm within a similar process as (B.48)–(B.56) in the
case of logistic regression models.

B.3 Evaluation of integral

In this section, we discuss several approximations for evaluating integrals in-
cluded in the log-likelihood function. For example, the random intercept model
(1.11) for the logistic and Poisson regression models, by employing the vari-
able transformation x = u/(

√
2σB0), the integral included in the log-likelihood

function is expressed as the special case of the following general form∫ ∞
−∞

f(x)e−x
2

dx =

∫ ∞
−∞

elog f(x)−x
2

dx =

∫ ∞
−∞

eg(x)dx. (B.62)

So, let us consider here some approximations for this integral for any function
f(x) or g(x) (Demidenko, 2013; Press et al., 2007).

B.3.1 Laplace approximation

The Laplace approximation is based on a quadratic approximation at the
point x = xmax where the integrand takes its maximum. Using the Taylor
series expansion of the second order at the point x = a, we approximate

g(x) ≈ g̃(x | a) = g(a) + (x− a)g
′
(a) +

1

2
(x− a)2g

′′
(a). (B.63)

Then, substituting this expression into the equation (B.62), we obtain∫ ∞
−∞

eg(x)dx ≈ eg(a)
∫ ∞
−∞

exp

{
(x− a)g

′
(a) +

1

2
(x− a)2g

′′
(a)

}
dx

=

√
2π

−g′′(a)
exp

{
g(a)− (g

′
(a))2

2g′′(a)

}
. (B.64)
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FIGURE B.1
Approximation g̃(x | x = 2) (left) and eg̃(x|x=2) (right) of the function g(x)
(B.68).

When the function g(x) is unimodal, we can easily see that this approximation
takes its maximum at x = xmax, where g

′
(xmax) = 0. Hence, by using the

following approximation,

g(x) ≈ g̃(x | xmax) = g(xmax) +
1

2
(x− xmax)2g

′′
(xmax). (B.65)

The Laplace approximation is defined as∫ ∞
−∞

eg(x)dx ≈

√
− 2π

g′′(xmax)
eg(xmax), (B.66)

where g
′′
(xmax) < 0.

To illustrate the Laplace approximation, let us consider the following in-
tegral, which is a simple example of a mixed-effects logistic regression model∫ ∞

−∞

exp(
√

2(x− 3))

1 + exp(
√

2(x− 3))
e−x

2

dx =

∫ ∞
−∞

eg(x)dx, (B.67)

where

g(x) =
√

2(x− 3)− log{1 + exp(
√

2(x− 3))} − x2 (B.68)



Generalized linear mixed models 337

and the derivatives needed for the approximation are given by

g
′
(x) =

√
2−
√

2
exp(
√

2(x− 3))

1 + exp(
√

2(x− 3))
− 2x (B.69)

g
′′
(x) = −2

exp(
√

2(x− 3))

(1 + exp(
√

2(x− 3)))2
− 2. (B.70)

Using the Newton–Raphson algorithm, we have xmax = 0.6814, the solution
for g

′
(x) = 0. Then, let us compare the results of different approximations:

one is based on the approximation (B.63) at x = 2 and the other based
on the Laplace approximation, i.e., at xmax = 0.6814. Figure B.1 shows the
approximation g̃(x | x = 2) and eg̃(x|x=2) of the function g(x) (B.68). Similarly,
Figure B.2 shows the Laplace approximation g̃(x | x = xmax) and eg̃(x|x=xmax).
From these two figures, we can see that the Laplace approximation is better.

Based on the Laplace approximation (B.66), we have∫ ∞
−∞

eg(x)dx = 0.03975172.

To check the accuracy of this integral, let us apply the following trapezoid
formula

Q =

∫ ∞
−∞

eg(x)dx = ≈ h

{
1

2
eg(L) +

K−1∑
k=1

eg(xk) +
1

2
eg(U)

}
, (B.71)

where we set

L = −5, U = 5, h = (U − L)/K, xk = L+ (k − 1)h, (k = 1, ...,K).

When K = 10, 100, 1000, we have Q = 0.03963643, 0.03963724, 0.03963724
indicating that the Laplace approximation is proved to be quite accurate.

B.3.2 Gauss–Hermite quadrature

On the other hand, it is well known that the numerical integration or the
numerical quadrature method is expressed as

∫ ∞
−∞

f(x)dx ≈
∫ b

a

f(x)dx ≈
M∑
m=1

wmf(xm), (B.72)

where a = x1 < · · · < xM = b are the nodes or abscissas and wm denote the
positive weights. Its special case includes the above-stated trapezoid formula
(B.71). As a numerical integration method used for the generalized linear
mixed-effects models assuming the random effects to be distributed with a
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FIGURE B.2
The Laplace approximation g̃(x | x = xmax) (left) and eg̃(x|x=xmax) (right) of
a function g(x) (B.68).

normal distribution, the following Gauss–Hermite quadrature formula is well
known: ∫ ∞

−∞
f(x)e−x

2

dx ≈
M∑
m=1

wmf(xm). (B.73)

This type of integral is called an integral with a Gaussian kernel exp(−x2). An
algorithm to compute the nodes and weights for any M is given by Press et al.
(2007). In Table B.1, the nodes and weights (xm, wm), m = 1, ..., 15 are given.
These imply that (1) the farther the value is from zero, the lower the weights,
and (2) nodes are symmetrical around zero and have the same weight. As the
weights approach zero rapidly with M → ∞, the number of nodes greater
than 15 is unlikely to improve the precision of the approximation.

Now, let us apply the Gauss–Hermite quadrature with M = 15 to the
evaluation of the integral (B.67). We obtained as follows:∫ ∞

−∞

exp(
√

2(x− 3))

1 + exp(
√

2(x− 3))
e−x

2

dx =

∫ ∞
−∞

(eg(x)+x
2

)e−x
2

dx

=
13∑
m=1

wme
g(xm)+x2

m

= 0.03963724,

which is equal to the value from the trapezoid formula (B.71).
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TABLE B.1
The nodes and weights for M = 15 of the Gauss–Hermite quadrature formula.

No. xm wm

1, 9 ± 4.499990707 1.5224758E-9
2,10 ± 3.669950373 1.05911555E-6
3,11 ± 2.967166928 1.000044412E-4
4,12 ± 2.325732486 0.002778068843
5,13 ± 1.719992575 0.0307800339
6,14 ± 1.136115585 0.158488916
7,15 ± 0.565069583 0.412028687
8 0 0.564100309

B.3.3 Adaptive Gauss–Hermite quadrature

When we applied the Gauss–Hermite quadrature to the integral (B.67), which
is a simple function, the Gauss–Hermite quadrature gave a result identical
to the true value. However, it cannot in general. So, we shall introduce an
extended method that might have an improved approximation. The Gauss–
Hermite quadrature is an approximate method that is carried out around
the origin, i.e., x = 0, for any function f(x). However, as in the case of the
Laplace approximation, the better method should be carried out around the
maximum value of the integrand, i.e., x = xmax. Furthermore, the minus
second derivative of a function g at the maximum point x = xmax could be
considered as the degrees of kurtosis of g around the maximum point. In other
words, it can be considered as the variance of g around the maximum point.
So, by letting

σ̂ = [−g
′′
(xmax)]−1/2, (B.74)

let us consider the following normalization around xmax

y =
x− xmax√

2σ̂
, (B.75)

where the constant
√

2 implies that, as in the case of (B.18) and (B.25),
the random effects are assumed to be normally distributed. Namely, in the
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adaptive Gauss–Hermite quadrature, we approximate∫ ∞
−∞

f(x)e−x
2

dx =

∫ ∞
−∞

eg(x)dx

=
√

2σ̂

∫ ∞
−∞

eg(xmax+
√
2σ̂x)dx

=
√

2σ̂

∫ ∞
−∞

eg(xmax+
√
2σ̂x)+x2

e−x
2

dx

≈
√

2σ̂
M∑
m=1

wm exp{g(xmax +
√

2σ̂xm) + x2m}.

(B.76)

It should be noted that the adaptive Gauss–Hermite quadrature with M = 1
is identical to the Laplace approximation (B.65) because (x1 = 0, w1 =

√
π).

Now let us apply the adaptive Gauss–Hermite quadrature to the integral
(B.67). Then we have∫ ∞
−∞

exp(
√

2(x− 3))

1 + exp(
√

2(x− 3))
e−x

2

dx =

∫ ∞
−∞

eg(x)dx

=
√

2σ̂

∫ ∞
−∞

eg(xmax+
√
2σ̂x)+x2

e−x
2

dx

=
√

2σ̂

15∑
m=1

wme
g(xmax+

√
2σ̂xm)+x2

m

= 0.03963724,

which is also shown to be identical to the true value.

B.3.3.1 An application

As a more practical example, let us consider here the mixed-effects logistic
regression Model IV applied to the Respiratory Data shown in Table 8.1.

logit Pr(yij = 1 | b0i) = β0 + b0i + β1x1i + β2x2ij

+β3x1ix2ij +wt
iξ

= β0 + β1x1i + β2x2ij + β3x3ij

+β4x4ij + β5x5ij + β6x6ij + b0i

= xtijβ + ztijbi

b0i ∼ N(0, σ2
B0)

where x3ij = x1i×x2ij , and the other three variables (x4ij , x5ij , x6ij)
t denote

(centre, gender, and age), respectively. Furthermore, ξ = (β4, β5, β6)t. Using
the estimates of Model IV shown in Output 8.3, we set as follows:
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1. Intercept: β̂0 = −0.28

2. treatment: β̂1 = −0.18

3. postc: β̂2 = −0.10

4. treatment*postc: β̂3 = 2.07

5. σ̂B0 =
√

5.745

Then, consider the case where the ith subject’s data in the placebo group has
the following

1. centre = 1 (β̂4 = 2.0(centre = 2); = 0(centre = 1))

2. gender = 1 (β̂5 = −0.41)

3. age = 23 (β̂6 = −0.03)

4. treatment = 0

5. yi = (1, 0, 0, 1, 1, )t

First, let us compute Ji0 (B.51) by employing the variable transformation
u =
√

2σ̂x,

Ji0 =

∫ ∞
−∞

egi(u|β̂,σ̂
2
B0)du =

√
2σ̂B0

∫ ∞
−∞

ehi(x)dx,

where

hi(x) = −
T∑
j=0

yijx+

T∑
j=0

log[1 + exp{xtijβ̂ +
√

2σ̂B0x}]− x2.

But here, we do not include the constant
√

2σ̂B0 in the calculation that follows.
In the above-stated ith subject’s case, we have

xti0β̂ = β̂0 − 0.41× gender− 0.03× age = −1.38

xtijβ̂ = β̂0 + β̂2 − 0.41× gender− 0.03× age = −1.48, (j = 1, 2, 3, 4).

Then, we have

hi(x) = 3x− log[1 + exp(−1.38 +
√

2σ̂B0x)]

−4 log[1 + exp(−1.48 +
√

2σ̂B0x)]− x2 (B.77)

h
′

i(x) = 3− 2x−
√

2 ∗ σ̂ exp(−1.38 +
√

2σ̂B0x)

1 + exp(−1.38 +
√

2σ̂B0x)

−4
√

2σ̂
exp(−1.48 +

√
2σ̂B0x)

1 + exp(−1.48 +
√

2σ̂B0x)

h
′′

i (x) = −2− 2σ̂2 exp(−1.38 +
√

2σ̂B0x)

[1 + exp(−1.38 +
√

2σ̂B0x)]2

−8σ̂2 exp(−1.48 +
√

2σ̂B0x)

[1 + exp(−1.48 +
√

2σ̂B0x)]2
.
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FIGURE B.3
The Laplace approximation of a logistic function hi(x) (B.77) (left) and of
ehi(x) (right).

First, let us apply the Laplace approximation with xmax = −0.018416, which

yields Ji0 = 0.2732907 and the comparison of hi(x)(ehi(x)) and h̃i(x)(eh̃i(x))
are shown in Figure B.3. From this figure, the LA approximation seems to be
no good. So, we applied the Gauss–Hermite quadrature with M = 15 and the
adaptive Gauss–Hermite quadrature with M = 15. The GH yields 0.2606460
and the adaptive GH yields 0.2849804. To obtain the true integral, we used
the trapezoid formula (B.71) with L = −4, U = 4. For K = 10, 50, 100,
the trapezoid formula yields 0.3198999, 0.2849809, 0.2849809. In this case, the
adaptive GH yields the approximate closest to the true value.

Second, let us compute a little bit more complicated integral Ji3st (B.54)
including the second derivative with respect to sex (s = 5) and age (t = 5).
In this case, as xsij = 1, xtij = 23 without reference to i, j, then we have

∂2gi
∂βsβt

= 23

{
exp(−1.38 + u)

[1 + exp(−1.38 + u)]2
+ 4 · exp(−1.48 + u)

[1 + exp(−1.48 + u)]2

}
.

Therefore, we have

Ji3st =

∫ ∞
−∞

∂2gi
∂βsβt

egi(u|β̂,σ̂
2
B0)du =

√
2σ̂B0

∫ ∞
−∞

ehi(x)dx,
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FIGURE B.4
The Laplace approximation of a logistic function hi(x) (B.78) (left) and of
ehi(x) (right).

where

hi(x) = log

(
exp(−1.38 +

√
2σ̂B0x)

[1 + exp(−1.38 +
√

2σ̂B0x)]2

+
4 exp(−1.48 +

√
2σ̂B0x)

[1 + exp(−1.48 +
√

2σ̂B0x)]2

)
+ log 23 + 3x− log[1 + exp(−1.38 +

√
2σ̂B0x)]

−4 log[1 + exp(−1.48 +
√

2σ̂B0x)]− x2. (B.78)

Here, we omit the second derivatives. Here also we do not include the con-
stant

√
2σ̂B0 in the evaluation of the integral. First, let us apply the Laplace

approximation with xmax = 0.1161, which yields Ji3st = 4.856587 and the

comparison of hi(x)(ehi(x)) and h̃i(x)(eh̃i(x)) are shown in Figure B.4. From
this figure, here also, the LA approximation seems to be no good. So, we ap-
plied the Gauss–Hermite quadrature with M = 15 and the adaptive Gauss–
Hermite quadrature with M = 15. The GH yields 4.053789 and the adaptive
GH yields 4.331131. To obtain the true integral, we used the trapezoid for-
mula (B.71) with L = −4, U = 4. For K = 10, 50, 100, the trapezoid formula
yields 5.061485, 4.331131, 4.331131. In this case, the adaptive GH yields the
true value.

In a similar manner, we can calculate other derivatives (B.52)–(B.54) and
finally, we can obtain the MLE using the Newton–Raphson algorithm.
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TABLE B.2
Relationship between the number of nodes M for the adaptive Gauss–Hermite
quadrature and the estimates (s.e.) of some selected variables in the mixed-
effects logistic regression Model IV applied to the Respiratory Data using
SAS PROC GLIMMIX. The number of nodes with the asterisk (∗) implies that
a greater number of nodes is unlikely to change the estimates.

treatment
M intercept age treatment post ∗post σ̂2

B0

1 -0.2759 -0.03018 -0.1528 -0.1014 2.0458 5.1120
(0.8182) (0.0207) (0.7110) (0.4112) (0.6209) (1.3984)

3 -0.2612 -0.0290 -0.2066 -0.1023 2.0552 5.1260
(0.8130) (0.0205) (0.7052) (0.4129) (0.6230) (1.3952)

5 -0.2683 -0.0294 -0.1905 -0.1027 2.0657 5.4853
(0.8326) (0.0211) (0.7174) (0.4138) (0.6248) (1.4780)

7 -0.2747 -0.0297 -0.1759 -0.1028 2.0696 5.7018
(0.8449) (0.0215) (0.7255) (0.4139) (0.6257) (1.5688)

9 -0.2760 -0.0298 -0.1737 -0.1030 2.0716 5.7557
(0.8479) (0.0216) (0.7276) (0.4140) (0.6263) (1.6032)

11 -0.2758 -0.0298 -0.1748 -0.1030 2.0721 5.7537
(0.8477) (0.0216) (0.7274) (0.4140) (0.6264) (1.6054)

13∗ -0.2755 -0.0298 -0.1756 -0.1030 2.0720 5.7470
(0.8473) (0.0216) (0.7271) (0.4141) (0.6264) (1.6014 )

15 -0.2754 -0.0298 -0.1757 -0.1030 2.0719 5.7445
(0.8471) (0.0216) (0.7270) (0.4141) (0.6263) (1.5991)

20 -0.2755 -0.0298 -0.1756 -0.1030 2.0719 5.7453
(0.8472) (0.0216) (0.7270) (0.4141) (0.6263) (1.5994)

B.3.3.2 Determination of the number of nodes

To determine the number of nodes M in some applications, you should exam-
ine the convergence of the estimates as M → large and select M such that a
greater number of nodes is unlikely to change the estimates.

In Tables B.2 and B.3, we showed the relationship between the number of
nodes M for the adaptive Gauss–Hermite quadrature and the estimates (s.e.)
of some selected variables in the mixed-effects logistic regression model IV
and Va applied to the Respiratory Data (Table 8.1) using SAS PROC GLIMMIX,
respectively. These tables show that we can select M = 13 or M = 15.

In a similar manner, we showed the relationship between the number of
nodes M for the adaptive Gauss-Hermite quadrature and the estimates (s.e.)
of all the variables included in the mixed-effects Poisson regression Model
Va applied to the Epilepsy Data (Table 9.1) using SAS PROC GLIMMIX. This
table shows that the adaptive Gauss–Hermite quadrature with M = 1 or the



Generalized linear mixed models 345

TABLE B.3
Relationship between the number of nodes M for the adaptive Gauss–Hermite
quadrature and the estimates (s.e.) of some selected variables in the mixed-
effects logistic regression Model Va applied to the Respiratory Data using SAS
PROC GLIMMIX. The number of nodes with the the asterisk (∗) implies that a
greater number of nodes is unlikely to change the estimates.

treatment
M age treatment post ∗post σ̂2

B0 σ̂2
B1

1 -0.0300 -0.1635 -0.1208 2.1092 4.9504 0.5298
(0.0210) (0.7071) (0.4299) (0.6562) (1.4583) (0.9843)

3 -0.0290 -0.1996 -0.1290 2.1534 5.0664 1.0809
(0.0214) (0.7060) (0.4460) (0.6744) (1.5271) (0.9066)

5 -0.0293 -0.1884 -0.1297 2.1659 5.3930 1.1330
(0.0220) (0.7176) (0.4488) (0.6816) (1.6389) (1.1323)

7 -0.0295 -0.1824 -0.1294 2.1653 5.5023 1.0706
(0.0221) (0.7215) (0.4472) (0.6807) (1.6875) (1.1860)

9 -0.0295 -0.1817 -0.1298 2.1663 5.5251 1.0630
(0.0221) (0.7223) (0.4471) (0.6809) (1.7023) (1.1976)

11 -0.0295 -0.1819 -0.1298 2.1666 5.5271 1.0636
(0.0221) (0.7223) (0.4472) (0.6810) (1.7043) (1.1985)

13∗ -0.0295 -0.1820 -0.1298 2.1666 5.5265 1.0641
(0.0221) (0.7223) (0.4472) (0.6810) (1.7040) (1.1979)

15 -0.0295 -0.1820 -0.1298 2.1666 5.5261 1.0642
(0.0221) (0.7223) (0.4472) (0.6810) (1.7036) (1.1978)

20 -0.0295 -0.1820 -0.1298 2.1666 5.5260 1.0642
(0.0221) (0.7223) (0.4472) (0.6810) (1.7035) (1.1978)

Laplace approximation is sufficiently good, but we shall select M = 5 or more,
taking account of the goodness of the estimation of the variance components.

B.3.3.3 Limitations

In the previous sections, the adaptive Gauss–Hermite quadrature (AGHQ) is
shown to be very accurate even for a moderate number of nodes M . How-
ever, the dimension r of the random effects bi included in the models was
relatively small at 1 or 2. For example, in the mixed-effects Poisson regression
Model Va (r = 2: random intercept and random slope) fitted to the Epilepsy
Data, the AGHQ with M = 1, or the Laplace approximation, was shown
to be surprisingly accurate compared with the AGHQ with M = 20, where
the AGHQ needs numerical evaluations of integrals at a total of 202 = 400
quadrature points. Obviously, the number of evaluation points increases ex-
ponentially with the number of random effects. In the mixed-effects Poisson
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TABLE B.4
Relationship between the number of nodes M for the adaptive Gauss–Hermite
quadrature and the estimates (s.e.) of some selected variables in the mixed-
effects Poisson regression model Va applied to the Epilepsy Data using SAS
PROC GLIMMIX. The number of nodes with the the asterisk (∗) implies that a
greater number of nodes is unlikely to change the estimates.

treatment
M age treatment post ∗post σ̂2

B0 σ̂2
B1

1 -0.0195 0.0272 0.0120 -0.3085 0.5004 0.2401
(0.0154) (0.1942) (0.1099) (0.1530) (0.1000 ) (0.0615)

3 -0.0195 0.0271 0.0121 -0.3084 0.5009 0.2397
((0.0154) (0.1943) (0.1098) (0.1529) (0.1001) (0.0614)

5∗ -0.0192 0.0271 0.0120 -0.3087 0.5014 0.2414
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

7 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

9 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

11 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

13 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

15 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

20 -0.0195 0.0271 0.0120 -0.3087 0.5014 0.2415
(0.0154) (0.1944) (0.1101) (0.1533) (0.1002) (0.0619)

regression Model VIIQ (r = 3 : random intercept, random slope on tj and ran-
dom slope on t2j ) fitted to the Epilepsy Data, the AGHQ with M = 1 or the
Laplace approximation was also shown to be surprisingly accurate compared
with the AGHQ with M = 20, where the AGHQ needs numerical evaluations
of integrals at a total of 203 = 8000 quadrature points (Table B.5).

In the case of mixed-effects logistic regression models, on the other hand,
the AGHQ sometimes face the convergence problem. For example, the mixed-
effects logistic regression Model VIIQ with r = 3 fitted to the Respiratory
Data faced the convergence problem with M = 15, where we need numerical
evaluations of integrals at a total of 153 = 3375 quadrature points. So, the
alternative methods of approximations that require less computational load
are needed for generalized (non-Gaussian) linear mixed-effects models with r
greater than or equal to 3 for mixed-effects logistic regression models. SAS
software provides two different approximate methods called penalized quasi-
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TABLE B.5
Relationship between the number of nodes M for the adaptive Gauss–Hermite
quadrature and the estimates (s.e.) of some selected variables in the mixed-
effects Poisson regression model VIIQ (r = 3) applied to the Epilepsy data
using SAS PROC GLIMMIX.

treatment treatment
M xvisit xvisit2 ∗xvisit ∗xvisit2 σ̂2

B0 σ̂2
B1

1 -0.00960 -0.00377 -0.1466 0.01739 0.5061 0.2318
(0.1171) (0.02745) (0.1597) (0.03714) (0.1043) (0.06777)

5 -0.00963 -0.00376 -0.1468 0.01743 0.5064 0.2334
(0.1173) (0.02750) (0.1601) (0.03722) (0.1043) (0.06830)

7 -0.00959 -0.00377 -0.1468 0.01744 0.5034 0.2334
(0.1173) (0.02750) (0.1601) (0.03722) (0.1042) (0.06828)

13 -0.00960 -0.00377 -0.1469 0.01744 0.5063 0.2333
(0.1173) (0.02750) (0.1600) (0.03722) (0.1042) (0.06826)

15 -0.00960 -0.00377 -0.1469 0.01744 0.5063 0.2334
(0.1173) (0.02750) (0.1601) (0.03722) (0.1042) (0.06828)

20 -0.00960 -0.00377 -0.1469 0.01744 0.5063 0.2334
(0.1173) (0.02750) (0.1601) (0.03722) (0.1042) (0.06828)

likelihood (PQL) and marginal quasi-likelihood (MQL). However, these two
methods are known to be less accurate than the adaptive Gauss–Hermite
quadrature and even more invalid when there is missing data. For details on
these methods, see Diggle et al. (2002) and Fitzmaurice et al. (2011), for
example.

However, in the case of binary repeated measures design, there is not so
much information available regarding random effects beyond random inter-
cept or, at most, random intercept plus slope with constant slope over time.
Therefore, in the above example of the mixed-effects logistic regression, Model
VIQ with random intercept only was selected as the best model among models
with a quadratic term on time. Furthermore, most of the mixed-effects logis-
tic regression models and Poisson regression models introduced for parallel
group randomized controlled trials have one or two random effects, i.e., r ≤ 3.
Therefore, the adaptive Gauss–Hermite quadrature with a reasonable number
of nodes could be the first-line method.
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[65] Röhmel J and Pigeot I. A comparison of multiple testing procedures
for the gold standard non-inferiority trial. Journal of Biopharmaceutical
Statistics, 20: 911–926, 2010.



354 Bibliography
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